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PREFACE. 


Having  several  years  ago  introduced  Dr. 
Hutton’s  Course  of  Mathematics  into  the 
•number  of  Class  Books  used  in  my  own  Semi- 
nary, it  was  convenience  first  prompted  me  to 
put  in  manuscript  a KEY  to  the  more  useful 
parts  of  it. 

After  some  time,  and  when  Dr.  Iiutton  had 
enlarged  his  work,  I indeed  substituted  his  Three 
Volumes,  almost  exclusively,  for  the  excellent* 
French  Authors  till  then  generally  and  deservedly 
in  the  hands  of  the  Mathematical  Pupils. 

But  though  my  manuscript  was  thus  acquiring- 
bulk,  still  I had  no  intention  of  submitting  it  to 
the  Public,  greatly  as  I was  convinced  of  its 
value  in  the  school : and  it  was  only  at  the  insti- 
gation of  some  friends,  highly  read  in  the  Mathe- 
matics, that  1 was  induced  to  complete  the  Key. 

I confess  I had  long  been  desirous  of  contri- 
buting to  the  advancement  of  a science  I had 
sedulously  cultivated  from  my  earliest  years; 
and,  on  mature  deliberation,  I thought  I could  in 
no  way  more  effectually  accomplish  this  object 
than  by  rendering  Dr.  Hutton’s  Treatise,  if  pos- 
sible, of  more  extensive  and  general  utility  ; being 
well  aware  that  the  want  of  a Key  to  liis  com- 
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prehensive  Course,  had  prevented  many  from  de- 
riving such  essential  benefit  from  it,  as  might 
otherwise  have  been  expected. 

Accordingly  I took  the  opinion  of  several  of 
the  most  eminent  Mathematicians  of  the  present 
day,  who  all,  after  perusal,  so  warmly  extolled 
the  solutions,  and  commended  the  plan,  that  I 
could  be  no  longer  in  doubt  what  line  to  pursue. 

It  is  on  these  grounds  then  I venture  to  lay  my 
labours  before  an  impartial  public,  in  the  hope 
they  will  be  found  useful,  not  only  to  every  de- 
scription of  Students  in  the  Mathematics,  but  also 
to  Officers  of  the  Army,  Navy,  and  the  Honour- 
able Company’s  service,  as  well  as  to  others  who 
may  wish  to  renew  their  acquaintance  with  so 
many  elegant  parts  of  Mathematical  science  as 
are  to  be  found  in  the  Course. 

With  regard  to  the  arrangement  of  the  Key,  it 
was  necessary  it  should  be  the  same  as  that  pur- 
sued by  Dr.  Hutton  in  his  Three  Volumes;  but 
the  facility  of  finding  any  question  or  proposition 
is  rendered  greater  than  is  often  to  be  met  with. 

I have  in  general  adhered,  with  scrupulous  ex- 
actness, to  the  rules  laid  down  for  the  Student ; 
yet  in  some  few  instances  I have  deviated  a little, 
where  deviation  was  warrantable : and  these  cases 
more  frequently  occur,  perhaps,  in  tire  solution  of 
Examples  by  logarithms.  Many  theorems  I have 
demonstrated  in  two  or  more  ways,  where  it  ap- 
peared to  me  necessary ; and  in  Analytical  Plane 
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Trigonometry  there  is  given,  with  very  few  excep- 
tions, an  easy  geometrical  construction,  as  best 
calculated  to  be  more  generally  serviceable. 

It  has  likewise  been  deemed  expedient,  some- 
times for  illustration,  and  sometimes  for  the  de- 
tection of  error,  to  subjoin  occasional  notes  and 
remarks.  By  these  it  will  be  seen,  there  are  some 
imperfections  in  Dr.  Hutton’s  text  and  Answers. 

These  imperfections,  however,  if  the  extent  and 
multifariousness  of  the  work  be  taken  into  con- 
sideration, are  comparatively  few ; and,  in  al- 
luding to  them,  I by  no  means  wish  to  infer,  that 
the  Key  may  be  expected  entirely  free  from 
error. 

It  has  nevertheless  been  uniformly  my  aim 
throughout,  to  send  it  forth  with  as  few  blemishes 
as  possible ; and  in  this,  1 trust,  I have  succeeded 
nearly  to  my  wishes.  Should  there,  however,  be 
discovered  defects  of  which  I am  not  at  present 
aware,  I shall  highly  esteem  the  favour  of  their 
being  pointed  out  to  me  by  letter,  in  order  to 
correct  them.  I own  much  novelty  is  not  to  be 
looked  for  in  a work  of  the  present  kind  ; though 
at  the  same  time  I think  the  reader  will  be  gratified 
in  some  degree  by  often  meeting  it  unexpectedly. 

Here  it  may  be  allowed  me  to  state,  that  I have 
spared  no  pains  or  expense  to  render  the  work 
beautiful  in  execution;  and  if  the  price  at  first 
sight  be  thought  a little  more  than  the  Book 
might  have  been  afforded  for,  the  difficulty  of 
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printing  such  matter,  and  the  scanty  number  of 

4 

impressions  in  the  edition,  will  argue  that  I could 
have  had  no  mercenary  object  in  view  by  fixing 
the  price  at  j£l 45.  the  copy. 

The  geometrical  figures  and  style  of  printing, 
it  is  presumed,  will  be  some  enhancement  to  the 
value;  while  the  size  of  the  volume  and  the  quality 
of  the  paper  will  enable  and  entitle  it  to  be  bound 
uniform  with  the  Course  to  which  it  is  the 
Key. 

But  it  is  not  for  myself  to  judge  how  far  I have 
succeeded  ; since,  unless  the  book  shall  be  useful 
to  the  public,  my  labours  will  in  a measure  be  in- 
complete. 


Mansion-House , Highgate, 
November  15,  1817* 
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KEY 

TO 

HUTTON’s  COURSE  OF  MATHEMATICS. 


NUMERATION. 

(Key  to  Vol.  I.  page  6.) 

T HIRTY-FOUR. 

Ninety-six. 

Three  hundred  and  eighty. 

Seven  hundred  and  four. 

Six  thousand,  one  hundred  and  thirty-four. 

Nine  thousand  and  twenty-eight. 

Fifteen  thousand  and  eighty. 

Seventy-two  thousand  and  three. 

One  hundred  and  nine  thousand,  and  twenty-six. 

Four  hundred  and  eighty-three  thousand,  five  hundred. 

Two  millions,  five  hundred  thousand,  six  hundred,  and  thirty- 
nine. 

Seven  millions,  and  five  hundred  and  twenty-three  thousand. 
Thirteen  mill,  four  hundred  and  five  thous.  six  hundred  and 
seventy. 

Forty-seven  mill,  fifty  thous.  and  twenty-three. 

Three  hundred  and  nine  mill,  twenty-five  thous.  six  hundred. 
Four  thous.  seven  hund.  and  twenty-three  mill,  five  hund.  and 
seven  thous.  six  hund.  and  eighty-nine. 

Two  hund.  seventy-four  thous.  eight  hund.  and  fifty-six  mill. 

three  hundred  and  ninety  thousand. 

Six  billions,  five  hund.  seventy-eight  thous.  six  hund.  millions, 
three  hund.  and  seven  thous.  and  twenty-four. 
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ARITHMETIC 


(Key  to  Vol.  I.  page  6.) 


NOTATION. 

57 

286 

9210 

27594 

640481 

3260106 

408255192 

27008096204 

200540110016 

21000810064150 


(Page  11.) 

ADDITION. 

Ex.  5.  3426 

9024 
5106 
8890 
1204 

Ans.  27650 


Ex.  6.  509267 

235809 
72920 
8392 
420 
21 
9 

Ans.  826838 


Ex.  7.  2 

19 
817 
4298 
50916 
730205 
9180634 

Ans.  9966891 


Quest.  10.  52714  Inf. 

5110  Cav. 
6250  Drag. 


Qu.  S.  Jan.  31  Quest 
Feb.  28 
Mar.  31 
Apr.  30 
May  31 
Jun.  30 
July  31 
Aug.  31 
Sep.  30 
Oct.  31 
Nov.  30 
Dec.  31 


9.  Apr.  16 
May  31 
Jun.  30 
July  31 
Aug.  31 
Sep.  30 
Oct.  31 
Nov.  24 


Ans.  224  Days. 


3927  Lt.  H. 
928  Art. 
1410  Pion. 
250  Sapp. 
406  Min. 


Ans.  70995  Total, 


Ans.  365  Days. 


I ✓ 

SUBTRACTION — MULTIPLICATION. 
(Key  to  VoL  I.  page  12.) 

SUBTRACTION. 

Ex.  4.  From  5331806  Ex.  5. 

Take  5073918 


Rem.  257888 


Proof  5331806 


Ex.  6.  From  8503402 
Take  574271 


Rem.  7929131 


Proof  8503402 


% 

Ques.  7.  1727  Ques.  8.  2548  Ques.  9.  4000 

1642  1815  1656 


Ans.  85  Years.  Atis.  733  Years.  Ans.  2344  Years. 


Ques.  10.  1815  Ques.  11.  1441  Ques.  12.  1492 
1150  1330  1302 


Ans.  665  Years.  Ans.  Ill  Years.  Ans.  190  Years. 


From  7020974 
Take  2766809 


Rem.  4254165 


Proof  7020974 


» 


(Page  16.) 

MULTIPLICATION. 


Ex.  1. 


Mul.  123456789  Ex.  2. 
by  3 


370370367  Prod. 


Mul.  123456789 
by  4 


493827156  Prod. 


Ex.'3.  Mul.  123456789 
by  5 


Ex.  4.  Mul.  123456789 
by  6 


i 


617283945  Prod. 


740740734  Prod. 
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Ex.  5. 


Ex.  7. 


I 

(Key  to  Vol.  I.  page  16.) 


Mul.  123456789 

Ex.  6. 

Mul.  123456789 

by  7 

by  8 

864197523  Prod. 

987654312  Prod. 

Mul.  123456789 

Ex.  8. 

Mul.  123456789 

by  9 

by  11 

1111111101  Prod. 

1358024679  Prod. 

Ex.  9.  Mul.  123456789 
by  12 


1481481468  Product. 


Ex.  10.  Mul.  302914603 

by  16 


1817487618 

302914603 


4846633648  Prod. 


Ex.  12.  Mul.  402097316 
by  195 


2010486580 

3618875844 

402097316 


78408976620  Prod. 


Ex.  11.  Mul.  273580961 
by  23 


820742883 

547161922 


6292362 103  Prod. 


Ex.  13.  Mul.  82164973 
by  3027 


575154S11 

164329946 

2464949190 


248713373271  Prod. 


Ex.  14.  Mul.  7564900 
by  579 


68084100 

52954300 

37824500 


4380077100  Prod. 


MULTIPLICATION. 


5 


(Key  to  Vol.  I.  page  16.) 


Ex.  15.  Mul.  8496427 
by  874359 


76467843 

42482135 

25489281 

33985708 

59474989 

67971416 


Ex.  16.  Mul.  2760325 
by  37072 


5520650 

19322275 

193222750 

8280975 


102330768400  Prod. 


742S9274 15293  Prod. 


(Page  17.) 


When  there  are  Ciphers  in  the  Factors. 

Ex.  3.  Multiply  S1503600 
by  7030 


2445108000  Product  by  30 
5705252000  - - Product  by  7000 


572970308000  Product  by  7030 


Ex.  4.  Multiply  9030100 
by  2100 


903010000  Product  by  100 
18060200  - - Product  by  2000 


18963210000  Product  by  2100 


Ex.  5.  Multiply  8057069 
by  70050 


402853450  Product  by  50 
5639948300  - Product  by  70000 


564397683450  Product  by  70050 
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ARITHMETIC. 


(Key  to  Vol.  I.  page  18.) 

When  the  Multiplier  is  the  Product  of  two  or  more  Numbers  in  the 

Multiplication  Table. 

Ex.  2.  Here  the  multiplier  36  is  the  product  of  6 by  6 ; or,  of 
4 by  9;  therefore  (always  prefering  the  product  of  two  num- 
bers to  that  of  three  or  more)  it  is 

31704592  Multiplicand.  31704592  Multiplicand. 

6 First  multiplier.  9 First  multiplier. 

190227552  Prod,  bp  6.  or,  285341328  Prod,  by  9. 

6 Second  multiplier.  4 Second  multipl. 

1141365312  Prod,  by  6 x 6=36.  1 14l365312Prod.%4  X 9=36. 


Ex.  3.  Here  the  multiplier  72  is  the  product  of  12  by  6 ; or, 
of  8 by  9 ; therefore 

29753804  Multiplicand.  29753804  Multiplicand. 

12  First  multiplier.  8 First  multiplier. 

357045648  Prod,  by  12.  or,  238030432  Prod,  by  8. 

6 Second  multipl.  9 Second  multipl. 

2142273888  Prod.  by6x  12=72.  2142273SS8Prod.ty  9 X 8=72. 


Ex.  4.  The  multiplier  96  being  the  product  of  12  by  8,  it 
follows  that 

7128368  Multiplicand. 
by  12 


85540416  Prod,  by  12. 
and  by  8 


684323328  Prod,  by  8 X 12  = 96,  which  was  required. 


Ex.  5.  In  this  example  the  multiplier  108  is  the  product  of 

12  by  9,  therefore 

160430800  Multiplicand. 

12  First  multiplier. 


1925169600  Prod,  by  12. 

9 Second  multiplier. 


17326526400  Prod,  by  9 x 12  = 1 08. 


MULTIPLICATION. 
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(Key  to  Vol.  I.  page  18.) 

Ex.  6.  Here  the  multiplier  1320  is  the  continued  product  of 
10,  11,  and  12  ; therefore, 

61835720  Multiplicand. 

11  First  multiplier. 

680192920  Prod,  by  ll. 

10  Second  multiplier. 


6801929200  Prod,  by  10  X 11  = 110. 

12  Third  multiplier. 

81623150400  Prod,  by  12  X 10  X 11  = 1320. 


Quest.  7.  In  this  question  the  multiplier  500  is  the  continued 
product  of  10  by  10  by  5,  wherefore,  104  X 10x  10x5  = 104x 
500.  v 104  battalions. 

10 


1040  Prod,  by  10. 

10 


10400  Prod,  by  10  X 10  = 100. 
5 


Ans.  52000  men.  Prod,  by  5 X 10  X 10  = 500. 

Or,  more  concisely,  annex  two  ciphers  to  the  multiplicand,  and 
multiply  by  5.  Thus, 

104,  with  two  ciphers  annexed,  is  10400  Prod,  by  100. 

which  X ed  by  5 


gives  the  Product  by  500  = 52000  men.  Ans. 


Quest.  8.  Here,  either  250  or  320  may  be  the  multiplier ; 
the  former  being  the  continued  product  of  5 by  5 by  10;  and 
the  latter  of  4,  8,  and  10.  Therefore, 


320  waggons. 
5 


1600  Prod,  by  5. 

p* 

o 


8000  Prod,  by  25. 

10 


250  loaves. 
4 


1000  Prod,  by  4. 

8 


or. 


8000  Prod,  by  32. 

10 


Ans.  80000  loaves.  Prod,  by 250.  Ans.  80000  loaves.  Prod,  by  320- 
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ARITHMETIC. 


Ex.  3. 


Ex.  4. 


(Key  to  VoJ.  I.  page  20.) 

DIVISION. 


1 remainder. 


7)  53  1 7986027  (759712289*  2uot. 


4 remainder. 


DIVISION. 
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Ex.  5. 


Ex.  6. 


(Key  to  Vol.  I.  page  20.) 

12)  57  0 1 9 6 3 8 2 (47516365T\  Quotient. 
48 

90- 

84 

61 -- 
60 

19 

12 

76 

72 

43 

36 

78 

72 

62 

60 

2 remainder. 


37)  746  3 8 l 0 5 (201 7246  * Quotient. 
74 


• 63- 
37 


268-- 

259 


•91  --- 

74 


170 

148 


225 

222 


* 3 remainder. 


c 


10 


arithmetic. 


Ex.  7. 


(Key  to  Vol.  I.  page  20.) 

97)  137  8 9 6 2 5 4 (1421610$*  Quotient. 


408- 

388 


309 -- 
194 


156 

97 


592 

582 


105 

97 


84  remainder.! 


97  divisor. 


Ex.  8. 

764)35821649(46886745  Quot. 
3056 


5261 

4584 


6776 

6112 

6644 

6612 

5329 

4584 


* 745  remainder. 


Ex.  9. 

5201)72091 365 (13861 Quo. 
5201 

20081 

15603 


44783 

41608 


31756 

31206 


• 5505 
5201 


' 304  remainder. 


764  divisor 


5201  divisor. 


DIVISION. 
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(Key  to  Vol.  I.  page  20.) 

Ex.  10.  57606)4637064283(80496ff£g£  Quotient. 

460848 


• 285842 
230424 


554188 

518454 


357343 

345636 


• 11707  remainder. 


57606  divisor. 


Quest.  11. 

3)471(157  men.  Ans. 
3 


Quest.  12. 

18)378(21  miles.  Ans. 
36 


17  18 

15  18 


21 

21 


Quest.  13.  365)o£>38330(o£>105t|t.  Answer.* 

365 


1830 

1825 


• • * 5 remainder. 


365  divisor. 


s 


* 77tt's  answer  differs  from  that  given  in  the  Course. 
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ARITHMETIC. 


(Key  to  Vol.  I.  page  21.) 

CONTRACTIONS  IN  DIVISION. 

Ex.  2.  4)52619675  Ex.  3.  5)1379192 

131549181  Quotient.  275S3S-|  Quotient. 

Ex.  4.  6)38672940  Dividend.  Ex.  5.  7)81396627  Dividend. 

6445490  Quotient.  116280S9-f  Quotient. 

Ex.  6.  S)23718920  Dividend.  Ex.  7.  9)43981962  Dividend. 

2964865  Quotient.  4S86884|-  Quotient. 

Ex.  8.  1 1)57614230  Dividend.  Ex.  9.  12)27980373  Dividend. 

5237657t3t  Quotient.  2331697 ^Quotient. 


(Page  22.) 

When  Ciphers  are  annexed  to  the  Divisor. 

Ex.  3.  23000)7380964(320^f^  Quotient  * 

...  69  ... 

48 

46 

• 20964  remainder. 

23000  divisor. 

* A small  typographical  error  in  the  Course. 

Ex.  4.  5S00)2304109(397f|°4  Quotient. 

•'174  •• 

564 

522 


421 

406 

* 1509  remainder. 


5800  divisor. 


DIVISION. 
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(Key  to  Vol.  I.  page  23.) 

When  the  Divisor'  is  the  Product  of  tico  or  more  Numbers  in  the 

Multiplication  Table. 

Ex.  2.  Here  the  divisor  72  is  the  product  of  8 by  9;  or,  of 
12  by  6 ; therefore, 

8)7014596  Dividend. 


9)  876824 4 first  remainder 

97424 8 second  remainder 


J=44 


Hence  97424£f  Quotient. 

or, 

12)7014596  Dividend. 


6)  584549 8 first  remainder  4 

97424 5 second  remainder  ) 


— 6 8 

TV 


Hence,  as  before,  97424f|  Quotient. 

e 

Ex.  3.  Here  the  divisor  132  is  the  product  of  11  by  12- 
wherefore, 

11) 5130652  Dividend. 

12)  466422 10  first  remainder. 

38868 6 second  remainder. 


Hence  38868-7^  Quotient. 


, Ex'  ^ thY,xamPle'  240’  the  divisor,  >s  the  continued  pro- 
duct of  10,  2,  and  12,  that  is,  of  20  and  12;  for  which  reason, 

20)83016572  Dividend. 


12)  4150S28 12  first  remainder. 

345902 4 second  remainder. 

Whence  it  is  evident  that  345902/^  is  the  quotient  required. 
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ARITHMETIC. 


(Key  to  Vol.  I.  page  ?3.) 

\ 


COMMON  DIVISION,  PERFORMED  CONCISELY. 


Ex.  2. 


238)79165238(332627 
• 776  f 
•625 


I 2 


Quotient. 


1492 
• *643 
1678 


• • 12  remainder. 


Ex.  3.  531 7)291 37062(5479 4445.  Quotient. 
•25520| 

• 42526 
• 53072 

•5219  remainder. 


Ex.  4.  7803)6201 5735(7947ff£f  Quotient. 
• 73947  | 

•37203 

•59915 

•5294  remainder. 


(Page  31.) 


REDUCTION. 


Ex.  3.  o£24  Ex.  4.  4)337587  farthings. 

20  

12)  84396|  pence. 

480  shillings.  

12  20)  7033  shillings. 

5.  d. 

5760  pence.  Ans.  £ 351  ..  13  ..  Of 

4 


Ans.  23040  farthings. 


DIVISION. 


15 


(Key  to  Vol.  I.  page  31.) 

Ex.  5.  36  guineas.  Ex.  6.  4)  36288  farthings 

21  & 

12)  9072  pence. 

756  shillings.  

12  21)  756  shillings. 

9072  pence.  Ans.  36  guineas. 


Ans.  36288  farthings. 


lb.  dvvt.  gr. 
Ex.  7.  59  ..  13  ..  5 

12 


708  oz. 
20 


14173  dvvt. 
24 


Ans.  340157  grains. 


Ex.  8.  24)8012131  grains. 


20)  dwt.  333S38 1 9 gr. 

12)  oz.  16691  IS  dvvt. 


lb.  1390 1 1 oz. 


lb.  oz.  dwt.  gr. 
Ans.  1390  ..  11  ..  18  ..  19 


tons.  cwt.  qr.  lb. 
Ex.  9.  35..  17  ..  1 ..  23 
20 

717  cwt. 

4 

2869  qrs. 

28 


80355  lb. 
16 


1285687  oz. 

16 


Ans. 20571005  drams. 


oz.  dr.  Qu.  10.  25000  miles 
7..  13  8 


200000  furlongs. 

. - »3 


8000000  poles. 
5 1 

44000000  yds.' 
3 


132000000  feet. 

12 


1 584000000  inches. 
3 


Ans.  4752000000  b.  corn*. 
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ARITHMETIC. 


(Key  to  Vol.  I.  page  31.) 


days.  hrs.  min.  sec. 
Quest.  11.  365  ..  5 ..  48  ..  45£ 
24 


8765  hours. 
60 


525948  minutes. 
60 


Ans.  31556925^  seconds. 


days.  hrs.  min.  sec. 
Ques.  12.  29  ..  12  ..  44  ..  3 
24 


70S  hours. 
60 


42524  minutes. 
60 


Ans.  2551443  seconds. 


(Page  32.) 

COMPOUND  ADDITION. 


s. 

d. 

s. 

d. 

Ex.  2. 

Ans.  £ 59 

18 

H 

Ex.  3. 

Ans.  £ 79 

7 

1 

Ex.  4. 

Ans.  174 

2 

H 

Ex.  5. 

Ans.  £ 210 

5 

1U 

Ex.  6. 

Ans.  o£T?0 

3 

1 

Ex.  7. 

Ans.  £ 141 

11 

31 

Ex.  8. 

Ans. 

£ 930 

4 lli 

s.  d. 

Quest.  9.  £ 197  13  7^  Butcher’s  bill. 

59  5 2|  Baker’s  bill. 

85  0 0 Brewer’s  bill. 

103  13  0 Wine  Merchant’s  bill. 
75  0 3 Corn-chandler’s  bill. 

27  15  lli  Cheese-monger’s  bill. 
55  3 5|-  Tailor’s  bill. 

127  3 0 Sundry  charges. 

100  0 0 Pocket-money. 


£ 830  14  6i  Sum  Total. 


(Page  35.) 


lb.  oz.  dwt. 
Ex.  1.  Ans.  235  ..  6 ..  15 

lb  l Z 9 
Ex.  3.  Ans.  79  ..  9 ..  6 ..  1 


oz.  dwt.  gr. 
Ex.  2.  Ans.  81  ..  3 ,.  21 

3 3 3 g»- 

Ex.  4.  Ans.  76  ..  2 ..  2 ..  15 


COMPOUND  ADDITION. 
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lb. 

oz. 

dr. 

CVV't. 

qr. 

lb. 

Ex.  5. 

Ans. 

70 

..  7 .. 

7 

Ex.  6. 

Ans.  54  . 

. 3 .. 

22 

mil. 

fur. 

pol. 

yds. 

ft. 

in. 

Ex.  7. 

Ans. 

71 

. . 1 . . 

36 

Ex.  8. 

Ans.  234  . 

. 0 .. 

11 

yds. 

qr. 

nl. 

Eu.  ells. 

qr. 

nl. 

Ex.  9. 

Ans. 

*331 

..  3 .. 

1 

Ex.  10. 

Ans.  362  . 

. 1 .. 

0 

A. 

R. 

p. 

A. 

n. 

p. 

Ex.  11. 

Ans. 

303 

..  3 .. 

34 

Ex.  12. 

Ans.  402  . 

.3.. 

11 

tuns. 

, hhd. 

gall. 

hhds. 

gall. 

pts. 

Ex.  13. 

Ans. 

137 

..  2 .. 

51 

Ex.  14. 

Ans.  86  . 

. 35  , 

..  0 

hhds.  pall.  pts.  hhds.  gall.  pts. 

Ex.  15.  Ans.  56  ..  13  ..  6 Ex.  16.  Ans.  124  ..  53  ..  7 


(Page  36.) 

COMPOUND  SUBTRACTION. 

Ex.  3.  Ans.  <£  51  17  7f  Ex.  4.  Ans.  <£217  2 7£ 

Quest.  5.  £ 73  0 5£  minuend. 

19  13  10  subtrahend. 

Ans.  £ 53  6 7|  remainder. 


(Page  37.) 

Quest.  6.  <£100  0 0 money  lent  by  A. 

73  12  4|.  in  value  repaid  by  B. 

Ans.  ,£26  7 7£  balance  in  favour  of  A. 


Quest.  7.  Land-tax  =£0  14  6 1 <£20  12  0 half-year’s  rent. 

Repairs  1 3 1 17  9i  disbursed. 

Ans.  <£18  14  2|  due. 


r> 
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ARITHMETIC. 
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Quest.  8.  Debts. 


A. 

£ 35 

7 

6 

B. 

C. 

91 

53 

13 

0 

®i 

74 

D. 

87 

5 

0 

E. 

111 

3 

5-1 

£378 

9 

7\ 

166 

4 

4 

Ans. 

£ 212 

5 

Si 

Effects. 

£23  7 5 Cash. 

53  11  10*  Wares. 

63  17  7\  Household  Turn. 

25  7 5 Recovble  debts. 


c£166  4 4 

amount  of  debts, 
value  of  effects. 

deficient. 


EXAMPLES  OF  WEIGHTS 

AND 

MEASURES. 

Ex.l. 

lb.  oz.  dwt.  gr. 
Ans.  3 ..  10  ..  5 ..  17 

Ex.  2. 

lb.  oz.  dwt.  gr, 
Ans.  4 ..  2 ..  8 ..  5 

Ex.  3. 

tfel3  9gr- 
Ans.  43..  11  ..2..  1 ..  15 

Ex.  4. 

cwt.  qr.  lb. 
Ans.  2 ..  1 ..  7 

Ex.  5. 

lb.  oz.  dr. 
Ans.  53  ..  1 1 ..  7 

Ex.  6. 

mil.  fur.  pol. 
Ans.  6 ..  5 ..  6 

Ex.  7. 

yds.  ft.  in. 
Ans.  23  ..  0 ..  7 

Ex.  S. 

yds.  qr.  nls. 
Ans.  8 ..  1 ..  3 

Ex.  9. 

yd.  qr.  nl. 
Ans.  1 ..  2 ..  1 

Ex.  10. 

A.  R.  P. 

Ans.  0 ..  3 ..  6 

a.  r.  p. 
Ex.  11.  Ans.  34  ..  1 ..  27 


(Page  38.) 


tuns.  hhds.  gal.  hhds.  gal.  pts. 


Ex.  12. 

Ans.  8 ..  0 ..  50 

Ex.  13. 

Ans.  2 ..  50  ..  6 

hhds.  gal.  pts. 

hhds.  gal.  pts. 

Ex.  14. 

Ans.  4 ..  47  ..  4 

Ex.  15. 

Ans.  52  ..  9 ..  4 

lasts,  qr.  bu. 

B.  G.  P. 

Ex.  16. 

Ans.  3 ..  1 ..  2 

Ex.  17. 

Ans.  4 ..  4 ..  2 

mo.  w.  da. 

da.  hrs.  min 

Ex.  18. 

Ans.  54  ..  0 ..  6 

Ex.  19. 

Ans.  42  ..  6 ..  49 

yds.  ft.  in. 

Quest.  20. 

236  ..  0 ..  0 line  of  defence. 

146  ..  I ..  4 part  terminated  by  the  shoulder  and 
curtain. 


Ans. 


89  ..  1 ..8  length  of  the  face  required. 


COMPOUND  MULTIPLICATION. 
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COMPOUND  MULTIPLICATION. 


Ex.  2.  <£0  7 

8 

4 lb. 

Ex.  3. 

<£0 

0 94 

6 lb. 

<£  1 10 

8 Ans. 

<£0 

4 9 Ans. 

Ex.  4.  <£0  1 

-Q 

"In-' 
QO  t> 

Ex.  5. 

<£0 

2 7 4 
9 st. 

<£0  11 

1 \-l  Ans. 

£ 1 

3 74  Ans 

* Differing  by  the  price  of  1 stone  of  beef  from 

being  the  price  of  8 stone. 

the  given  Ans.,  £\. 

Ex.  6.  <£2  17 

10 

10  cwt. 

Ex.  7. 

£3 

7 4 
12  cwt. 

£ 28  IS 

4 Ans. 

<£40 

8 0 Ans. 

CONTRACTIONS. 

When  the  Multiplier  exceeds  12. 


Ex.  2.  <£4 

7 

2 

Ex.  3.  <£3  7 6 

10  cwt. 

% 

6 tons. 

<£43 

11 

8 pr.of  lOcwt. 

<£20  5 0 pr.  of  6 tons. 

2 cwt. 

4 tons. 

Ans.  £87 

3 

4 pr.  of  20  cwt. 

Ans.  <£81  0 0 pr.  of  24  tons, 

Ex.  4.  <£  0 16 

9 ells. 


<£0  13  6 price  of  9 ells. 

5 ells. 


Ans.  <£3  7 6 price  of  45  ells. 
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ARITHMETIC. 
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Ex.  5.  £ 0 2 3 


9 gallons. 


Ex.  6.  o£l  4 

10  barrels. 


c£l  0 3 price  of  9 gals.  £\2  0 pr.  of  12  barrels. 

7 barrels. 


7 gallons. 


Ans.  £7  J 9 pr.  of  63  gals.  Ans.  c£s4  0 pr.  of  70  barrels. 


Ex.  7.  £\  12  8 

12  quarters. 


Ex.  8.  £\  3 4 

12  quarters. 


12  0 price  of  12  qrs.  £\4  0 0 priceofl2qr. 

7 quarters.  8 quarters. 


Ans.c£137  4 0 pr.  of  84  qrs.  Ans.  £\\2  0 0 priceof96qr. 


Ex.  9.  £0  5 9 

12  days. 


Ex.  10.  £0  13  4 

12  reams. 


£3  9 0 wages  for  12  ds. 

10  days. 


06*8  0 0 for  12  reams. 

12  reams. 


Ans.  £34:  10  0 wages  for  120 ds.  Ans.  £96  0 0 for  144  reams. 


When  the  Multiplier  is  not  produced  by  the  Multiplication  of 

simple  Numbers. 


Ex.  2.  £2  5 

3 1 

4 quarters. 

Ex.  3.  £3  15 

2 

6 loads. 

£9  1 

1 for  4 qrs. 
7 quarters. 

£22  11 

0 for  6 Ids. 
9 loads. 

c£63  7 

Add  £2  5 

7 for  28  qrs. 
3£  for  1 qr. 

£202  19 
Subtract  3 15 

0 for  54  Ids. 
2 for  1 Id. 

\ns.  £65  12 

10^  for  29  qrs. 

Ans.  o£199  3 

10  for  53  Ids. 

COMPOUND  MULTIPLICATION. 
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Ex.  4. 

<£0  11 

8 bushels. 

Ex.  5.  <£0 

12 

2 

12  casks. 

£4: 

11 

10  for  8 bush. 
10  bushels. 

£7 

6 

0 for  12  casks. 
8 casks. 

£45 

18 

4 for  80 bush. 

<£58 

8 

0 for  96  casks. 

Subtract 

11 

5£  for  1 bush. 

Add 

12 

2 for  1 cask. 

Ans. 

<£45 

6 

10|  for  79  bush. 

Ans.  <£59 

0 

2 for  97  casks. 

Ex.  6.  iO  15  3f 

12  stone. 


<£9 

3 

9 for  12  stone. 
9 stone. 

<£82 

13 

9 for  10S  stone. 

Add 

<£4 

11 

10^  for  6 stone. 

Ans. 

<£87 

5 

7\  for  1 14  stone. 

EXAMPLES  OF  WEIGHTS  AND  MEASURES. 

lb.  oz.  dwt.  gr.  fb  3 3 3 gr* 

Ex.  1.  Ans.  143  ..  2 ..  12  ..  2 Ex.  2.  Ans.  20  ..  3 ..  6 ..  1 ..  0 

cwt.  qr.  lb.  oz. 

Ex.  3.  Ans.  355  ,.  3 ..  6 ..  8 


(Page  41.) 


Ex.  4. 

mil. 

fur. 

pol. 

yds. 

yds. 

qrs.  nls. 

Ans.  90  . 

. 7 . 

. 0 .. 

2 

Ex.  5. 

Ans 

, 887 

..  2 ..  3 

Ex.  6. 

A. 

R. 

p. 

tuns. 

hhds.  gals.  pts. 

Ans.  260 

..  1 

..  3 

Ex.  7. 

Ans 

. 61  . 

. 3 ..  15  .. 

6 

wey. 

qr, 

b. 

P- 

mo. 

we.  da.  hr. 

mi. 

Ex.  8. 

Ans.  147 

..  1 

..  2 

..  2 

Ex.  9. 

Ans. 

1729 

..2..  1 ..0. 

10 

oo 


ARITHMETIC. 
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COMPOUND  DIVISION. 


Ex.  2. 

3)£432  12 

1|  Divd. 

Ex.  3.  4)£507  3 

5 Divd. 

<£144  4 

04:  Quot. 

£126  15 

10|  Quot. 

Ex.  4. 

5)£632  7 

64:  Divd. 

Ex.  5.  6)£690  14 

3i  Divd. 

£126  9 

6 Quot. 

£115  2 

44-  Quot. 

Ex.  6. 

7)£705  10 

2 Divd. 

Ex.  7.  8)£760  5 

6 Divd. 

£100  15 

8J-  Quot. 

£ 95  0 

84  Quot. 

Ex. 8. 

9)£761  5 

7f  Divd. 

Ex.  9.  10)£829  17 

10  Divd. 

£ 84  11 

8|  Quot. 

4 

£ 82  19 

94  Quot. 

Ex.  10.  1 1)^937  8 8|  Dividend. 

qr. 

£ 85  4 5 0t7t  Quotient. 


Ex.  11.  12)£1145  11  4|  Dividend. 

• or- 

£ 95  9 3 1t5t  Quotient. 


♦ 


When  the  Divisor  exceeds  12,  and  is  the  Product  of  two  or  more 
Numbers  in  the  Multiplication  Table. 

y 

Ex.  2.  Ex.  3. 

2)£150  6 8 for20cwt.  6)£  98  8 Dividend. 

10)£  75  3 4 for  10  cu  t.  6)£  16  8 Quotient  by  6. 


Ans.  <£  7 10  4 for  1 cut.  A ns.  £ 2 14  8 Quot.  by  36. 


COMPOUND  DIVISION. 


(Key  to  Vol. 

, I.  page  42.) 

> 

Ex.  4. 

Ex.  5. 

8)c£71  13 

10 

Dividend. 

8)c£44  4 

0 Dividend. 

7)£  8 19 

2| 

Quot.  by  8. 

12)of  5 10 

6 Quot.  by  8. 

Ans.  of  1 5 

n 

Quot.  by  56. 

Ans.  of  0 9 

2^  Quot.  by  96, 

Quest.  6. 

4)of31  10 

0 per  cwt. 

7)of  7 17 

6 per  qr. 

4)  of  l 2 

6 per  4 lb. 

Ans.  of  0 5 

7\  per  lb. 

(Page  43.) 

When  the  Divisor  is  not  the  Product  of  two  or  more  Numbers  in 

the  Multiplication  Table. 

Ex.  2.  57)of39  14  54  (£0  13  l H Quotient. 

20 

) 794--  * 

224 

•53 

12 


) 641 

•71 


) 57 


24 


ARITHMETIC. 


Ex.  3. 


Ex.  4. 


Ex.  5. 


(Key  to  Vol.  I.  page  43.) 

43)«£’125  4 9 (£2  IS 
•39 
20 


) 781  - - 
354 
• 10 

12 


3 Quotient. 


) 129 


97)0£>542  7 10  (£5  11  10  Quotient . 
•57 
20 


) 1147 -- 
• 177 
•SO 

12 

) 970-  -• 


127)0£’123  11  24-  (£0  19  54:  Quotient. 

20 


)2471-- 
1201 
• • 58 

12 


) 698 

•63 

4 


)254 


EXAMPLES  OF  WEIGHTS  AND  MEASURES. 

lb.  oz.  dwt.  gr.  ft  1 3 9 gr. 

Ex.  1.  7)17  ..  9 ..  0 ..  2 Divd.  Ex.  2.  12)17  ..5  ..2  ..  1 ..  4 Div. 


2 ..  6 ..  8 ..  14  Quot. 


1..5 


1 ..  12  Quo. 


COMPOUND  DIVISION. 
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Ex.  3. 
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cwt.  qr 

53)176  ..  3 

• 19 

4 


) 79  - - 
26 
28 


) 742 
212 


lb.  cwt.  qr.  lb. 

14  (3  ..  I ..  14  Quotient. 


mil.  fur.  po.  yd.  ft.  mil.  fur.  po.  yds.  ft.  in. 

Ex.  4.  39)144  ..  4 ..  2 ..  1 ..2  (3  ..  5 ..  25  ..  3 ..  2 ..  6|^-  Quo. 
27 
8 


) 220  - - 
•25 
40 


) 1002 
*222 
•27 

11 


2)299  half  yds.-  - 

yds.  ft.  in. 

149  ..  1 ..  6 

2 ..  0 add  - - 


- ) 150  ..  0 ..  6 (- 
33 
•3 


) 99  - - 
21 
12 

)258  • - 
• 24  remainder. 

39  divisor. 


* As  this  Quotient  and  Dr.  Hutton’s  disagree,  we  subjoin  the  proof. 

mil.  fur.  po.  yds.  ft.  in. 

..  6£ 

39 


3 ..  5 ..  25  ..3  ..2  ..  6# 


mil.  fur.  po.  yd.  ft.  in. 


Proof  144  ..4  ..2  ..  H ..  0 ..  6 evidently  = 144  ..  4..  2 ..  1 


E 
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yds.  qrs.  ills.  yds.  qr.  ills. 

Ex.  5.  47)534  ..  2 ..  2 (11  ..  1 ..  2 Quotient. 

•64 
17 
4 


) 70  - - ' ' 

23 

4 


) 94 


/ 


Ex.  6. 


51)71 

20 


4 


R.  P*  A#  R.  P« 

. ..  33  (1  ..  1 ..  24-^j-  Quotient.  * 


)81  -- 

30 

40 


) 1233  

•213 

• • 9 remainder. 


51  divisor. 


* If  77  acres  be  written  in  the  Dividend  instead  of  71,  the  Quotient  is 
1 A.  2 R.  3 P.}  the  Answer  given  in  the  Work. 


tuns.  hhd.  gal.  pts.  tu.  hhd.  gal.  pts. 

Ex.  7.  65)  7 ..  0 ..  47  ..  7 (0  ..  0 ..  27  ..  7 Quotient. 

4 

. * 

28--- 

63 


) 1811 
•511 

•56 

8 


)455 


RULE  OF  THREE. 
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lasts,  qr.  bu.  la.  qr.  bu. 

Ex.  8.  72)387  ..  9 ..  0 (5  ..  3 ..  7 Quotient. 

•27 

10 


)279 - - 
•63 
8 


)504 


mo.  we.  da.  mo.  we.  da. 

Ex.  9.  26)206  ••  0 ••  4 (7  ••  3 ••  5 Quotient, 

•24 
4 


) 96  - - 
18 

7 


) 130 


RULE  OF  THREE. 
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« 

yds.  yds.  0£’.  s.  £.  s.  s. 

Quest.  3.  As  9 : 72  v 1 : 8,  : : 5 ..  12  : (5  ..  12)  X S=c£>44 ..  16.  Ans. 

days.  da.  s. 

Quest.  4.  As  365  : 1 : : 0£’146  : c£,146-i-365=o£>0  ..  8.  Ans. 

yds. 

paces,  paces,  yds.  160x2  yds.  ft. 

Quest.  5.  As  3 : 160  : : 2 : - — ^ — =106  ..  2.  Ans. 

in 

in.  in.  in.  12x4  in. 

Quest.  6.  As  9 : 12,  that  is.  As  3 : 4, : : 12  : — ^ — =16.  Ans. 

men.  men.  rations,  rations. 

Quest.  7.  As  750  : 1200,  that  is,  As  5 : 8,  : : 22500 : 36000.  Ans. 


as 


ARITHMETIC 


Quest.  S. 
Quest.  9. 

Quest.  10. 

Quest.  11. 

Quest.  12. 
Quest.  13. 

Quest.  14. 
Quest.  15. 

Quest.  16. 
Quest.  17. 
Quest.  18. 
Quest.  19. 
Quest.  20. 

Quest.  21. 
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cwt.  qr.  cwt.  qr.  t£.  s . d.  £.  s. 

As  7 ..  1 : 43  ..  2 \*  1 : 6,  : : 26  ..  10 ..  4 : 159  ..  2.  Ans. 

men.  men.  £.  s.  (£.  $. 

As  750:  3500  v 3 : 14,  : : 2381  ..5  : 13212..  10.  Ans. 

ft.  ft.  ft.  ft.  yd.  yds. 

As3x3  : 27  x2Q,  that  is.  As  1 : 60,  : : 1 : 60.  Ans. 

s.  d. 

bu.  bu.  s.  d.  34  ..6  «•  d. 

As  36  : 6,  that  is.  As  6 : 1,  : : 34  ..  6 : — =5  ..  9.  Ans. 

ft.  ft.  stones,  stones. 

As  2 : 3 : : 6352  : 9528.  Ans. 

oz.  lb.  oz.  dwt.  s.  d.  s.  d. 

As  1 : 73  ..  5 ..  15  : : 5 ..  9 : £253 ..  10  ..  Of.  Ans. 
men.  men.  days.  days. 

As  1124  : 536  v 281  : 134,  : : 365  : 174^.  Ans. 

As  o£4  : 3..  6:  : £763  ..  15  : ,£133  ..  13  ..  If.  Ans. 
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hrs.  hrs.  days.  days. 

As  6 : 4,  that  is.  As  3 : 2,  : : 12:8.  Ans. 

sh.  gs.  sb.  bu.  bu.  qr.  bu. 

As  6 : 90=1890  v 1 : 315, : : 1 : 315=39..  3.  Ans. 


d. 


s.  d. 


As  <£977  : <£420  ..  6 ..  3f  : : <£1  : <£0  ..  8 ..  7f.  Ans. 

horse,  horse.  days.  days. 

As  2000  : 3000,  that  is.  As  2 : 3,  : : 18  : 27.  Ans. 

day.  days.  s.  d.  s.  d. 

As  3 : 365  : : £\  ..  5 ..  6 : <£465 ..  7 ..  6. 

But  <£630  — <£465  ..  7 ..  6 =<£164  ..  12 ..  6.  Ans. 


cwt.  cwt.  qr.  lb.  s.  d.  s.  d. 

As  1 : 33  ..  0 ..24  : : <£0  ..  16  ..  4 : £27  ..  2 ..  6.  Ans. 

* 

da.  da.  lb.  lb. 

As  80  : 54  : : If  : I—?. 


Quest.  22. 


Ans. 


rule  of  three. 


£9 
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s.  d.  week,  weeks. 

Quest.  23.  As  10 ..  6 : £20  : 1 ; Ans. 

ch.  ch.  bu.  s.  d.  d. 

Quest.  24,  As  1 : 75  ..  7 : : £i  ..  13..  6 : £125  ..  19  ..Of.  Ans. 

s.  d.  s.  d.  oz.  oz.  dr. 

Quest.  25.  As  8 ..  4 : 7 ..  3 : : 8 : 6 ..  1 5fyf.  Ans. 

A.  A.  R.  p.  s.d.  S.  d. 

Quest.  26.  As  1 : 173  ..2  ..  14  : : £ 1 ..  < ..  8 : <=£240  ..  2 ..  Ans. 


cwt.  cwt.  qr. 


s. 


d.  qr. 


Qu.  27.  As  19^  : 132  ..  If  : : <£10  ..  4 : £69  ..  4 ..  2 ..  Iff.  Ans. 


qrs.  yds.  qrs.  qrs.  yds.  yds.  qrs.  ills. 


Quest.  28.  As  3 : 3f  = 14  : : 7 

yds.  yds.  qr.  s. 


If  : b..0..2f. 


Ans. 


d. 


s.  d. 


Quest.  29.  As5  : 191..  1 ::  14..2  : 0£>27..  1..  lOf.  Ans. 


Quest.  30. 


days.  day.  s.  s.  d. 

As 365  : 1 ::  £21 07  ..  12 -<£500:  £4..8..  1-^.  Ans. 
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po.  po.  po.  po.  yds.  ft.  in. 

Quest.  31.  As  13f  : 40  : : 4 : 11  ..  4 ..  2 ..  Off.  Ans. 

qrs.  qrs.  s.  d.  s.  d. 

Quest.  32.  As  4 : 266 2:  133,:,:  7..9f  : <£25..  18..  If.  Ans. 

cwt.  qr.  cwt.  qr.  lb.  mil.  mil.  fur.  po. 

Quest.  33.  As  3 ..  1 : 5 ..  0 ..  14  : : 96  : 151  ..  3 ..  3Tj.  Ans. 

oz.  lb.  oz.  dwt.  s.  d.  s.  d. 

Quest.  34.  As  l : 1 ..  7 ..  14  : : 6 ..  4 : £6  ..  4 ..  94.  Ans. 


Quest.  35. 
Quest.  36.* 


s.  d' 

A.  A.  I k q S.  (l . S.  (I. 

As  l : 547  : : ..  lOf  : £211  ..  19. .3.  Ans. 


9 it. 


2 

27  ft. 


6 da.  4 da. 


men.  men. 

v6:87v2:9,  ::  16:72.  Ans. 


* This  is  a question  in  Compound  Proportion.  See  Hutton’s  Practical 
Arithmetic,  Quest.  5,  page  38.  Lond.  1815. 
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day  days.  d.  s.  d.  n.  d. 

Quest.  37.  As  1 : 365  : : 14-'- x 20 =£1  ..4  ..  2 : of 441  ..0..  10.  Ans. 


ells.  qrs.  ells.  qrs. 


s.  d. 


s . d. 


Quest.  38.  As  18x3:50x4:  :£1  ..  19..  6:£7..6..3^|.  Ans. 

yd.  ft.  yds.  ft.  yd.  yds. 

Quest.  39.  As  1 x2-‘-  : 20  x 9=180  : : 1 : 72.  Ans. 

Quest.  40.  As  £1  : <£384  ..  16  : : £0  ..  2 ..  9'  : £53  ..  14  ..  2^. 

But  £384 ..  16  — £53  ..  14  ..  2' =£331  ..  1 ..  9£  Ans. 


hours,  min.  hour,  miles,  miles. 

Quest.  41.  As  23  ..  56  : 1 : : 25000  : 1044T^.  Ans. 

s.  s.  hot.  bottles. 

Quest.  42.  As  10  : 8,  that  is.  As  5 : 4,  : : 20  : 16.  Ans. 

qr.  qr.  bu.  s.  d.  s.  d. 

Quest.  43.  As  1.  : 43  ..  5 : : £1 ..  8 ..  6 : £62  ..  3 ..  3f.  Ans. 

qrs.  yd.  yd.  qrs.  yds.  yds. 

Quest.  44.  As  5 X 1 : l : : 3 x 50=150  : 30.  Ans. 

oz.  gr.  St  St  da 

Quest.  45.,  As  l : 1,  that  is.  As  480  : 1,  : : £4 ..  4 : £0 ..  0 ..  2^.  Ans. 

cwt.  lb.  £.  s.  £.  £.  s.  s. 

Quest.  46.  As  3 : 1 : : 40..  12-j-10=50..  12  : £0..  3^^.  Ans.* 


* There  is  a minute  error  in  the  Denominator  of  the  Fraction  given  in  the 
last  Edition  of  the  Course,  although  in  the  Sixth  Edition  the  Answer  is  right. 


COMPOUND  PROPORTION. 
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yd.  yds.  s. 

Quest.  2.  As  £100x1  : £750  X 7 v2  : 105  : : £5  : £262 ..  10.  Ans. 

pers.mo.  pers.  mo. 

Quest.  3.  As  8 X 9 : 18  x 12  v 1 : 3, : : £200  : £600. f Ans. 

* 

f Dr.  Hutton’s  Answer  to  this  Question  is  half  the  true  Answer. 


REDUCTION  OF  VULGAR  FRACTIONS. 
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Quest.  4. 

Quest.  5. 


men  da.  men  da. 
As  4 X?  : 14  X 10  ■ 


s.  s. 

1:5,::  c£l.,  < : <£6. A!).  Ans. 


mil.  lirs.  mil.  lirs.  days  days 

As  130  x 10  : 360  X 12  v 65  : 216,  : : 3 : 9|4-  Ans. 


* (Page  51.) 

bn.  hor.  bu.  hor.  days  days 
Quest.  6.  As  120x6  : 94  X 14  : : 56  : 102|^.  Ans. 


men  da.  men  da. 

Quest.  7.  As  340  x 1 5 : 120  X 25 


lb.  lb.  oz. 

3000  : 1764 ..  1144.  Ans. 


Quest.  3. 


da.  pers.  da.  pers. 

As  12  x 8 : 365  X 1 6,  that  is,  As  6 : 365, 


bar.  barrels 
: 1 : 60£.  Ans. 


Quest.  9. 


yds.  ft. wd.  ft. dp.  yds.  ft. wd.  ft. dp.  days  days 

200  x 3 X 2 . 360  X 4 X 3 . . g . a g e 

lSOmen  X lOhrs.  lOOmen  x 8 hrs. 


Ans* 


* The  Answer  to  this  Question,  as  given  in  the  “ Course  of  Mathematics,”  is 
less  than  a third  part  of  the  Answer  arising  from  the  Proportion. 

Note.  It  has  been  thought  proper,  not  only  in  the  Rule  of  Pro- 
portion, but  in  other  parts  of  the  Key,  to  set  words  over  the  figures, 
specifying  the  objects  to  winch  they  allude ; yet  it  must  be  distinctly 
understood  that  the  numbers  are  every  where  (square  and  solid  measure 
excepted)  to  be  considered  as  taken  abstractedly. 


REDUCTION  OF  VULGAR  FRACTIONS. 
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Quest.  2.  246)372(1 

126)246(1 

120)126(1 

The  last  divisor  is  - - - - • • 6)120(20 


Therefore  6.  Ans. 
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Quest.  3.  324)612(1 

288)324(1 

Last  divisor  -----  36)288(8 


And,  36)1032(28 
•24)36(1 

Last  divisor  - - - - 12)24(2 


Therefore  12.  Ans. 
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To  abbreviate  Fractions. 


Ex.  2. 

195  < 

\ 195  i 
l 780  ' 

W* 

Lowest  terms. 

Ex.  3. 

68  \ 

f 136) 
L204J 

f-S 

Lowest  terms. 

Ex.  4. 

105  | 

r 525  7 
!.  630  j 

> 5 
1 “6 

Lowest  terms. 

, To  reduce  a Mixed  Number  to  its  Equivalent  Improper  Fraction » 


Ex.  2. 

12x9+7  115 

9 “9 

fraction  required. 

Ex.  3. 

14x10+7  147 

10  ~ 10 

fraction  required. 

Ex.  4. 

183x21+5  _ 3848 
21  “ 21 

fraction  required. 

(Page  56.) 

To  reduce  an  Improper  Fraction  to  an  Equivalent  Whole  or  Mixed 

Number. 

Ex.  4.  56+7=8.  equivalent  integer. 


REDUCTION  OF  VULGAR  FRACTIONS.  S3 
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Ex.  5.  1362-7-25  =54 equivalent  mixed  number. 

Ex.  6.  2918-r-17  = 17m.  equivalent  mixed  number. 

(Page  57.) 

To  reduce  a whole  Number  to  an  equivalent  Fraction  with  a given 

Denominator . 

Ex.  2.  V X — — fraction  required. 

13  13  H 

c „ 27x11  297  - • A 

£x.  3.  = traction  required. 

11  11  n 


(Page  58.) 


To  reduce  a Compound  Fraction  to  an  equivalent  Simple  Fraction. 


Ex.  3.  3 X 4 = 12  numerator, 

and  7 x 5 = 35  denominator. 

12 

Therefore  — fraction  required. 

35 

Ex.  4.  2 x 3 X 5 = 30  numerator, 

and  3x5x9  = 135  denominator. 

Hence  ^ - — — Ans. 
135  9 

Or, 

Cancelling  3 and  5 in  the  Numerator  and  also  in  the  Denominator 

o 

of  the  compound  fraction,  the  simple  fraction  is  — as  before. 

Ex.  5.  3^  = —,  And  — _Z_  fraction  required. 

2 £x8x;*  8 M 

ix  5x|x4  5ri.  .. 

Ex.  b.  r ii — _ = — traction  required. 

/}x$x  fix  1 2 n 

2 


Ex.  7.  ^ X ^ = JL,  and  2 — — jL  fraction  required. 

5x6  333 


F 
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To  reduce  Fractions  of  different  Denominators  to  equivalent  Frac- 
tions having  a common  Denominator. 

Ex.  3.  2 x 9=18  First  numr. 

5x7 =35  Sec.  numr.  Therefore and  — frac'. required. 

And  7 X 9=63  Com.denr.  63  63 
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Ex.  3.  2 X 5 X 4=40  First  numr. 
3 X 3 X 4=36  Sec.  numr. 
3x3x5  =45  Third  numr. 
And  3 X 5 X 4=60  Com.  denr. 


Hence  12,  and  12 


60  60 


60 


Aha. 


Ex.  4.  2—=~,  and  4=±. 

5 5 1 

Then  5x5x1=  25  First  numerator. 

13x6x1=  78  Second  numerator. 
4x5x6=120  Third  numerator. 

And  6x5x1=  30  Common  denominator. 

Wherefore  and  are  the  fractions  required 

30  30  30 


(Page  60.) 

To  find  the  Value  of  a Fraction  in  parts  of  the  Integer . 

Ex.  3.  3 numerator. 

20  next  inferior  denomination. 

— s.  d. 

denr.  8)  60  (7  ..  6 value  sought. 


Ex.  4.  2 numerator. 

21  next  inferior  denomination. 


denr.  9)  42  Product. 


45.  Sd.  Ans. 


REDUCTION  OF  VULGAR  FRACTIONS. 
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Quest.  5. 
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t.  d. 

2 ..  6 

3 numerator  of  the  given  fraction. 

denr.  4)  7 ..  6 Product. 


Quest.  6. 

s.  d. 

1 ..  10£  Ans. 

t.  d. 

4. . 10 

2 numerator  of  the  given  fraction. 

denr.  5)  9 ..  8 Product. 


Quest.  7. 

s.  d. 

1 ..  U|  Ans. 

4 lb.  Troy.  numr.  of  the  given  fraction, 
12  next  inferior  denomination. 

denr.  5)  48  ounces. 


Quest.  8. 

dwt. 

oz.  9..  12.  Ans. 

5 numerator  of  the  given  fraction. 
4 next  inferior  denomination. 

denr. 

\ 

16)  20  quarters. 

qr.  lb. 

1 ..  7 Ans. 

Quest.  9. 

7 numerator  of  the  given  fraction. 
4 next  inferior  denomination. 

denr.  8)  28  roods. 

re.  poles. 

3 ..  20.  Am, 
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3 numerator  of  the  given  fraction. 
24  next  inferior  denomination. 


denr.  10)  72  hours. 


hr*.  min. 

7 ..  12  Ans. 
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To  reduce  a Fraction  from  one  Denomination  to  another . 


Ex.  3. 


r>  2x20x12  480  32,  , .. 

£lSxi  x 1 = 77  = Td'  va,ue  sought- 


Ex.  4.  q.?x-X  — X — r=  £ — — fraction  required. 
4 5 4 12  20  2400  4 


Ex.  5.  Cwt. 


qr.  lb. 

2x4x28  32  c ..  . , 

= lb.  — fraction  required. 

7x1x1  1 4 


Ex.8.  D»‘-|xixI  = rL,b.Tr«y. 


Ex.  7.  Cr.  | X j X -l-  = ^ of  a guinea, 
o l 21  5o 


_ 0 „ 5 5 25 

Ex.  8.  H.  cr.  _ x - = — 

6 2 12 


of  a shilling. 


£•  &4  dm 

Ex.  9.  2 ..  6 = 30,  and  £ l = 240,  therefore 

30  1 

£ — £-  is  the  fraction  required. 

240  8 1 


ADDITION  OF  VULGAR  FRACTIONS. 
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3.  d.  qr. 

Ex.  10.  1 7 ..  7 ..  34  numerator. 

12 


<£1  denominator. 
20 


211  pence. 
4 


20  shillings. 

12 


847  farthings. 
5 


>4 

Numerator  4238  fifth-parts  of  a 

farthing. 


240  pence. 
4 


960  farthings. 
5 


Denominator  4800  fifth-parts  of 

a farthing. 

Wherefore  is  the  fraction  required. 

4800  2400 


ADDITION  OF  VULGAR  FRACTIONS. 
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Ex.  4. 


!±5=?=n.  Ans. 
7 7 T 


Ex.  5. 


?=^and£  = ?2.  But?l±??  = 


36 


36 


36 


47 

36=lH8um  re<ld- 


Ex  fi  - = — » and  — — sum  of  the  given  fractions. 
X ”•  7 14  14  14  b 

Ex.  7.  2 X 5 X 7 = 70  First  numerator. 

3 X 3 X 7 = 63  Second  numerator. 

5 X 3 X 5 = 75  Third  numerator. 

And  3 X 5 x 7 = 105  Common  denominator. 

But  70  + 63  + 75  _ 


103 
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Ex.  8.  5x5x6=150  First  numerator. 

3x9x6=162  Second  numerator. 
1x9x5=  45  Third  numerator. 

And  9 x 5 x 6=  270  Common  denominator. 

But  2 4- ^ = 3 so  the  sum  required. 
* ' 270  ** 


Ex.  9. 


- 4-  l0f  - = — • Reducing  this  fraction  and  JL  to 
5 ^ 5 3 15  b 20 

52  9 

a common  denominator,  the  new  fractions  are and 


But 


52  4-  9 

9 + — = 10^  sum  required. 


60  60 


Ex.  10.  20  40  _ 120 

*3  * 7"  ~ "3  9 


I. 


I. 


a.  d.  qr. 

And  = — rf.  = 1 3 ..  10 ..  2i  Ans. 


a. 


d.  d.  d.  d.  d.  d.  d.  qr. 

r „ 3 12  36  108  . ,109+4  112  - lx,  . 

Ex'  "•  5 x T = T = T5-  And-1_=_=7..1H-An5. 


3. 


8. 


lx.  12.  A x ?2  = ?2-  And  4<*.  X Jrr>h-  Then 

a.  d.  qr. 


Ex>  13’  * T “ 7 12”  12  144 


20x  9 X 144+2  X 7 X 144+5  X 7 X9_3139_ 


7x9x  144 


1008 


•“3.1 1 ..  Itj-^.  Ans. 


SUBTRACTION  OF  VULGAR  FRACTIONS. 

1 

(Page  63.) 

n . q 7-5  2 1 . 

Quest.  3.  _ = _ = Ans. 

1=1,  and  ®zi=±.  An, 

13  39  39  39 


Quest.  4. 


MULTIPLICATION  Of  VULGAR  FRACTIONS.  39 
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^ * 5 65  ,7  84  R 84-65  19 

Quest.  5.  = — » and  — = But — 

12  156  13  156  156  156 


Ans. 


Quest.  6.  - of  4l  = 1-1  — 1 and  - = — . 

7 6 21  16S  8 168 

^ . e 63  . 32  , 31 

But  5 1——  — 4- — Ans. 

168  168  168 

„ , „ 2 3 I , 9 , , .5  20  100  200 

Quest.  ,.  Ix;=-SA.=igS4.and^-xT=-F=— 

St  s#  8»  di  (jr» 

^ 200-9  191.  ln  ri  it  A™ 

But  — — = -—«/».  — 10 ..  7 ..  ly.  Ans. 


t. 

c\  * o 2 „ „1  „ .20  ,3  „ 3 

Quest.  8.  -0{£5-  = £lw  and-  X £-  = £ — ■ 

90  QS7  * d. 

But  ^l--^  — ^]— =^1..8..11A.  Ans. 


2100 


MULTIPLICATION  OF  7ULGAR  FRACTIONS. 


Ex.  3. 

2 5 _ 

1 5 _ 5 

7 ' 

8 

7 X 4 28 

Ex.  4. 

4 5 

— x — 

1 1 

15 

24 

~ 3 X 6 

3 

4 

14  1 4 

Ex.  5. 

- X - X 

— — — X “■ 

7 

9 

15  1 9 

18 


2 _ 8_ 
5 45 


Ans. 


Ex.  6. 


(Page  64.) 

1 « ' 1J-,  Ans 

2X3X1-TXIXT-T-1' 


u - 73  61  1 1 61  61  _T  t,  a A 

Ex.  7.  - x - x — = - x - X — = — = 2-rW*  *rod.  read. 

95  14  3 5 2 30  77  i 


I 
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Ex.  8. 
Ex.  9. 
Ex.  10. 
Ex.  11. 
Ex.  12. 


ARITHMETIC. 
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5 2 6 5 2 1 10 

6X3X7  = TX3X7=2l’  Ani’ 

6 2 5 2 2 5 20 

jXyXy  = yXyXy  = y=20  Ans. 

2 3 5 23  1 1 1 23  23  t>  , . 

- X - X - X — — - x - X - X — = — .Product. 

9 5 8 7 314  7 84 

23  146  3358  ,124  ^ . . , 

— x- — = =14  — • Product  required. 

7 33  231  231 


5 2 2 3 25  1 2 1 1 25  50  „ 

TX3X7X5X-6=TX3X7XTXT=2l=2* 


Ans. 


DIVISION  OF  VULGAR  FRACTIONS. 


Ex.  3.  4)JJ5(4  QUOiienim 

5)  25  (5 

Ex.  4.  2 ) JL I — — JL  Quotient. 

4 / i 6 \ 48  12 

Ex.  5.  1)11/21  = ]i  Quotient . 

6/  9 \63  T 

Ex.  6.  12)  2 (22  = L Quotient. 

7 / 6 \ 90  18 

Ex.  7.  3)_1 2 (4  QnQiieni' 

5)  35  (7 

Ex.  8.  2 ) - [ 12  Quotient. 

5/  7 \2l 
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Ex.  9.  2)l/_2.  Quotient. 

1 / 16\ 16 


RULE  OF  THREE  IN  VULGAR  FRACTIONS. 
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Ex.  10. 


Ex.  11. 


Ex.  12. 


RULE  OF  THREE  IN  VULGAR  FRACTIONS. 

oz.  oz.  s.  d.  s.  d. 

Quest.  2.  As  4- : V : : <£0  ..  6 ..  8=c£-4 : £%£=£\  ..  1 ..  4a.  Ans. 

s.  d.  s.  d. 

Quest.  3.  As  that  is.  As  6 : 5, 0£,273..2..6 : £221  ..\2..\.  Ans. 

a.  d. 

Quest.  4.  As  c £J-f£L  : oflOSA  : : £1230  : £\330  ..  1 ..  9.  Ans. 

s.  d. 

Quest.  5.  As  £ : £3}  : : £ 273 $ : £8 ..  17  ..  1 1A.  Ans. 

Quest.  6.  As  ^73-j—-  : £ 250 \ \\  \ \ \.  Ans. 
inches,  in.  in.  in. 

Quest.  7.  As  7|  : 12  : : 12  : 1344*  Ans.* 

yd.  yds.  yds.  yds. 

Quest.  8.  As  A : 2 that  is.  As  3:10,: : 9£  : 31^.  Ans. 

* In  some  Editions  of  the  Course  (aud  perhaps  in  the  last)  there  is  an 
Error  in  the  Answer. 
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£ (iL  Quotient. 
lj  5 V 10 

86^22/198  33 

9 J 3 [258  43 

- (—  - J—  Quotient. 

7 } 9 \342  171 


Quest.  9. 


sh. 

po. 


sh. 


(Page  66.) 
oz.  oz. 


As  84  : 5 : : 6-^  : 4-^. 


Quest.  10.  As  II44 


po. 

40 


po.  po. 


A . 61 


Ans. 
Ans. 


hrs.  hrs.  days.  days. 


Ans. 


Quest.  11.  As  II44  : 13|  : : 35 4 : 40ff5. 

yd.  yd.  yds.  yds. 

Quest.  12.  A : y,  that  is,  As  7 : 13,  : : 24  : 44  = 4-r^  yards. 

yds.  yds.  yds.  qr.  nls.  * 

But  4-fr  X 976  = 4534=4531 ..  I ..2£.  Ans. 

G 
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DECIMAL  FRACTIONS. 


ADDITION  OF  DECIMALS. 


Ey.  2.  276, 

39,213 

72014,9 

417, 

5032, 


Sum  77779,113 


Ex.  3.  7530, 

16,201 

3,0142 

957,13 

6,72119 

,03014 


Sum  8513,09653 


Ex.  4.  Ans.  17500,9718. 


SUBTRACTION  OF  DECIMALS. 

(Page  68.) 

Ex.  2.  From  2,73  Ex.  3.  From  214,81 

Take  1,9185  Take  4,90142 


0,8115  Rem.  Rem.  209,90858 


Ex.  4,  From  2714, 

Take  ,916 


Rem.  2713,084 


MULTIPLICATION  OF  DECIMALS. 

(Page  69.) 


Ex.  2.  Multiply  79,347 
by  23,15 


Ex.  3.  Multiply  ,63478 
by  ,8204 


Product  1836,88305 


Product  ,520773512 


MULTIPLICATION  OP  DECIMALS. 
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Ex.  4.  Multiply  ,385746 

by  ,00464 


,00178986144  Product. 


CONTRACTION  I. 

Ex.  2.  2*714  X 100  = 271*4  Product  required. 

Ex.  3.  *916  x 1000  = 916  Product  required. 

Ex.  4.  21*31.  X 10000  = 213100  Product  required. 


CONTRACTION  II. 

(Page  70.) 

Ex.  2.  480,14936  Multiplicand. 

61427*2  Multiplier  reversed. 


9602987 

3361045 

96030 

19206 

480 

283 


1308*0036  Product  required. 


Ex.  3.  2490,30480  Multiplicand. 

682375*0  Multiplier  reversed. 


124515240 

17432134 

747091 

49806 

19922 

1494 


1427*65687  Product  required. 
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Ex.  4. 
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Ans.  235 * 1 04 1 0907 965204 . 

DIVISION  OF  DECIMALS. 

(Page  71.> 

Ex.  3.  54-25)  123-70536(2-2802  Quotient. 


Ex.  4. 

•7854)12-0000000(15-278  Quotient. 

Ex.  5. 

100)4195-68(41-956S  Quotient. 

Ex.  6. 

•153) -8297592(5-4232  Quotient. 

Ex.  2. 

CONTRACTION  I. 

(Page  72.) 

Quotient  1281875 

Ex.  3. 

Quotient  -04412037037  &c. 

Ex.  4. 

Quotient  -0007721519  nearly. 

Ex.  2. 

CONTRACTION  II. 

100)5  16(-0516  Quotient. 

Ex.  3. 

10)419(41-9  Quotient. 

Ex.  4. 

1000) -21  (-00021  Quotient. 

Ex.  2. 

CONTRACTION  III. 

(Page  73.) 

230-409)41 092351  (17-8345  Quotient. 
180514 
19228 
796 

105 

13 

2 


REDUCTION  OF  DECIMALS. 
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Ex.  3.  5713*9)37*10438(*00649  Quotient. 

Ex.  4.  213,)91*30S(*427  Quotient. 


REDUCTION  OF  DECIMALS. 

Ex.  2.  4)1*00(*25  7 

2)1*0(*5  > Therefore  *25,  *5,  and  *75.  Ans. 

And  4)3*00(*75  ) 

Ex.  3.  8)5000(*625  the  decimal  required. 

Ex.  4.  25)3*00(*12  decimal  required. 

Ex.  5.  192)6*000(*03125  Ans. 

Ex.  6.  3S42)550  0(T43154  &c.  decimal  required.* 

* This  Answer  differs  in  the  last  figure  from  the  Answer  given  by  Dr. 
Hutton. 


(Page  74  ) 

To  find  the  Value  of  a Decimal  in  terms  of  the  Inferior  Denomi- 
nations. 


Ex.  2.  -625  X 12  = Ans. 

Ex.  3.  X 20  = 17*27,  and  *27  X 12  =3*24. 

Therefore  £0  ..  17  ..  3*24  Ans. 

lb.  dwt. 

Ex.  4.  *0125  X 240  = 3 dwt.  Ans. 

lb.  oz.  oz. 

Ex.  5.  *4694  x 12=5*6328 

20 


dwt.  12*656o 
24 


gr.  15*744 


oz.  dwt.  gr. 

Therefore  5 ..  12  ..  15.744.  Ans. 
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cwt.  qr.  qr.  qr.  lb. 

Ex.  6.  -625  X 4 = 2*5  = 2 ..  14.  Ans. 

miles.  yds.  yds. 

Ex.  7.  *009943  x 1760  = 17-49968 

3 


Feet  1-49904  r 

12 


Inches  5-95848 

3 


Barleycorns  2-96544 


yds.  ft.  in.  b.  corns 
Wherefore  17  ..  1 ..  5 ..  2-96544  Ans. 

yds.  qrs.  qrs.  qrs.  nls. 

Ex.  8.  -6875  X 4 = 2-75  = 2 ..  3.  Ans. 

acres,  roods,  ro. 

Ex.  2.  -3375  x 4 = 1-35 

40 


Perches  14-00 


ro.  po. 

Therefore  1 ..  14.  Ans. 

hhds.  gal.  gallons 
Ex.  10.  -2083  X 63  = 131229  Ans. 


(Page  75.) 

To  reduce  Integers  or  Decimals  to  Equivalent  Decvnals  of  higher 

Denominations. 

d. 

Ex.  2.  9 -f-  (12  X20)  = <£-0375  the  decimal  required. 

dr.  Ib. 

Ex.  3.  7 -f*  (16  x 16)  = -02734375  Ans. 

d. 

Ex.  4.  -26  -f-  (12  X 20)  = «£-0010833  &c.  the  decimal  reqd. 


REDUCTION  OF  DECIMALS- 
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lb.  cwt. 

Ex.  5.  2-15  -r  (28  x 4)  = -019196  &c.  the  decimal  required. 

yds.  miles. 

Ex.  6.  24  1760  = 013636  &c.  Ans. 

poles.  acres. 

Ex.  7.  -056  -r  (40  x 4)=  -00035  the  decimal  required. 

pt.  hhd. 

Ex.  8.  1-2t(8  x 63)  = -00238  &c.  Ans. 

min.  day 

Ex.  9.  14  -f-  (60  X 24)  = -009722  &c.  decimal  required. 

pt.  peck 

Ex.  10.  -21  -M6  = -013125  Ans. 

Oft  io  1 

Ex.  11*  28//..  12'"=  — 4-  — of—  minute. 

60  ^ 60  60 

min. 

Also  28  -j-  60  = -4666  minute, 
min. 

And  12  -r  3600  = 0033  minute. 


Sum  of  both  decimals  -47'  the  decimal  required. 


Otherwise, 


28"  ..  12"'  = 1692"',  = 


1692 

3600 


minute=-47'  as  before. 


* See  this  question  solved  the  6th  in  the  next  article. 


When  there  are  several  Numbers  to  be  reduced  Collectively  to  the 
Decimal  of  the  highest  Denomination. 


Ex.  2. 


qr.  4 
d.  12 

5.  20 


(Page  76.) 

t 

I- 

3-25 

17-270833 
£ 19*8635416  decimal  required. 


d.  12  6- 
s.  20 J 15-5 

£ 0-775  decimal  required. 


Ex.  3. 
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Ex.  4.  qr.  4 2* 

12  7-5 

s/i.  0-625  decimal  required. 


Ex.  5. 


gr.  24 
dwt.  20 
oz.  12 

lb. 


16- 

12-666 

5-6333 

0-46944. 


Ans. 


Ex.  6.  ( Referred  to,  above.) 

thirds  60  12'". 

seconds  60  2S-2". 

Minute  0-47'.  Ans.  [See  Ex.  11.  last  article.] 


DUODECIMALS. 

(Page  77.) 


ft.  in. 

Ex.  3.  4 ..  7 

9 ..  6 


41  ..  3 
2 ..  3 ..  6 


Sq.  feet.  43  ..  6 ..  6 Prod. 


ft.  in. 

Ex.  4.  12  ..  5 

6 ..  8 


74  ..  6 
8 ..  3 ..  4 


Sq.  ft.  82  ..  9 ..  4 Prod. 


ft.  in.  lfcths. 

Ex.  5.  35  ..  4 ..  6 

12  ..  3 


ft.  in.  12ths. 
Ex.  6.  64  ..  6 ..  0 
8 ..  9 ..  3 


424..  6..  0 516..  0..  0 

8..  10..  1 ..  6 48  ..  4 ..  6 ..  0 

I ..  4 ..  1 ..  6 ..  0 

Sq.  feet  433  ..  4 ..  1 ..  6 Prod. 

Sq.  ft.  565  ..  S ..  7 ..  6 ..  0 Pro. 


In  this  Rule  the  second  term  of  the  Product,  to  adapt  it  to 
the  capacity  of  workmen,  is  generally  denominated  inches;  but  it 
is  requisite  the  student  should  clearly  understand  that  inches  con- 


DUODECIMALS. 
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stitute  the  third  term  in  Square  Measure,  and  the  fourth  in 
Solid;  of  which  last  species,  however,  the  author  of  the  Course 
has  given  no  example. 

Now  it  is  only  necessary  to  remember  that,  in  Decimals,  Duo- 
decimals, Time,  and  Degrees,  the  value  decreases  gradatim  in 
Geometrical  Progression  from  the  leit  hand  to  the  right;  and  that 
the  common  ratio  in  Decimals  is  10,  in  Duodecimals  12,  and  in 
Time  and  Degrees  60.  Hence  the  three  series  decreasing  from 
unity  are, 

0.  1.  2.  3.  4.  5.  Terms. 

Decimals.  4>  t~<too>  t 

Duodecimals,  -f,  ttW’  

Time  and  Degrees.  4,  ^0,  3-5^,  5Tyc &c-  called  also 
minutes,  seconds,  thirds,  fourths,  fifths,  Sec. 

The  object  of  Duodecimals  is  to  ascertain,  by  an  easy  me- 
thod, the  number  of  square,  or  of  solid  feet,  in  a piece  of  work 
or  other  body  to  which  the  Rule  is  applicable;  and  it  is  evident, 
that  in  multiplying  length  by  breadth,  feet  into  feet,  give  square 
feet;  and  inches  into  inches,  square  inches:  feet,  therefore,  into 
inches  must  give  12 th  parts  of  square  feet  for  the  second  term  of 
the  Product.  In  the  subsequent  pages  of  the  Key,  when  admea- 
surement of  this  kind  occurs,  we  shall  place  pts.  (meaning  12/A 
parts  of  sqr.  feet)  before  inches;  as  193  sq.ft.  10  pts.  7 inches, 
and  in  the  meantime  it  is  thought  a further  elucidation  to  sub- 
join an  example  of  Solid  Measure,  as  very  proper  to  come  under 
the  present  Rule. 

ft.  in.  ft.  in. 

Required  the  solidity  of  a ivall  130  ..  8 long,  10  ..  4 high,  and 

ft.  in. 

2 ..  3 in  thickness  throughout. 

ft.  in. 

130  ..  8 long. 

Multiplier  10  ..  4 high. 

Sqr.  feet  1306  ..  8 Prod,  of  the  length  by  10  feet  high. 

43  ..  6 ..  8 Prod,  of  the  length  by  4 inches  high. 

Sqr.  feet  1350  ..  2 ..  8 area  of  either  side  of  the  wall. 
Multiplier  2 ..  3 ..  0 thickness  of  the  wall. 


Solid  feet  2700  ..  5 ..  4 Prod,  of  the  area  by  2 feet  thick. 

337  ..  6 ..  8 ..  0 Prod,  of  the  area  by  3 inches  thick. 

Cubic  feet  3038  ..  0 ..  0 ..  0 the  content  required. 


H 
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INVOLUTION. 

Quest.  1.  45  X 45  = 2025.  Ans. 

Quest.  2.  4 16  x 416  = 17-3056.  Ans. 
Quest.  3.  3-5  X 3-5  X 35  = 42-875.  Ans. 


Quest.  4. 
Quest.  5. 
Quest.  6. 
Quest.  7. 


•029  x -029  x -029  x -029  X -029=  000000020511 149. 

Ans. 

2 2 4. 

_ X - = - Ans. 

3 3 9 


5 5 5 _ 125 

9 X 9 X 9 ~ 729' 


Ans. 

81 


3 3 3 3 

-rXTXTX-  = -— 

4 4 4 4 256 


Ans. 


EVOLUTION. 


(Page  83.) 

Quest.  3.  2025(45.  Ans. 

16 

85)  425 
425 


• • • 

Quest.  4.  17-3056(4*16  Root  required. 

16 

81)130 

81 

826) 4956 
4956 


• • • • 


• • • 

Quest.  5.  -000729(-027  Root  required, 

jl 

47)329 

329 
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Quest.  6.  3-000000(1  -73205  &c.  Ans. 

Quest.  7.  5-0000  &c.  (2-236068  &c.  Ans. 

Quest.  8.  6-000000000000(2-449489.  Ans. 

3638879  Remainder. 

i , 

Quest.  9.  7-000000000000(2-645751  Root  required. 

1645999  Remainder. 

Quest.  10.  10000000000000(3-162277.  Ans. 

4175271  Remainder. 

Quest.  11.  11-000000000000(3-316624  Root  required. 

5242624  Remainder. 

• »••••• 

Quest.  12.  12  000000000000(3-464101  Root  required. 

4261799  Remainder. 


(Page  84.) 

SQUARE  ROOT  OF  VULGAR  FRACTIONS,  AND  MIXED 

NUMBERS. 

Quest.  1.  ^ _ V^5.  5 A 

36  v/36  6 


Quest-2'  '/^=7n7=739=f  Root  reciu,red- 


ARITHMETIC. 
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Quest.  3.  </—  = */-75  = -8660254  &c.  Ans. 

V 12  V 

Quest.  4.  \Z^=  '41666  = -645497  & c.  Root  reqd. 

12 

Quest.  5.  ^/17|  = 17-3750  = 4-168333.  Ans. 


The  4 th,  8th,  1 6th,  32nd,  Sfc.  Root,  being  an  Integer  Power  of  2. 

Quest.  2.  4/97-41  =^V97. 41  = ^9-86965  Sec.  =3-1416  very 

nearly.  Ans. 


CUBE  ROOT. 

(Page  86.) 


Ex.  2. 


3xS2  = 192 
3x8  = 24 


5714S2-190(82-9&c.Root  reqd. 
512 


1st  Divisor  1944)  59482 


{ 


3 x 82  x 2 = 384 

3x8  x22  = 96  Vadd 

23 *= 8 


3 X S25  = 20172 
3 X 82  = 246 


39368  Subtrahend. 


2d  Divr.  201966  ) 201 14190  Resolvend. 


3 x S22  x 9 = - 

3x82  x 92=  - 

93=  - 


181548 

-- 19826  V add 
729) 


1 


lb353789  Subtrahend. 


1760401  Remainder. 


I 


Quest.  3.  Ans.  11-76  and  1778424  Remainder. 

Quest.  4.  Ans.  11-0027  and  19659410317  Remaining. 


GENERAL  ROOTS. 
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EXTRACTION  OF  THE  CUBE  ROOT  BY  APPROXIMATION. 

Ex.  2.  Trial  soon  determines  the  Cube  Root  of  -67  to  be  be- 
tween *87  and  -SS.  Taking,  therefore,  '88,  its  Cube  is  *681472 
the  assumed  Cube. 

Then  *681472 

2 


Double  the  assumed  Cube  - - 1 '362944 
Given  number *67 


Sum  of  the  given  number  and") 
double  the  assumed  Cube ) 


2-032944  = A. 


*67 

2 


Double  the  given  number  T34 

Assumed  Cube  -681472 
Sum  of  the  assumed  Cube  and  1 “ . Q 

double  the  given  number j ~ w 


(A)  (B)  assud  root. 

And,  As  2 '032 94 4 : 2-021472  : : -88  : *8750346  Root,  nearly. 

Ex.  3.  Trial  determines  the  Root  to  be  near  *22. 

But  the  Cube  of  *22  is  *010648  the  assumed  Cube. 
(A)  (B)  as8ud  root. 

And,  As  *031296  : *030648  : : *22  : *215444  Root,  nearly. 


GENERAL  ROOTS. 

(Page  89. 


THE  EXTRACTION  OF  ANY  ROOT  WHATEVER. 


Here  f = 2 
n — 3 
r = 1-2 
a = 1-728 


Quest.  1. 
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And  6 912  = n -f-  1 times  a.  Also  8 = n + 1 times  p. 

4*  — n — 1 times  p.  3 456  = n — 1 times  a. 


10  912  sum.  11*456  sum. 

But,  As  10*912  : 11*456  ::  1*2  (=r)  : 1*25982.  First  approxi- 
mation to  the  root  required. 

Proceeding  now  with  1*25982  as  r,  the  result  is, 

1*259921  the  Root,  nearly. 

Quest.  2.  Here  p = 3214 
n = 3 
r = 14*7 

a = 3176*523,  whence  14-7575S.  Ans. 


Quest.  3.  $/2  = £/*/2  = 1*4142136= 1*189207  &c.  Ans. 

Quest.  4.  Here  p = 97*41 
n — 4 
r = 3*1416 

r = 3*1415999,  which  was  required.* 

* See  the  last  Quest,  page  84,  vol.  i.  of  the  Course , and  its  Answer  in 
the  Key. 

Quest.  5.  p = 2 
n = 5 
r = 1*14 

a = 1*9254145824. 

And,  As  19*5524874944  : 19*7016583296  : : l*14(=r) : 1*148697 
first  approximation  to  the  5th  Root  of  2.  Proceeding  next  with 
1*148697  as  r,  the  result  is  1*148699  &c.  Root,  nearly. 

Quest.  6.  «/ 21035*8  = 21035*8  or 

a/ ^/2 1035*8=  v/27*60491056=5*254037.  Ans. 

Quest.  7.  ®/2  = V 4/2  = ,y/ 1*259921  = 1*122462.  Ans. 

Or,  by  the  Rule  for  General  Roots, 

As  (n-f-l)4;  a +(n_  l)iP:P®A::r:  n<»?\  That  is, 

As  11*5464509325635  : *129585447839  : : Ml : *012457=r  « r. 
Add,  Root  of  the  assumed  Power,  1*11 


Root  [nearly)  1*122457 

And  1*122457  [the  Root  last  found ) is,  by  another  approximation, 
discovered  to  be  *000005  too  little,  consequently  1*122462 
Root,  as  before.  Ans. 
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Quest.  8.  p = 21035*8 
n = 7* 

r — 4* 

a = 163S4*,  whence  4*1  is  the  1st  approximation. 
But  44) 7 = 19475*4273S81,  whereby  is  obtained  4*145392 


the  Root,  nearly. 

Quest.  9.  p = 2 
n = 7 
r = 1*1 
a = 1*7777771 

From  which,  by  two  approximations,  is  found  1-1040S9.  Ans. 

Quest.  10.  |/21035*8  = */ 035T8=3*470323.  Rootreqd. 

Quest.  11.  |/2=^V^=v/^='\/1'189207=1'090508* Ans* 


Quest.  12.  ^/21035*8=^/21035*8=^/27*60491056=3*022239. 

Ans. 

Quest.  13.  ^/2=3/|/2=y  1*259921  = 1*080059.  Ans. 


ARITHMETICAL  PROPORTION. 

(Page  112.) 

PROB.  I. 

^ _ (12  -f-1)  X 12  _ 4 

Quest.  2.  5 = 78.  Ans. 


Quest.  3. 
Quest.  4. 


(Page  113.) 
(24  + 1)  x 24 


= 300.  Ans. 


(103  + 1)  x 52  ** 

“77 = 27045.  = c£135  ..  4. 


Ans. 


PROB.  II. 

Quest.  2.  IP  ^ = 3 the  common  difference. 

20 

. (70  + 10)  x 21  G.nf, 

And  — - = 840  the  sum  of  the  series. 

& 
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Quest.  3. 


103  - 1 _ 10-2 
52  -T  ~ Tl 


Aus. 


(Page  114.) 

PROB.  III. 

Quest.  2.  3 X 20  = 60  the  difference  of  the  extremes. 

And  70  — 60  = 10  the  less  extreme. 

But  (70  + 10)  x 21  e.n,,  ... 

v L : = 840  the  sum  of  the  series. 

2 

Therefore  10,  and  S40.  Ans. 

Quest.  3.  2 X 51  = 102  the  difference  of  the  extremes. 

s.  s.  s. 

And  102  + 1 = 103  the  greater  extreme. 

Aho  Q Q3  j-j-JQ  J^_52  __  2704—^135  ..  4 the  sum  of  the  series. 
2 

Therefore  =£135  ..  4 the  debt,  and  <£5  ..  3 the  last  payment.  Ans. 


GEOMETRICAL  PROGRESSION. 


(Page  117.) 


Quest.  1.  lx  512  =512  the  greater  extreme. 

And  511  d—  512 . n .-1  • 

L = 10^3  the  sum  of  the  series. 

2-1 

Therefore  512,  and  1023.  Ans. 


Quest.  2.  c£l  X <=£2048  = c£2048  the  greater  extreme, 

and  .12048  + 2047  _ sum  of  ,he  series. 

2-1 

Therefore  ,£4095  the  debt,  and  *£2048  the  last  payment.  Ans. 
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SINGLE  FELLOWSHIP. 


Quest.  3.  As  <£120 : <£ 30  : : £75  : <£18  ..  15=C’s  share, 
and  consequently  <£11  ..5  = D’s  share. 

Quest.  4.  s. 

As  .£700  : <£125  ..  10 
700:  125..  10 

700  : 125  ..  10 


<£125.. 10 


<£123  : £22  ..  1 
35S  : 64..  3 

219:  39  ..5 


d.  qr. 

0 ..  23?5-:=E’s  share, 

8 ..  0|-j=F’s  share. 

3 ..  l^rrzG’s  share. 


Quest  5. 


2501 

r 5 

As  30: 5 : 

350  ( 

) 7 

As  30 : 7 : 

400  ( 

► are  as  ■< 

) 8 

As 30: 8 : 

500  J 

JlO 

As  30: 10: 

Sum 

30 

<£•  £■  *•  d. 

: 700  : 1 16  ..  13 ..  4. ...1st  village. 

: 700  : 163  ..  6 ..  8.. ..2d  village. 

: 700:  1S6  ..  13  ..  4....3d  village. 

: 700  : 233  ..  6 ..  8., ..4th  village. 


£700 


Quest.  6.  <£500  4 f <£100 

320  > are  as  < 64 

75  ) i 25 


Sum  <£189 


And 


As <£189 : <£100 : : 37  ..2 ..  14 : 20.. 3.. 39*12. ....Us  share. 
189 : 64 : : 37  ..2 ..  1 4 : 13 ..  1 ..  30T^-|-....M,s  share. 

189:  25 : : 37  ..2 ..  14 : 3..0..23^-|-....N,s  share. 


37..2..14 


Quest.  7. 


5.  4. 

<£  57  ..  15  ..  0 

108  ..  3 ..  8 

22  ..  0 ..  10 

73  ..  0 ..  0 


<£260  ..  19  ..  6 Sum.  And, 


i 
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£•  s.  <1 . £.  «.  £.  s.'  d.  £.  s.  d.  qrs. 

As 260..  19.. 6 : 170..  14: : 57 ..  15  ..0 : 37  ..  15 ..  5..2-A&&  0. 

260..  19..  6:  170..  14::  108..  3 ..8 : 70..  15  ..  2..2-&£&  P. 

260..  19..6:  170..14: : 22..  0..10:14..  8..  4..0f^£r 

260..  19..  6:  170..  14: : 73..  0..  0 : 47  ..  14 ..  1 1 ..21^^  R. 

£ 170..  14 ..  0..0 


(Page  122.) 

Quest.  8.  <£900  — <£540 =<£360  the  loss  sustained  by  S,  T,  andV. 

r <£360  x = <£  45  = S’s  loss. 

And  ] 360  x i = 90  = Ts  loss.  J-  Ans. 

i-  360  X f = 225  = V’sloss.  ) 

£360 


s.  s.  d. 

Quest.  9.  \ of  25  = 12  ..  6 

| of  25  = 8 ..  4 
i of  25  = 6 ..  3 
4 of  25  = 5 ..  0 

Sum  32  ..  1 


And 


s.  dt  St 

( As  32 ..  1 : 25 

J 32  ..1  : 25 

) 32 ..  1 : 25 

( 32  ..  1 : 25 


s.  dt  s.  d.  qr. 

12..  6 : 9..  8..3ff 
8 ..  4 : 6 ..  5 ..  3^4 
6 ..3  : 4..  10..  Iff 
5 ..0  : 3..10..3  ‘ 


25  shillings. 


Ans. 


Otherwise. 

The  fractions  4,  4,  4*  t>  brought  to  a common  denominator,  are, 
4^  and  44  j but  the  shares  will  be  as  the  numerators  of 
these  new  fractions,  the  sum  of  which  is  77.  That  is, 

s.  s.  s.  s . d.  qr. 

As  77  : 25  : : 30  : 9 ..  8 ..  3ff  -- - W. 

77  : 25  : : 20  : 6 ..  5 ..  3ff --  - X. 

77  : 25  : : 15  : 4 ..  10  ..  Iff  ---  Y 

77  : 25  : : 12  : 3 ..  10  ..  3£r  - - - Z. 


^ Ans.  as  before. 
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men. 

Quest.  10.  54 
4 51 

48 

39 

36 


men.  men.  men.  men. 

As  22S  : 76  : : 54  : 18  from  the  1st  Company. 


228  : 76  : : 51  : 17 2nd  Company. 

228  : 76  : : 48  : 16 3rd  Company. 

228  : 76  : : 39  : 13  - 4th  Company. 

228 : 76  : : 36  : 12 5th  Company. 


Sum  228  Proof  76  Men. 


Quest.  2. 


DOUBLE  FELLOWSHIP. 

(Page  123.) 
hors.  da. 

23  x 27  = 621  for  C. 
and  21  x 39  = 819  for  D. 


And 


l 


Quest.  3. 


Now  621  1 

f 69 

8i9  j are  as  l 91 

Sum  160 

£ 

160  : 69  : : 54  : £23  .. 

5 ..  9 

160  : 91  : : 54  : 30  ..  14  ..  3 

£54:  .. 

0 ..  0 

0 m 

ox.  mo. 

7 X 3 = 21  for  E. 

(21 

9 x 5 = 45  for  F. 

And  45 

4 x 12  = 48  for  G. 

(.48 

:} 


Ans. 


are  as 


I 


7 

15 

16 


But 


f As  38 

c£30  : : 7: 

^ 38 

30  : : 15  : 

l 38 

30  : : 16  : 

Sum  38 

s.  d.  qr. 

£ 5 ..  10  ..  6 ..  l-^ E. 

11  ..  16  ..  10  . 

12  ..  12  ..  7 


qr. 

••  1-rV  - - - E.  T| 
••  Or? F.  > 


Ans. 


£ 30  ..  0..  0..  0 
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# 

s.  mo.  off. 

Quest.  4.  40  X 6 x 4 = 960  for  the  officers. 

\ . * 

s.  mo.  pet.  off. 

30  X 6 x 12  = 2160  for  the  midshipmen, 
s.  mo.  seam. 

22  X 3 x 110=7260  for  the  sailors. 

And  960)  ( 16 

2160  > are  as  -2  36 

7260)  (121 


Sum  173 


Ihit  X a.  d.  qr. 

As  173  : 1000  : : 16  : ,£92  ..  9 ..  8 ..  - - - Officers. 

173  : 1000  : : 36  : 208  ..  1 ..  10  ..  Midshipmen. 

173  : 1000  : : 121  : 699  ..  8 ..  5 ..  1T^  - - - Seamen. 


<£1000  ..  0 ..  0 ..  0 


And, 

X s.  d.  qr.  X *•  d.  qr. 

4)  92 ..9..  8. .23^=23. .2. .5.-0^ for  each  OfFr. ) 

12)208..  1 ..10. .0^^= 17  ..6. .9. Midsh.  V Ans. 

110)699. .8..  5..1T£j-r=  6..7..2..0rfo Seam.  ) 


(Page  124.) 


mo. 

Quest.  5.  £1000  x 12  = <£12000 H. 

1500  x 10  = 15000 1. 

2800  x 7 = 19600 K. 


Now  <£12000  ) (<£60 

15000  > are  as  -(  75 

19600  ) (98 


Sum  <£233 


/ 
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And  a.  s.  <1. 

As  £233  : £1776  ..  10  : : <£60  : £457  ..  9 ..  4\  - -H.  ) 

233  : 1776  ..  10  : : 75  : 571  ..  16  ..  8£  - -I.  > Ans.* 

233:  1776..  10::  9S  : 747..  3..1l£--K.  > 


<£1776  ..  9..  ll-l 

Of  the  farthing  deficient,  be-  ^ 

long  to  H,  to  I,  and  to  >-  - - - - £ 

K,  amounting  to  - - - -3 


<£1776  ..  10  Proof. 


* This  is  the  Answer  given  by  Dr.  Hutton,  but  is  not  strictly  correct. 


mo.  mo. 

Quest.  6.  (<£20  x 12) +(<£20  x 8)  = <£400  - - - X. 

mo.  mo.  mo. 

(<£30  x 12) +(<£20  X 9)  +(£40  x 7)  =£820  - - - Y. 

mo.  mo.  mo. 

(£60  x 12)+(£10  x 7)  - (£30  X 6)=£610  - - - Z. 

And  £400)  (£40 

820  f are  as  -<  82 

610 ) ( 61 


Sum  £ 183 


As  £183 

£50  : 

£40 

£10  ..  IS  ..  6 

But 

183 

50  : 

82 

22  ..  8 ..  1 

183 

50  : 

61 

16  ..  13  ..  4 

qr. 


J~5~T 


X. 

Y. 

Z. 


£50..  0 ..  0 


SIMPLE  INTEREST. 
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Quest.  4.  £450x5  £45  „act  *• 

= — = £22..  10. 

2 


Ans. 


100 
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Quest.  5. 

(<£715  ..  12  ..  6)  x _£32  4 03  Ans. 

100  * 

Quest.  6. 

<£720  X 3 £l08m  Ans> 

20 

Quest.  7. 

(<£355  ..  15)  x 4 o£,56  ^ lg  ^ 4 Ans. 

25  5 

(Page  127.) 

Quest.  8. 

(^2..5„8)X4|x7_<f9  ;2  /;  Ans_ 

100 

Quest.  9. 

,£170  £i2"  15<  Ans. 

20 

Quest.  10. 

<£205..  15  _ £2  l j Ans. 

100 

Quest.  11. 

(<£319  ..6..  6)  x 5|  x 3j.  -_^6g  15>9if  An 
100  * 

Quest.  12. 
Quest.  13. 

^107  X 4}  x 117  *;  An$ 

365  x 100 

4’(17j)x4ixll7_t£o  ; J;  Am 
365  x 100 

Quest.  13. 
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Quest.  14.  7{  per  cent,  per  ann.  being  at  the  rate  of  5 per 

cent,  for  8 months,  the  time  given,  it  will  be 


<£712..6)x5  <£712  ..6 

or,  


«. 


d. 


100 


20 


=,£35..  12..3F.  Ans. 


COMPOUND  INTEREST. 


(Page  128.) 


Ex.  2. 


s. 

d. 

qr. 

20) 

£50  . 

. 0 .. 

0 .. 

0 

2 . 

. 10  .. 

0 .. 

0 

20) 

<£52  . 

. 10  .. 

0 .. 

0 

2 . 

. 12  .. 

6 .. 

0 

20) 

£55  . 

. 2 .. 

6 .. 

0 

2 . 

. 15  .. 

1 .. 

2 

20) 

£57  . 

. 17  .. 

7 .. 

2 

2 . 

. 17  .. 

10  .. 

20) 

<£60  . 

. 15  .. 

6 .. 

oa 

3 . 

. 0 .. 

9 .. 

Principal. 

First  year’s  interest. 

Amount  in  one  year. 
Second  year’s  interest. 

Amount  in  two  years. 
Third  year’s  interest. 

Amount  in  three  years. 
Fourth  vear’s  interest. 

Amount  in  four  years. 
Fifth  year’s  interest. 


Ans.  <£63  ..  16  ..  3 ..  1F24L  Amount  Total. 


„ yr* 
oF  1 x 1 

Ex.  3.  £T  + — - = £ 1*025  the  amount  of  <£1  in  ^ year. 

And  (o£T025)10  = P28009  Amount  of  £\  in  10  half-years. 
by  <£50  Principal. 


d. 


Prod.  <£64..0..1  Amount  required. 


ARITHMETIC. 
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Ex.  4.  £ 1 -f- _ £4  0125  the  amount  of  £1  in  i year. 

And  (£l'0\25f°  = £1 '28202  nearly,  for  20  quarters. 
by  £50  Principal. 


s.  d.  qr. 

Prod.  £64. . 2. .0.. 096  Amount  required. 


Ex.  5.  ^ — — -|-£l=£l,04  the  amount  of£l  at  4 per  cent.- per 

u ann.  for  1 year. 

And  (£1-04)6=£1  ’2653 190 18496  Amount  of  £ 1 Midyears. 
by  £310  Principal. 


Prod.  £ 468T68036S4252  Amount  Total. 
Subtract  370  Principal. 


Rem.  £ 98  ..3. .4. .1-3153688192  Int.  reqd. 


Ex.  6. 


«£1+^1?5  jj  = £ 1-0225  the  amount  of  ,£1  at4|-per 

cent,  per  ann.  for  year. 


100 


And  (£l-0225)s=£T117676  Amount  of  £{  in  2^ years. 
by  £410  Principal. 


Prod.  £’458-2476  Amount  Total. 
Subtract  410  Principal. 


s.  d. 

Rem.  £ 48..4..11i  The  interest  required. 


j£f=>  The  two  last  Examples  may  be  more  concisely  performed 
without  Subtraction,  if  the  decimal  part  only,  in  the  amount  of 
£1  for  the  time  given,  be  multiplied  by  the  Principal. 
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Ex.  7.  5 per  cent,  per  ann.  payable  quarterly,  being  l£  per  cent, 

per  quarter, 

Sa  da  (jr* 

80)  <*£217  0 0 0 Principal. 

1st  qr’s  int.  2 14  3 


80)  <£219  14  3 0 
2d  qr’s  int.  2 14  11  0*55 


80)  <£222  9 2 0-55 
3d  qr’s  int.  2 15  7 1506875 


80)  £225  4 9 2-056875 
4th  qr’s  int.  2 16  3 2-8757109375 


80)  £228  1 1 0-9325859375 

5th  qr’s  int.  2 17  0 0 66165732421875 


80)  £230  18  1 1-59424326171875 

6th  qr’s  int.  2 17  8 2-869928040771484375 


SO)  £233  15  10  0-464171302490234375 
7 th  qr’s.  int.  2 18  5 1-5058021412811279296875 


80)  £236  14  3 1-9699734437713623046875 
8th  qr’s  int.  2 19  2 0-574624660547 142028S0859375 


80)  £239  13  5 2-54459S1 0431850433349609375 
9th  qr’s  int.  2 19  11  0-0S180747630398130416S701 171875 


Amount ") 
Total.  3 


£242  13  4 2-626405580622485637664794921875. 


Otherwise, 

The  amount  of  £1  for  a quarter  of  a year,  at  the  rate  given,  is 
£10125.  And 

(£1-0125)9=£1'1 1S29217851026214707612991333007S125 
multiply  by  the  Principal  - --  --  --  - £217 


Amt.  Total  £242  13  4 2-626405580622485637664794921875. 


K 
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ALLIGATION. 


ALLIGATION  MEDIAL. 


lb.  St  St  dt  St 

Quest.  2.  5x7  =35  ..  0 value  of  Tea  at  7. 

9 X 8^=76  ..6 S.  d. 

1Hx5|=84..7 5. .10. 

s.  d. 

Divide  by  28L ) 196  ..  1(6 ..  104  nearly , per  lb. 


gal.  St  dt  St  dt  St  dt 

Quest.  3.  4 X (4 ..  10)  = 19 ..  4 value  of  Wine  at  4 ..  10. 

7 x (5  ..  3)  =36 ..  9 5..  3. 

9| X (5  ..  8)=55 .. 3 5..  8. 

s.  d. 

Divide  by  20f ) 111. .4  (5  ..  4£  Ans. 


St  dt  bu.  St  dt  St  dt 

Quest.  4.  (3 ..  5)  X 3=10  ..  3 value  of  Flour  at  3 ..  5. 

(5 ..  6)  X 4=22 .. 0 5..  6. 

(4 ..  8)  X 5=23 ..  4 4 ..8. 

s.  d.  qr. 

Divide  by  12)  55.. 7 (4.. 7. .2^  Ans. 


s.  bu.  s.  bu.  s.  bu.  s. 

Quest.  5.  5 X 10-1-3  x 18-f-2  X20  _ ^ ^ng 

48  bu. 


car.  oz.  car.  oz. 


car.  oz. 


Quest.  6.  22x7+21x13^+19x17^,^,.,,,^  Ans 


364  oz. 


lb.  oz.  lb.  oz.  oz. 
3x9+(5  ..8)  X 10 

lb.  lb.  oz.  lb.  oz. 


3+5  ..8+1  ..10 


= 7§-}  ounces  fine.  Ans. 


Quest.  7. 


ALLIGATION  ALTERNATE. 
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Quest. 


Quest. 


Quest. 


Quest. 
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ALLIGATION  ALTERNATE. 

RULE  I. 


5 


equal  quantities. 


Ans. 


S. 


d.  lb. 


- - 4 lb.  >-  Therefore 
--3+1=4) 


equal  quantities. 


GS 
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RULE  II. 


Quest.  2. 


64 


d. 

gal.  gal. 

gal. 

gal. 

gal. 

gal. 

gal. 

8. 

d. 

(4S\ 

--  8+2  = 

= 10 

As  60 : 

10: 

: 18: 

3 at 

4. 

.0 

--  2+8= 

= 10 

60: 

10: 

: 18: 

3 at 

5. 

.0 

) 66  y 

--  4+16  = 

=20 

60: 

20: 

: 18: 

6 at 

5. 

.6 

v72// 

--  16+  4 = 

=20 

60: 

20: 

: 18: 

6 at 

6. 

.0 

Ans. 


Sum  60 


18 


RULE  III. 
(Page  134.) 


Quest.  2. 


s. 

8 


lb.  lb. 

As  4:20: 
4:20: 
4:20: 
4:20: 


lb.  lb.  s. 

4 : 20  at  12 
2:  10  at  10 
2:  10  at  6 
4 : 20  at  4 


Ans. 


Quest.  3. 


e.  fine 

20 


c.  fine  oz.  oz.  oz. 

15  n. 2 As  2 : 5 : : 

17  0 2 2:5:: 

22  < 5+3+2=10  2:5:: 

18/ -2  2:5:: 


oz.  oz.  c.  fine. 

2:  5 of  15  ) 

2:  5ofl7f  . 
10:25  of  22  t Ans 
2:  5 of  18) 


SINGLE  POSITION. 

(Page  136.) 


Quest.  2.  Suppose  12. 

12  X ^ _ ]4  And,  As  14  : 12  ::  21  : 18.  Ans. 
6 


Quest.  3.  Suppose  24. 

24  + 12+8+6=50.  And,  As  50 : 24  : : 75  : 36.  Ans. 


\ 


double  position 
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Quest.  4.  Suppose  5400. 

5400-2700-1800=900.  And,  As  9: 54::  1000:6000. 


Ans. 


Quest.  5. 


d.  d. 

Suppose  4 Men  -----  4 X 6 = 24 
8 Women  - - - 8x4  = 32 
24  Children  - - 24  x 2 = 48 


Sum  104 


d.  d.  men.  men. 

And,  As  104  : 52  : : 4 : 2 ) 

f 4 Women  >Ans. 
Hence  | ^ Children  ) 


Quest.  6. 


Suppose  60  years 
yrs.  yrs 


yrs 


yrs. 


| of  60  = 36,  and  (36  x 7)  + 40  = 292  years. 

yrs.  yrs.  yrs.  yrs. 

But,  As  292  : 219  : : 60  : 45.  Ans. 


DOUBLE  POSITION. 

(Page  139.) 


Quest.  2. 

yrs.  yrs. 

1st.  Suppose  18  and  54 
Subtract  5 from  each  5 


yrs.  yrs. 

2dly.  Suppose  2 1 and  63 
Subtract  5 from  each  5 


13  and  49  (5  years  before ) 16  and  58 


yrs.  yrs. 

Son  13x4=52  Father. 
Subtract  49  First  result. 


yrs.  yrs. 

Son  16x4=64  Father. 

Subtract  58  Second  result. 


1st  error  3 too  many.  2d  error  6 too  many. 

— Subtract  1st  error  3 


Difference  of  the  errors  3 
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21  First  supposition. 

18  Second  supposition. 


3 cliff',  of  the  assumed  numbers. 

Multiply  by  6 greater  error. 

1 


Divide  by  the  diff.  of  the  errors.  3)18(6  to  be  taken  from  the  greater 

supposition. 


yrs.  yrs. 

Wherefore  15  and  45  Ans. 


work  da.  id.  da.  work  da.  id.  da. 

Quest.  3.  1st.  Suppose  15  and 5 2dly.  Suppose  18  and  2 

3 1 3 1 

s. 

45s.—  5s.=40s.  54s.  — 2s. =52 


1.  s. 

With  £2 ..  4 given.  With  £2 ..  4 given. 

Compare  2 ..  0 First  result.  Compare  2 ..  12  Second  result. 


4 too  little.  8 too  much. 

da.  da.  da. 

Now  18  — 15=3  diff.  of  the  assumed  numbers ; but 

o n da.  da. 

= 2 to  be  taken  from  18. 

Sum  of  the  errors  12 

Consequently,  16  the  number  of  working  days')  ^ng 
and,  4 the  number  of  idle  days.  3 


gs.  gs. 

Quest.  4.  1st.  Suppose  A.  70  and  B.  70 

won  20  lost  20 


End  of  the  1st  Game  90  50 

f of  90  lost.  60  won  60 


End  of  their  Play  30 


110 


DOUBLE  POSITION. 
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gs.  gs. 

2dly.  Suppose  A.  130  and  B.  130 
won  20  lost  20 


End  of  the  1st  Game.  150  110 

\ of  150  lost.  100  won  100 


End  of  their  Play.  50  210 


gs.  gs.  gs.  gs. 

With  30x4=120  With  50x4=200 

Compare  110  First  result.  Compare  210  Second  result. 


10  too  few.  10  too  many. 


From  which  it  is  evident,  that  half  the  Sum  of  the  two  Suppo- 

gs.  gs.  gs. 

sitions,  or,  = 100.  Ans. 

2 


Quest.  5.  1st.  Suppose  <£100  the  income. 

1st  error  is  £ 20  too  much. 

2dly.  Suppose  £120  the  income. 

2nd  error  is  £4  too  much. 

Difference  of  the  errors  is  16. 

£ 120  second  supposition.  £100  first  supposition. 
20  first  error.  4 second  error. 


£2400  Prod. 


<£400  Prod. 


And,  <£2400  +400  t • j 

! =£125,  the  Income  required. 

Diff.  of  the  err.  16  M 


Lastly,  <£125 


£125 


=<£100  per  aim.  expended  by  A.  and 


=<£150  per  ann.  expended  by  B. 


5 
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PRACTICAL  QUESTIONS  IN  ARITHMETIC. 

miles  feet 

n . , 100000000x5280  or  .nn„AAA//  . . . . 

Quest.  1. ; =264000000  the  tune  of  flight. 

2000  feet  ° 

days  hrs. 

And  365  ..  6 = 31 557600'',  wherefore 

264000000"  . 

— 8-rrrAr  years.  Ans. 

31557600  3147  3 


milpc  fpnf 

„ f 0 100000000  X 5280  rQaaaaA  * 4.  ^ in 

Quest.  2.  — — — — - — = 5866666’6  time  of  the  ball. 

60"  X 1500  feet 

Hence  782222f  to  1,  ratio  required, 

pa.  in. 

~ t Q 70x28x60' 

Quest.  3.  = 1xt|  mile.  Ans. 


5280ft.  X 12  in. 


pa.  in. 

~ „ . 120x28x60'  _ .. 

Quest.  4.  — miles  per  hour.  Ans. 

5280/*.  X 12  in.  lT  ^ 

miles  miles 

And  20-r-3*=6|-  the  hours  necessary  for  march. 


hrs.  hr.  hrs. 

min. 

Also  6f  + 1 = 7 .. 

17-f  Ans. 

yds.  yds.  yds. 

da. 

700-220=480. 

And  29- 

yds.  yds.  men.  da. 

Now,  As  220  : 480  : : 12x11=1 32:  288,  men  involved 
in  days. 

But  288  . . 

. = 16  men,  the  numb,  that  must  work. 

days  18 

men  men  men 

Lastly,  16  -12=4  additional  required. 


Quest.  6. 


indies. 

500000000 


12x3x5^x40x8 


miles,  yds.  ft.  in. 

= 7891  ..728  ..2. .8.  Ans. 


PRACTICAL  QUESTIONS. 
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yds.  yds.  • 

Quest.  7.  11  x3'=33  travelled  by  A in  S' , that  is,  every  34 

yards  of  B gain  l yard  on  A ; now  half  the  circuit  ot  the 
wood  =268  yards,  therefore 

yd.  yds.  yds.  yds. 

As  1 : 34  : : 268  : 91 12  travelled  by  B when  he  overtakes 
yds. 

A.  But  Vtt  = 17  revolutions  made  by  B,  and  con- 
sequently 16£  by  A. 


(Page  141.) 

Quest.  8.  It  is  manifest  that  Tx^  of  the  work  = A’s  daily  labour  ; 
and  that  tL-  of  it =the  daily  labour  of  B. 

But  ri+Tt—Ttt  parts  of  the  work  performed  in  a 
day  when  both  work. 


Again, 


26 

TITS 


)1  (6t6t  days. 


Ans. 


Or,  more  clearly.  As  T2^,  that  is,  |£  : whole  work=Unity 
or  1 : : 1 day  : 6T6T  days. 


Quest  9. 


*of|.=*. 

£ 


And,  £,)  1800  (<£4000.  Ans. 


Quest.  10. 

1st.  Suppose  £]  00 
£25 +£20=  45 

£55 

80 

1st  error  £25  too  little. 


2dly.  Suppose  <£400 
<£100-f<£20=  120 


should  be 


<£280 

230 


2d  error  <£50  too  much. 


1st  sup.  2d  err.  2d  sup.  1st  error. 

Wherefore,  <£100  X 50  -f-  <£400  x 25  ninri  . 

> =<£200.  Ans. 

Sum  of  the  errors,  25-f-50 


Quest.  11.  Because  the  hands  appear  in  conjunction  11  times 
in  12  hours,  and  that  their  respective  velocities  are  always 
in  the  same  ratio,  it  follows  that, 

hr.  hr.  hr.  min.  sec. 

As  11  : 12  : : 1 : 1'  = 1 ..  5 ..  27-3  Ans. 


L 


74 


ARITHMETIC. 


(Key  to  Vol.  I.  page  141.) 


we. 

Quest.  12.  £21  X 52=£1092. 

And  £1500  — £1092=£408,  saved.  Ans. 

oranges.  d. 

Quest.  13.  180  -r  2 = 90 

180-^-3  = 60 


5)  360  150  prime  cost. 

Tax  2=144  sold  for. 


6 pence  loss.  Ans. 


we.  oz.  we.  oz.  men.  men. 

Quest.  14.  As  20  x 8 : 12  X 20  : : 1500  : 2250.  Ans. 
15550  miles 

Quest.  15.  23hr^~56/  = tt§  m^es  Per  hour.  Ans. 


Quest.  16. 


1 , 3 ^3  4 A , , 4 3 

— 1 — of-  = — And  1 — - = remaining. 
4 7 4 7 7 7 


But  3)^820  (<£1913  ..  6 ..  8.*  Ans. 

men  we.  men  we.  oz.  oz. 

Quest.  17.  As  1500  X 8 : 1000  x 5 : : 16  : 6f.  Ans. 

Quest.  18.  As  7 : 9 : : £8400  : £10800  elder  brother’s  fortune. 
And  £10800  + £8400  = £19200.  Ans. 


(Page  142.) 


hrs.  hrs.  hrs.  hrs. 

h. 

min.  sec. 

Quest.  19. 

As  11  : 12  : : 5 : 5T5T 

= 5 

..  27 ..  16-j^y.  Ans. 

men  men 

Quest.  20. 

3 X 5 X 20  = 300. 

Ans. 

For  it  is  evident  that,  if  the  work  be  three  times  as  great,  and 
the  time  but  one  fifth  part  the  former,  fifteen  times  as  many  men 
will  be  required. 


PRACTICAL  QUESTIONS. 
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7 11 

Quest.  21.  1 = — the  residue  after  the  elder  son’s  fortune. 

18  18 

7 1 1 77 

And  — of  — = the  younger  son’s  patrimony. 

IS  18  324 

xr  11  126  , 126-77  49 

Now  — = , and = the  difference  of  the  son  s 

18  324  324  324 

portions.  =£5 14^  by  the  question . 

Also  = ^99  the  sum  of  both  sons’  property  : there- 

324  324 

203  1^1 

fore  1 — — the  provision  made  for  the  relict. 

324  324 

shares  shares  s.  d. 

And  As  49  : 121  : : <£514^-  : <£1270  ..  1 ..  9££.  Ans. 


13  7 

Quest.  22.  1 — — — — of  the  estate,  for  the  younger  child. 

20  20  J s 

But  I£zZ  = — - JL,  therefore, 

20  20  10 

As  3 : 10  : : *£1200  : <£4000.  Ans. 


miles  hrs.  miles 

Quest.  23.  4x7  = 10^  A.  rode  more  than  B. 

miles  miles.  miles  miles 

1 CT  A,  100  ^ 

= 5*.  Also  — — = 50- 

*•  £ 


And 


miles  miles  miles 
But  50  + 5£  = 55±  for  A.  And 
50  — 5£  = 44|  for  B. 


miles 

Lastly 


miles 

= 7|4  = A’s  rate  per  hour. 


miles  miles 

Andl4*- 


= 6££  B’s  rate  per  hour. 
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h.  b. 

Quest.  24.  From  8.  A.  M.  to  4.  P.  M.  there  are  8 hours,  which 
x cd  by  3,  give  24  miles  walked  by  A,  when  B sets  out  from 
London. 

miles  miles  miles  miles  miles  miles 

Also  130  — 24  = 106  ; And  4 -f-  3 = 7 per  hour. 

miles 

But  12^  = 154-  hours,  the  time  of  B.  on  the  road. 

7 T 

hrs.  miles  miles  miles 

Again  (I5f  x3)-j-24=69|-,  A’s  distance  from  Exeter  when  he 
meets  B,  consequently  60£  miles  from  London. 

yds.  yd.  yds.  miles  yds. 

Quest.  25.  (100-1)  X 50x2  = 10100  = 5..  1800.  Ans. 

str.  str.  hrs.  str. 

Quest.  26.  (24  + 1)  X 12  = 300.  Ans.* 

* See  this  Question,  page  113,  line  1,  vol.  i.  of  Hutton’s  Course. 

(Ix26?x2)  — 1 quarters  bu.  p.  gal. 

Quest.  27. = 4691249611844  ..  2 ..  0 ..  1 

(2—  1)  X 7680  X 512  pints  in  1 qr. 

qrs.  bu.  p.  cal.  *.  d. 

And  469124961 1844. .2  ..  0 .T  1 x 27  ..  6 = 

s.  d.  qr. 

<£6450468216285  ..  1 7 ..  3 ..  344757  Ans. 


(Page  143.) 

Quest.  28. 

1st.  Suppose  c£400  2dly.  Suppose  =£464 
End  of  1st  year  it  is  600  End  of  1st  year  it  is  680 

2d  year  - - - 850  ' 2d  year 950 

3d  year  - - 1 1 62*5  3d  year  --  1287-5 

4th  year  - 1553  125  4th  year- - 1709  375 

10342  1875  should  be  10342-1875 


1st  error  o£  8789’0625  too  little.  2d  err.  c£8632-8l25  too 

little. 

The  difference  of  the  errors  is  o£l56-25 

The  difference  of  the  products  arising  is  <£625000. 

£ 625000 


But 


£ 156-25 


= <£4000.  Ans. 


PRACTICAL  QUESTIONS. 
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s. 


8. 


Quest.  29.  (of  1012  ..  10)  - of 750=of262  ..10  the  amount  of  int. 


And  •'  10  =£37  ..  10  the  yearly  interest. 
7 yrs. 


s. 


Lastly  (^37 -_—I  X -10—  = £5  per  cent.  Ans. 
J £750 


Quest.  30. 

1st.  Suppose  A.  of  400 

P*ueSt}K  185 
r.  ^uest.  | c 28Q 


ofS65 

1000 


2dly.  Suppose  A.  of600 

P Quest  f 38^ 

v.  uuest.  |C  48Q 


should  be 


^ 1465 
1000 


1st  error  of  135  too  little.  2d  error  of  465  too  much . 


And  £l^i22+^^^=^445=A>s  dividend. 
£l35+£i65 

Wherefore  of 445  for  A.  of230  for  B.  and  £325  for  C.  Ans. 


hrs.  h. 

12 

Quest.  31.  4+5=9,  and  —=1-1-  one  of  the  fifths  of  the  time 

till  midnight. 

hr.  hrs.  hrs.  min. 

But  1|  X 4 = 5|  = 5 ..  20,  consequently  20  min. past  5.  Ans. 


Quest.  32.  — of  — of 

5 9 


But 


45-8 

~240~ 


Also  of 1200  x — 
240 


— - — - 8 rl  3 

16  ~ 30  ~ 240’  ant  16  ~ 
left  unsold. 

240 

— of  185  the  worth  of 

240 


45 

240 


of  the  ship.  Ans. 
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Quest.  33.  ac. 

1st.  Suppose  A.  200 
B.  300 


ac. 


Per  Quest 


•1 


C.  364 


2dly.  Suppose  A.  400 
. j B.  500 
X C.  564 


Per  Quest. 


S64 

1200 


should  be 


1464 

1200 


1st  error  336  too  little. 


2d  error  264  too  much. 


ac.  ac.  ac.  ac.  ac. 

And  336  X 400+^X200  = 312  A>§  ^ 

ac.  ac. 

264+336 

Wherefore  312  acres  for  A.  412  acres  for  B.  and  476  acres 
for  C.  Ans. 


Quest.  34. 


2 ,3_  9 .,85  14 

7°f8-84  nd  15  16  84 

But  10i- = An, 

84  84  84 


Quest.  35. 


2 4 
-of * 

3 5 


-of  — of  1*.  Also  1 + - = T. 

5 


4 5 

5 ”4 


a i 5 5 25  ,9 

And  _ x - = — = 1 — 

4 4 16  16 


Ans. 


m.  in. 

Quest.  36.  As  8^  : 12  : : 12  : 164+  Ans. 


m.  in. 

>tt* 


mo.  mo. 

Quest.  37.  As  12  : 15  : : + 5 : +6|. 

And,  As  +100  + £ 6 J-  : +100  : : +138-f- : +130.  Ans. 


Quest.  38.  A.  +4.  B.  <i,3  7 p™  Qucst 

A.  8.  B.  6 C.£5S  U ' 

But  £8  + £6  + £5  = £19,  therefore 
8 6 5 

— , — , and  — > of  the  fortune,  are  the  three  shares. 

19  19  19 

Now  — ) +4000  A’s  share  ( +9500.  Ans. 

19 

Or,  more  clearly,  As  8 : 19  : : +4000  : +9500  the  whole  fortune. 


PRACTICAL  QUESTIONS. 
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yds.  yds.  yds. 

Quest.  39.  As  60'  : f ' : : 1760x10:  $ of  1760=195$  the  hare 
had  increased  her  distance  from  the  dog  before  she  was 
observed. 

miles  miles  miles  f 

And  18-  10=8  per  hour,  the  excess  of  the  dog  s speed 

above  that  of  the  hare.  Wherefore, 

yds.  yds.  yds. 

As  1760  X S : 40+195^  : : 60' : 1' ..  time  of  the  course. 

yds.  yds. 

Also  As  60' : T ..  0"Jv  = 1^4*  : : 1760  : 530  run  by  the  Dog. 


Quest.  40. 


Prudent  Officer’s  annual  state. 


£• 

s. 

d. 

qr. 

years. 

add,  yearly. 

10 

0 

0 

1st. 

20 

10 

0 

2d. 

31 

10 

6 

3d. 

43 

2 

0 

1,2 

4th. 

55 

5 

1 

2,06 

5th. 

68 

0 

4 

2,36 

6th. 

81 

8 

< 4 

3,28 

7 th. 

95 

9 

9 

3,44 

8th. 

110 

5 

3 

3,01 

9th. 

125 

15 

6 

3,76 

10th. 

142 

1 

4 

1,15 

11th. 

159 

3 

5 

0,41 

12th. 

177 

2 

7 

0,63 

13th. 

195 

19 

8 

2,86 

14th. 

215 

15 

8 

2,21 

15th. 

; 

236 

11 

5 

3,92 

16th. 

258 

8 

0 

3,51 

17th. 

2S1 

6 

5 

2,89 

18th. 

305 

7 

9 

0,43 

19th, 

330 

13 

1 

3,05 

20th. 

357 

3 

9 

2,61 

21st. 

385 

0 

11 

3,74 

22d. 

414 

6 

0 

2,13 

23d. 

445 

0 

4 

0,43 

24  th. 

477 

5 

4 

1,25 

25th. 

511 

2 

7 

2,12 

26th. 

546 

13 

9 

0,42 

27th. 

584 

0 

5 

1,44 

28th. 

623 

4 

6 

2,52 

29th. 

qr. 

664 

7 

9 

1,44 

30th. 

0 Annuity 

707 

12 

2 

0,31 

31st. 

3,47 =int.  of  752 

19 

9 

1,53 

32d. 

Sum  £±37  12  11  3,47  to  spend  per  ann.  Ans. 
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Prodigal  Officer’s  annual  state. 


,£,10+o£,l..l0+e£0..13  ..  9 ..2,4  insur.  = 12 

£0..  12 ..2..  1,12+cfl  1 ..  10-f-ms.  7 t)r 

«£1..9..1..3,65  j 

(In  which  manner  proceed  annually.)  40 

57 

76 


97 

120 

146 

174 

206 

242 

281 

325 

375 

429 

490 

557 

633 

716 

810 

913 

1029 

1157 

1300 

1459 

1637 

1834 


2053 

2168 

s.  d.  qr.  2424 

<£400  ..0..  0..  0 Annuity  2709 

333 11 ..  1,53=11  perct.  on  3027 


s. 

d. 

3 

9 

15 

1 

17 

1 

13 

3 

7 

5 

3 

9 

7 

3 

3 

1 

17 

2 

16 

2 

7 

4 

18 

11 

19 

11 

0 

5 

11 

10 

6 

6 

18 

5 

3 

1 

17 

10 

1 

10 

16 

5 

5 

10 

15 

10 

16 

3 

19 

11 

3 

4 

7 

2 

16 

7 

0 

4 

10 

1 

19 

7 

14 

0 

qr.  years. 

2,4 

1st. 

3,17 

2d. 

3,74 

3d. 

2,41 

4th. 

0,28 

5th. 

3,42 

6th. 

1,11 

7th. 

0,56 

Sth. 

1,82 

9th. 

1,06 

10th. 

2,15 

11th. 

0,73 

12th. 

0,69 

13th. 

3,20 

14th. 

0,22 

15th. 

0,75 

1 6th. 

1,35 

1 7 th. 

3,11 

18th. 

1,90 

19th. 

0,92 

20th. 

2,17 

21st. 

3,30 

22d. 

3,57 

23d. 

3,61 

24th. 

2,56 

25th. 

1,60 

26th. 

0,02 

27th. 

1,60 

28th. 

3,88 

29th. 

2,78 

30th. 

1,09 

31st. 

3,76 

32d. 

Biff.  £ 66..  19.. 0.. 2, 46  to  spend  per  ann.  Ans. 


END  OF  THE  ARITHMETIC, 
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Ex.  7. 


Prod . 


Ex.  8. 


Prod. 


Ex.  9. 


Ex.  10 


LOGARITHMS. 


(Key  to  Vol.  I.  page  160.) 


Numbers. 

31416 

S2- 

f 73  its  log.  -S63323") 

c41  its  log.  -612784  3 

Logarithms. 

- 0497151 

- 1-913814 

- 0-250539 

458-6736  - 

- 2-661504 

Numbers. 

•02196  ------- 

751-3 - 

(6  

Logarithms. 

-2-4647875 
28758134 
0-7781513  | 

^941  log.  arithmetical  comp. 

-30264104) 

•1396891  ------- 

-1-1451626 

Numbers. 

As  7241  log.  arithmetical  comp. 

: 3-58  - 

: : 20-46  

Logarithms. 

-4-1402015 

- 0-5538830 

- 1-3109056 

: -01011556  

-20049901 

Numbers.  Logarithms. 

As  ^724.  log.  arithmetical  comp.  — 2-5701307 

: v/ff.  ~ " 0-3247423 

: : 6-927. 0-8405452  ' 


: -54377375 - 1-7354182 
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ADDITION  OF  ALGEBRA. 

(Key  to  Vol.  T.  page  167.) 


CASE  I. 

Ex.  7. 

Ans.  69xy. 

Ex.  8. 

Ans.  — 29y*. 

Ex.  9. 

Ans.  28a  — 20b. 

Ex.  10. 

Ans.  93  — 73^/ x — 2l 

Ex.  11. 

Ans.  21  xy  — 

15x+20a6. 

(Page  168.) 

CASE  II. 

Ex.  4. 

Ans.  6a1. 

Ex.  5. 

Ans.  —19  b^ys. 

Ex.  6. 

Ans.  3ab  — 5. 

Ex.  7. 

Ans.  3^/ a5x=3axT. 

Ex.  8. 

Ans.  — */ax. 

Ex.  9. 

Ans.  4j/-j-7axT. 

(Page  169.) 

f 

CASE  III. 

Ex.  4.  Ans.  9x5y*— 1 lx2^-{-3«xy. 

Ex.  5.  Ans.  25ax -|-x2 -\-3xy -J-Sy2 -J-26. 
Ex.  6.  Ans.  ax -\-2x-\-l xy-\-5y-\-\9. 
Ex.  7.  Ans.  —Sx^y  —3xy*. 


SUBTRACTION  OF  ALGEBRA. 
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Ex.  8.  Ans.  5y/xy+l7x+4^/a:—  y — 9. 

Ex.  9.  Ans.  3a2-j-3a-|-x2— -Sx-l-y^x  — 2y  — 4. 
Ex.  10.  Ans.  4a  — 4b. 

Ex.  11.  Ans.  S«— 12x. 

Ex.  12.  Ans.  2x  — 4 a-b-{-5. 

Ex.  13.  Ans.  10i  — Sa-\-c. 

Ex.  14.  Ans.  2 a. 

Ex.  15.  Ans.  — 25  — 3c  — d—  17. 

Ex.  16.  Ans.  52-J-2 ab-\-bc  — b — c. 

Ex.  17.  Ans.  a5-\-ab^  — abc-\-bac. 

Ex.  18.  Ans.  12x+6a  — 4&-12c+40. 


SUBTRACTION  OF  ALGEBRA. 

(Page  170.) 

Ex.  7.  Ans.  10x2j/-j-4. 

Ex.  8.  Ans.  — 2*/  xy-\-2x*/ xy-\-2xy  — 3. 

Ex.  9.  Ans.  — 2x2-{-^/x—2b  — 6. 


(Page  171.) 

Ex.  10.  Ans.  -2xy-\-20. 

Ex.  11.  Ans.  7x5  — 2x<1-\-2a-\-2b. 

Ex.  12.  Ans.  3xj/3  — 4x2<y2-}-8a(xy-f-10)4. 
Ex.  13.  Ans.  2b. 

Ex.  14.  Ans.  3a-\-3b. 

Ex.  15.  Ans.  a — 9b. 
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ALGEBRA. 


(Key  to  Vol.  I.  page  171.) 
Ex.  16.  Ans.  \a  — 9x. 

Ex.  17.  Ans.  — £x—Ha-{-3b  — 3. 

Ex.  18.  Ans.  10- 

Ex.  19.  Ans.  c — d. 

Ex.  20.  Ans.  — 3a2-j-2a&  — 3c-f-6c  — b. 

Ex.  21.  Ans.  aPf-Sftc  — 62. 

Ex.  22.  Ans.  8x-f-9a  — 8/;  — 6rf+50. 

Ex.  23.  Ans.  x — 12«  — 2£-j-12c— 10. 

Ex.  24.  Ans.  lOx+l^a  — 86  — 7c. 


MULTIPLICATION  OF  ALGEBRA. 

(Page  172.) 

When  both  Factors  are  Simple  Quantities. 

Ex.  9.  Ans.  — 12ax2.  Ex.  10.  Ans.  6acx. 

Ex.  11.  Ans.  — \2xy.  Ex.  12.  Ans.  2 bax^yz. 


(Page  173.) 

When  one  of  the  Factors  is  a Compound  Quantity. 

Ex.  4.  Ans.  48ax  — 8a2c. 

Ex.  5.  Ans.  — 50ac+14«6. 

Ex.  6.  Ans.  8abx  — 2«62+6«262. 

Ex.  7.  Ans.  12c2x^+LrV 
Ex.  8.  Ans.  — 40x4-j-12x2j/2. 

Ex.  9.  Ans.  6a3x2  — 4«x*  — 12a6x2. 


DIVISION  OF  ALGEBRA. 
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(Key  to  Vol. 

When  both  Factors  are 

Ex.  1.  Mul.  10ac 
by  2a 

Prod.  20a2c 

Ex.  3.  Mul.  3a+2b 
by  3a  — 2b 

Prod.  9a 2 *— 4 62 


[.  page  174.) 

Compound  Quantities. 

Ex.  2.  Mul.  3a2  — 2 b 
by  3b 

Prod.  9u‘1b  — 652 

Ex.  4.  Mul.  x1-xy-\-y’1 
by  x+y 

Prod,  x3  * * -f-y 


Ex.  5.  Mul.  a3-Fa‘2b-\-ab2-\-bs 
by  a — b 

u*-\-a3b-{-a2b'2-{-ab3 Prod,  by  a. 

— a3b  — a2&2  — ah3  — b*  - - Prod,  by  — b. 


a 4 * * * — b4  Product  by  a—  b. 


Ex.  6.  Ans.  a*-\~a‘2b‘2-\-bi. 

Ex.  7 . Ans.  3x4  -}-4 x3y  — 1 3x2  — 4x2j/2  -f-24xj / — 30. 

Ex.  8.  Ans.  9a4— 18a3x-|-2a2x2  — 6aa'3  — 35x4 

Ex.  9.  Ans.  6x6  — 5xsy‘2  -{- 1 5x3y3  — 6x4j/4  — 3x2ys  -f-9j/* . 

Ex.  10.  Ane.  a3  — a<2b  — ab<2  — 2b3. 


DIVISION  OF  ALGEBRA. 

(Page  175.) 

When  the  Divisor  and  Dividend  are  both  Simple  Quantities. 

Ex.  3.  8x)16x2(2x.  Quotient. 

Ex.  4.  — 3a2x)12a2x2(  — 4x.  Quotient. 

Ex.  5.  3ay)—  15 ay2(  — 5y.  Quotient. 

Ex.  6.  — 8axz)—  18ax2y(if?/.  Quotient. 
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ALGEBRA. 


(Key  to  Vol.  I.  page  176.) 

When  the  Divisor  is  Simple,  and  the  Dividend  a Compound  Quantity. 

Ex.  4.  Ans.  3b—  4x-\-^.  Ex.  5.  Ans.  x-j-2-j-~ -. 

x 

Ex.  6.  Ans.  4x—  3a-j-2c.  Ex.  7.  Ans.  2a2  — 3x— 5. 

Ex.  S.  Ans.  3x2  — 3ab  — — Ex.  9.  Ans.  _ & 

c 7 la 

Ex.  10.  Ans.  _I 10 b2.  or,  — 10Z»2. 


a 


3a 


(Page  178.) 

When  the  Divisor  and  Dividend  are  both  Compound  Quantities. 

Ex.  1.  a+2x)a2-{-4ax-}-4x2(a-}-2x.  Quotient. 

a2-j-2ax 


2ax-f-4x2 

2ax-|-4x2 


Ex.  2.  a — z)a3  — 3a2z-j-3az2  — z3(a2  — 2az-|-z2.  Quotient. 

a3  — a2z 


• — 2a9z-}-3az2 
— 2a2z-f-2az2 

• az2  — 23 
az2  — z3 


Ex.  3.  l+a)l (1  — a-f-a9—  a3-f-a4  — a5-\-a6  — &c.  Quot. 

1 -\-a 

— a rem. 

— a — a2 


-{-a2  rem. 
-fa2-}- a3 


— a3  rem.  he. 


DIVISION  OF  ALGEBRA. 
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Ex.  4. 

3x-6)12x4 -192(4x3+8x2-f-16x-f  32.  Quo. 

12x4-24x3 


24x3 

24x3  — 48x2 


48x2 

48x2  — 96x 


96x  — 192 
96x—  192 


Ex.  5.  Divisor  aq  — 2ab  -f-i2) 

Quotient  (a3  — 3aqb-\- 3ab2  — b*. 

Dividend  a5  - 5u4b+lOu3bq  - \0aqb3+5ab 4 - b 5 
a5  — 2a4b-\-  a?bq 


• _3  a*b+  9a3/>2-10a2&3 
-3a4b+  6a3  bq—  3aqb3 


3 a3bq-  7aqb3+5ab 4 
3 a3^-  6«2i34 -Sab4 


• — aqb3  -|-  2 ab4  — b 1 

— aqb3  -j-  2ab4  — bs 


Ex.  6. 

2z— 3«)48z3  — 96az2  — 64a2z-f-150a3(24z2  — 12az  — 50a2.  Quot. 
* — 24az2  — 64a2z 

* — 1 00a2z-f- 1 50a3 


Ex.  7.  Divisor  b3  — 3bqx-\-3bxq  — x3) 

Quotient  {b3-\-3bqx-\-3bxq-\-x3 

Dividend  )b 6 * —3b4xq  * -j-S^x4  * — x6 

* 3b5 x—  6b4 xq  -f-  b3x3  -\-3bqx4 
* , 3Mx2-8iV+66V 

* b3x3 — 3bqx4-{-3bx5  — x6 


88 


ALGEBRA. 
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Ex.  8.  Divisor  a — x) 

)a1  * * * * * — x7  («6-j-aJx+a4x2-f  a3^3+a2x<-|-rtx5-f-x6. 
Quotient. 

Ex.  9.  Ans.  a2-f-4ax-j-x2. 


Ex.  10.  Ans.  a3  — 2a26-{-8a62  — 16Z>3. 

Ex.  11.  Ans.  8a*+5^Vj+3^b*+<2^b3+3^^ 


ALGEBRAIC  FRACTIONS. 

(Page  179.) 

To  reduce  a Mixed  Quantity  to  an  Improper  Fraction. 


Ex.  3. 

(5  X 7)+3  _ 38 
7 ~ 7 

Ans. 

Ex.  4. 

j 3a  x 3a 

XXX 

x — 3a 

X 

Ex.  5. 

2aX4x  Sax- J-a2 

Sax— 

4x  4z 

Ex.  6. 

. 64x  — 18 

Ans. 

5x 

Ex.  7. 

An.  "+1-311- 

c 

c 

Ex.  8. 

^ns  20a  + 10ax  — 

•2x3+3a 

the  fraction  required. 


4x 


4r 


req. 


5a 


ALGEBRAIC  FRACTIONS. 
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To  reduce  an  Improper  Fraction  to  a Whole  or  Mixed  Quantity. 


Ex.  3.  5)33(6j-.  And 

a)2ax  — 3x2(  2x  — - x 

a 

3x2 

Therefore  6-f-,  and  2x  — are  mixed  quantities  equivalent 

a 

to  the  siven  fractions. 

O r 

462 

Ex.  4.  Ans.  2 ax,  and  2a-j-26-] y 

Ex.  5.  Ans.  3x  — 3y,  and  2x2-f-2 xyff^y1. 


Ex.  6. 


Ex.  7. 


* Here,  if  the  fractional  part  4+  5 a be  reduced  to  a common  denominator 

6 

and  expressed  as  one  quantity , the  sign  + of  J7I  must  be  changed  to  minus', 
since  the  leading  sign  denotes  that  the  ichole  compound  quantity  is  to  be  sub - 

6 a.  6 

traded,  affecting  in  a manner  contrary  to  that  intended  by-  y-f- jy.  [See 
an  Example,  the  last  line,  page  88  of  the  Key.]  Now,  because  changing 
plus  to  minus,  and  minus  to  plus,  is  in  reality  changing  Addition  to  Subtrac- 
tion, and  Subtraction  to  Addition,  it  follows  that,  in  all  compound  quantities 
under  the  same  Vinculum,  of  which  the  leading  sign  is  minus,  all  the  other 
signs  must  invariably  be  made  contrary  when  the  Vinculum  is  broken, 
8^  The  Course  offers  no  Explanation  on  this  subject ! 


, o 4 ,6  _ 4a— 6*  „ , 6-4a 

Ans.  -jQ,  - — |_  — — . Or,  2 a — 2a -4 — • 

5 5a  5a  5 a 


Ans.  5 — 


5a2  + 10a-f20 


(Page  181.) 

To  reduce  Fractions  to  a Common  Denominator. 

Ex.  3.  2ax2c=4ac  First  Numerator. 

3b  x x—3bx  Second  Numerator. 

And  xX2c=2cx  Common  Denominator. 

Xnr 

Therefore  5 — > and  — — Ans, 

2 cx  2 cx 
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Ex.  4.  2ax2c=4ac  First  Numerator. 

(3a+26)  X 6=3a6+262  Second  Numerator. 

And  6x2c=26c  Common  Denominator. 

Wherefore  and  are  the  fractions  required. 

2bc  2 be 


Ex.  5.  5 a X 2c  X 1 = lOac  First  Numerator. 

36  x SxX  1 = 9 bx  Second  Numerator. 

4 dx  3xX2c  = 24 cdx  Third  Numerator. 

And  3xx2cX  1 = 6 cx  Common  Denominator. 

„ ,,  .<  r.  ,•  lOac  9 bx  . 24cdx 

Consequently  the  new  tractions  are  ,. — , and 

6 cx  6cx  6 cx 


Ex.  6.  5 X 4x6=206  First  Numerator. 

3a  X 6x6=18a6  Second  Numerator. 

(262+3a)  x6  x4=4862+72a  Third  Numerator. 

And  6 X4X 6=246  Common  Denominator. 

r 206  18a6  ,4862  + 72a 

Wherefore , , and ‘ are  the  tractions 

246  246  246 

required,  admitting  however  of  reduction  to  lower  terms . 


Ex.  7. 


Ans. 


4 a + 46 

12a +126’ 


lowest  terms 


2a+26 
’ 6a +66’ 


6a3  + 6a26  24a2+l262  m 

12a  + 126  ’ &n  “l2o+126  ’ 

3 a3  + 3 a2  6 12a2+662 

6a+66  ’ an  6a+66. 


or,  in 


Ex.  8. 


Ans. 


96  Sac  A 6 ad 

vw’  W*  and  W* 


(Page  182.) 

To  find  the  Greatest  Common  Measure  of  Fractions. 

Ex.  3.  Dividing  the  given  divisor  by  6,  it  becomes  a+2. 

And  a+2)a2  * — 4(a  — 2 Quotient. 

a2+2a 


* —2a  — 4 
— 2a  — 4 


• • without  remainder. 

<r-\-2,  therefore,  is  the  greatest  common  measure. 


ALGEBRAIC  FRACTIONS. 
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Ex.  4.  aA  — b4)aB  * —a3b‘2(a 

a 5 — ab 4 


Divide  by  ab 2 ) ab 4 — a 3b2  remainder. 

Quot.  b<2'—u‘2  = — a2-|-i2)a4  * — b4(  — a2  — b2 

a 4 — a2^2 


• a2Z>2  — b4 

a?b*-b4 


Here,  -a-\-b  is  the  last  divisor  and  greatest  common  measure; 
but  it  is  evident  that  a — b will  likewise  divide  both  terms  of  the 
given  fraction  without  a remainder. 


Ex.  5.  The  greatest  common  measure  is  1 ; that  is,  the  fraction 

is  incommensurate.  But,  if  instead  of  a r x ~^~5. 

5a5  + 1 0 a4x-\-5a2x2 

. j j , , ..  ft3x-f-2a2x24-2«x3-f-x4 

it  was  intended  to  submit ! ! J — , the  greatest 

5a5  -j- 1 Oa4x  -|-5a3  x2 

common  measure  is  a+x. 


(Page  184.) 

To  reduce  a Fraction  to  its  Lowest  Terms. 

Ex.  3.  The  greatest  common  measure,  by  Case  IV.  is  c — b. 

Hence  c—b)  — (C  lowest  terms. 

c4  — b2c2  c3+6c2 

Ex.  4.  The  greatest  common  measure  being  a2  — b2, 

It  is  a2  — J2)  - — ( — lowest  terms. 

a4-b 4 «2+/>2 

Ex.  5.  The  greatest  common  measure  is  a — b.  Hence 

a4  — b 4 ,«3-|-a26-}-fli2-bfr3  7 

«—  b) — ( — - loivest  terms. 

a3  — 3d2b-\-3alfl  — b3  a2  -2ab-\-b2 

Ex.  6.  The  greatest  common  measure  being  «2-}-2ac-f-c2,  it  j$ 

o | q , n,  3as-}-6a4c-{-3«3c2  3a3  . 

a1-\-2ac-{-c1)  — ! ! — ( . lowest  terms. 

a?c-\-3a2c2-\-3ac3-\-c4  Kac  c2 
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Ex.  7„  The  greatest  common  measure  is  a-f-5. 

\\  herefore  a-\-b)— -( lowest  terms. 

d1-\-2ab-\-o1  a-\-b 


ADDITION  OF  ALGEBRAIC  FRACTIONS. 

(Page  185.) 

Ex  4 (Lfc  X 5ft)  -{-  (2x  X 3a)  205a-f-6a,r  A^ 

3a X 5 5 15 ub 

Ex  5 (ax4x5)+(flx3x  5)-f-(a  x 3 X 4)  47  ^ Ans 

3x4x5  60°' 

Ex.  6.  (g«-3)x8+(5ax4)  9a-6  An$< 

4X8  8 


-p  „ (lla+3)x4+(lSa-5)x5  c7  13 

lx,  I — ■ — b— — a — — — » or 


6a- 


5x4 
14a- 13 


20 


• A ns. 


Ex.  8.  _ q.  9a<2±4a±j^.  Ans. 

45x35  125 


Ex.  9. 


(5a  x 5 X 7)  + (6a  x 4 X 7 )+(3a-}-2)  X 4 X 5 . i23a  + 4o  ^ 

4x5x7  a wo  '*  ns 


13 

Ex.  10.  Ans.  2— -a+3. 

Ex.  11.  Ans.  lola. 

8 


SUBTRACTION  OF  ALGEBRAIC  FRACTIONS. 

(Page  186.) 

10a  4a  70a  — 36a  34 


Ex.  3. 


— — a.  Ans. 

63  63 


I 


ALGEBRAIC  FRACTIONS. 
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v-.  . 6a  3a  24a  — 3a  21  . 

Ex.  4. = — a = 5ia.  A ns. 

14  4 4 


-nr  5a  2 a 15a  — 8a  7 . 

Ex.  6. — — — a . Ans. 

43  12  12 

Vv  n 2a-|-6  10a-j-30  4a+8_36a+72 

9 ~ ~45  ’ an  5 ~ ~ 45 

Pnf  36a+72-10a-30_26a+42  Anc 

Ex.  8.  The  minuend  reduced  is  -f  4ac-j-2a^ 

The  subtrahend  reduced  is  ^ a 

Hence,  The  difference  required  is  \ <%ac'\-3a 31k 

L c 


MULTIPLICATION  OF  ALGEBRAIC  FRACTIONS. 


(Page  187.) 


Ex.  4.  4ax6a=24a  Numerator. 


3 X 5c=\5c  Denominator 

nr  3 a W , 

Ex.  5.  — x — i2.  Ans. 

4 3a 


| = ? 

■S  5 


8a 

— Ans. 

DC 


Ex.  6. 
Ex.  7. 


3a  8ac  4 ab  32a3 

T x ~ x 37  = T~ 

Ans. 

2bc 


Ex.  8.  Ans.  8«4-4a262-464 

3abc-\-3b<ic 

Ex.  9.  Ans.  .13a°~3 


Ans. 


2a +6 


ALGEBRA. 
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Ex.  10.  Reducing  the  fractions  to  a common  denominator,  and 

collecting  like  terms,  it  will  be  ~4~  2ax  — x-  4x3  — 2 ax  -j-  a2  _ 

4a2  4x3 

4 as  — 8 a4x  -f  1 6a3x 3 — 5 q2x2-|-2a3x-f-2ax3  -j-  8ax4  — 4xs 


required. 


1 6a2x2 


the  pro - 


DIVISION  OF  ALGEBRAIC  FRACTIONS. 


Ex.  5. 


Ex.  6. 


(Page  188.) 


1 1 \ 3x  j 36x 

12  4 


44  1 1 r- 


Quotient. 


^5f!(5fl  = ?x.  Quotjent 

1 / 5 \ 15x  5 

4x\3x  + l /9x-f-3 

fJ 


9 \ 36 


Ex.  7.  ff  IffXf / = JLX  + 


1 

• 

4 


Ex.  8.  - 


\ 4x  / 12x  12 

3 ] 2x  — 7 \ 2x2  — x = 


2x  — 1 


Quotient. 

Quotient. 


Ex.  9.  = au0tieiw. 

5b  ) 5 \ 3a  a 

„ , A 5 ac  \ 2a  — b / 1 2 a—  6b  6ci  — 3b 

6 d ) 4 cd  \ 20ac2  10ac2 

„ . . . 10a5  — 10a//4  — I0a4//-|-10//5 

6a4  — la3b  — 4a2//2-j-5a//3 


Quotient. 


INVOLUTION. 

(Page  190.) 


Ex.  I.  3a2  X3a2  X3a2=27a6.  The  Cube  required. 

Ex.  2.  2 a5/;  x 2a2//  X 2a2//  X 2a2//=l  6a*//4.  The  Power  required. 


INVOLUTION. 


95 


(Key  to  Vol.  I.  page  190.) 

Ex.  3.  Ans.  — 64a6i9.  Ex.  4.  Ans. 


a8x4 

\6b8 


Ex.  5.  Ans.  a5— I0a4x-j-40a3x2— 80a2i:s-{-80ax4  — 32i^. 


. 6.  Roo*  2>v/« 

2 a\ 

Root. 

Mul.  by  2y/ a 

2az 

Square  4 a 

4a\ 

Square. 

Mul.  by  2 y/a 

2az 

Cube  8 ay/  a 

8af 

Cube. 

Mul.  by  2y/ a or. 

2a2, 

4th  Power  1 6 a a — 1 6a2 

i6«y 

Biquadrate. 

Mul.  by  2 y/a 

2az 

5th  Poiver  32 a^y/  a 

32  a z 

Sur solid. 

Mul.  by  2y/ a 

2 a2 

6th  Power  64a2a=64as.  Ans. 

Ans.  64aT 

Sixth  Poiver. 

EVOLUTION. 

(Page  193.) 

To  determine  the  Roots  of  Simple  Quantities. 

Ex.  5.  »J2 a<2b‘l=:  \/2x  \/a^  X \/b4=ab<2^/2.  Root  required. 


Ex.  6.  1/  — 64a3  b6  = If  — 64  X \/ az  X \/b^  = — 4«&2.  Root  reqd. 


Ex.  7.  y/ 


8a2  62  a/4v/2v'«V^2  2 


3c3 


v/cV3c  =T'/3?-  R00trequired- 


Ex.  8.  %/8la4b6  = %/8\%/a4  x %/b4  X £/&2  = 3 aby/b.  Root  reqd. 


Ex.  9.  5/-32a^°=V' -32{/as  X {/ b&  X yb=-2ab{/b.  Ans. 
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To  extract  the  Square  Root  of  a Compound  Quantity. 

Ex.  3.  a<+4a3+6a2+4a  + l(a2+2a+l  the  Root. 


1st  Divisor  2a2-}-2a  )4a3-}-6a2  Dividend. 

4a3+4a2 


2d  Divisor  2a2-}- 4a-}- 1 ) 2a2-}-4a-J-l  Dividend. 

2a2+4a+l 


Ex.  4.  a4  — 2a3-)-2a2  — a-f-4  (a2  — a+4  the  Root. 

/A 


1st  Divisor  2a2  — a ) — 2a3-j-2a2  Dividend. 

— 2a3-}-  a2 


2d  Divisor  2a2  — 2a + 4 ) a2  — a-J-i  Dividend. 

a2  — a-fi 


Ex.  5. 


a2  — a&  (a  — — 
• J 

a2 


/;2  _ h3 
8a  16  a2 


— &c.  Root  reqd. 


1st  Divisor  2a— - ) 

c2 


— ah  Dividend. 

lfl 

— ah-f  — 


2d  Divisor  2a—  h — 


•—  ) — — Dividend. 

S a ' 4 

62  £ 

“T+8a+64a2 


If  h 3 . /,3 

3d  Divisor 


64a2 


Dividend,  &c. 


EVOLUTION. 
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To  determine  the  Roots  of  Powers  in  General. 

Ex.  3.  a2  — 2ab-\-‘2ax-\-b<2~ 2bxf-x'2  [a-b-\-x.  Ans. 

a2 

Divisor  2a)'  —2 ah  Dividend. 

u^  — 2ab  +62 

Divisor  2 a)  • * +2ax  * Dividend. 

a2  — 2a6+2ax+/>2  — 26x+x2 


Ex.  4.  ^-3as+9a4-13a3  + 18a2-12a+S(a2-a+2.  Ans. 

„ 6 


Divis.  3a4)  • — 3a5  ------  Dividend. 

a6-3a5+3a4-  a3 

Divis.  3a4)  * *•  +6a4  — 12a3  - - Remainder. 


a 6 - 3as  + 9a4  - 1 3a3  + 1 Sa2  - 12a +8 


Ex.  5.  81  a4  — 216a3Z>+216a2£2  — 96a63+ 1 664(3a  — 25.  Ans. 

81a4 

Div.  10Sa3)  • —216  a3b  Dividend. 

8 1 a4  - 2 1 6a35 +2 1 6a2/>2  - 96a53  + 16  A4 


Ex.  6.  a5  — 10a4+40a3  — 80a2+80a  — 32(a  — 2 Root  sought. 

a 5 

Divis.  5a4)  — 10a4  Dividend. 

a5  - 10a4+40a3  - 80a2+80a-  32 


o 
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Ex.  /.  1— x2(l— ^ — Si c.  Root  required. 

2 8 lb 

1 


Divisor  2)  • — x2  Dividend. 


1 — x2  Subtrahend. 
4 


Divisor  2)  • • — — Urn.  arcd  Dividend. 


1 — x2  * -f-- — I-  — Subtrahend. 

8 ‘ 64 


x®  x® 

Divisor  2)  ■ * • — — Remainder. 

8 64 


1— .x2  &C.-J-&C.  Subtrahend. 


^6 

Ex.  8.  1— x3  (1— See.  ad  infinitum.  Cube  root  reqd 

3 9 

1 


Div.3)  • — x3  Dividend. 


1 — x34-f L—  Subtrahend. 

3 '27 


Div.  3)  • • — Remainder. 

3 27 


1 — x3  &c.  +&c.  Subtrahend. 


SURDS. 

(Page  196.) 

To  reduce  a Rational  Quantity  to  the  Form  of  a Surd. 

Ex.  3.  6x  6 X 6=216,  wherefore  ^/216,  or,  (216)t.  form  reqd. 


SURDS. 
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-ab  X -ab=>-a‘lb‘l,  wherefore  */- a2#2,  or,  (la2^2)2'.  Aris. 
3 3 9 9 9 

2x2x2x2=16,  wherefore  y\ 6,  or,  (16)i.  Ans. 

I I I I I 5 

a1  X aJ  X ai  X a1  x aT=a 3 =%/a  5 . form  required. 


Ex. 


(a-|-x)  X (a-\-x)=az  -^-2ax-\-x* , hence  </ az  -\-2ax-\-x2.  Ans. 

8.  | (a  — x)  X (a  — x)  X (a  — x)  ^ 3 =z%/a3  — 3a2x-\-3nxz  — x3.the 
form  required. 


(Page  197.) 

To  reduce  Quantities  to  a Common  Index. 

Ex.  3.  i)y(f  t^le  f°rm  f°r 

And  the  form  for  5. 

But  44  = 256,  and  5 2 = 25, 

Hence  (256T)  *,  and  25T.  Ans. 

Ex.  4.  “ the  form  for  a. 

And  ^)^(f =4  the  form  for  x. 

I 3 1 

Hence  (a2)3,  and  (.t2)’5*.  Ans. 


Ex.  5.  For  the  form  of  the  Square  Root, 

4)t(4  for  the  index  of  a,  1 . . . . > , c 

And  |)4(«  for  the  ,ndex  of  x,  \ «mnS  ^a‘  and  ' 

For  the  form  of  the  Cube  Root, 

t)t(t  for  the  index  of  a,  1 , , . 6 . , 

And  for  the  expon.  of  x,  \ hence  Va ’ and  > 


't*. 


Ana. 


Ans. 
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For  the  form  of  the  nth  Root, 


n)r(~r  f°r  the  Index  of  a, 
And  for  the  Index  of  x 


’ | wherefore  !J/a2w,  and  £/x?rt. 


But  it  is  evident  that  a*=az,  and  that  xf =x3,  consequently  the 
given  quantities  have  the  same  radical  sign,  namely  1,  without 
any  operation. 


Ex.  6.  — - for  the  form  of  (a+x).  And 

8x2  6 

lil?  — ~ for  the  form  of  (a  — x) 

3x2  6 

Consequently  (a2-|-2«x-|-x2)^  T ? An_ 

And  (a3  — 3a2x-{-3ax2  — x3)’5'  j 


^ „ 1x4  4 , 1x2  2 

Ex.  7.  = and  = - 

2x4  8 2x4  8 


Therefore  (a‘i-\-4:a3b-]-6azbz-{-4ab3-{-l>i)'w')  ^ns 
And  (a2  — 2ab-\-b2)i  J 


(Page  198.) 

To  reduce  Complicated * Surds  to  Simpler  Terms. 

Ex.  3.  \/ 75—^/25x^/3—5\/3.  Ans. 

h V 75"V2V3  ^ \/3  5 y/9  15v 

Ex.  5.  3/ 189=^27^/7  =3^/7.  Ans. 

Ex  6 yl?5_i^==?^=3»x^=?Vl 0*  An, 

1 ’ ^ 32  1/3  \/\  2^/4  2 4/8  4V 

* Quantities  consisting  of  a rational  and  an  irrational  part  involved  toge- 
ther are  termed  Complicated  Surds. 


ADDITION  OF  SURDS. 
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Ex.  7.  </75a*b=</25  </3</a2  x/b=5a<s/3b.  Ans. 


ADDITION  OF  SURDS. 

(Page  199.) 


Ex.  3.  V2?  = \/  9 ^3=3^3 

And  ^48  = ^ 16v/3  = 4v/3 

7^/3  Sum  required. 


Ex.  4.  */50  = v/25  ^2  = 5 </2 

And  <v/72  = ,v/36  ^2  = 6^72 


11^/2  Sum  required. 


Ex.  5.  v/5=v,«=^/£=3x^=V-=-x/15 
V 5 V75  ^725^/3  5 ^/3  5V  9 15V  * 


1 


-v/1  a/5  1 </5  1 15  1 

5=7  X “7i=7V-7T  =77^  15‘ 


'And  ^ 15  ^75  v/25v/3  5’V3  5V  9 15* 


Sum  and  Answer  ./l  7 

15V 


But  -i- 15  =-  X 7=4\/— the  oMerAtas.  given  in  the  Course. 

15  1 v/  22j  15 


Ex.  6.  y 56  = 3/  8 3/7  = 23/7 

And  ^/1S9  = 3/27  3/7=  3|/7 


5^/7  Sum  required. 
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Ex.  7.  3/1  =yl2S=^yl6=,  l , 

V4  3/512  i/64 1/8  4V  0V* 


1 3/16  */l  i/16  1 

32“3/5i2-3/64  4/8 


4 

1 


2 

1 


Vs=57S5=r^I7/5  : ^Vie=^i/sV2=-V2. 


Sum  and  Answer  _V2 
4v  • 


Ex.  8.  3^/  (rb  = 3^/ a1  */  b = 3a  *Jb 

And  5\/\6a*b  — 5^\6</ a*^/ b =.20a‘\/ b 

Sum  (20a2  -\-3a)*/b.  Ans. 


SUBTRACTION  OF  SURDS. 

Ex.  3.  \/75  = s/25^/3  = 5^/3 

And  ^48=  v/16v/3  = 4^/3 

Difference  \/3.  An*. 


Ex.  4.  i/256  = i/644/4  = 43/4 

And  (/  32  = 3/  83/4  = 2y4 

Difference  2y4.  Ans. 


Ex.  5. 


.3  . 9 v/9v/l  3 1 _3  3 1 

^4  = ^12  = TVS  = 2 ^3  “ 2 ^9  “2 ^ 


» i /l  _ ,4  _V4yi  _ \_  .3  _1 

^3  v/12'“v'4y3  ^3  ^9  3^ 


Difference 


L/3.  An 
o 


SUBTRACTION  OF  SURDS. 
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/?_  /16_a/16v'1_0  7I_2  , ,6 

V QA—  , ±/R  V 6 Vgg  12V 


24  V 4^/6 

And  ,3  1 ,1=3  1=3 

V24  -y/4  -v/6  2V6  2V36  12V 


1 


Difference  — y/6.  Ans. 

12 


Ex.  7. 


25_V125_  5 
V ~‘J  ' y V 45  */45 

A„<1  vl  = V?L=J_ 

5 */45  4/45 


Difference 


i/45 


But  _2_=V8=V8£2025  ± 3 

4/45  4/45  45  45V  v 1 5' 


Ans. 


Ex.  S.  x/24aW=x/4 s/6^/a2x/b2=2ab  ^6 

And  y/54M=A/  V6  ^64= 362  ^6 


Therefore 


44  when  2a/>  > 3b2  - - 
when  2 ab  < 3b 2 - - 


(2ab-3^W61 
(3/r  - iial,)^/6  } Ans 


* It  may  be  necessary  to  mention  that  > signifies  greater  than,  and  < 
less  than. 


MULTIPLICATION  OF  SURDS. 

(Page  200.) 

Ex.  3.  3x2=6  the  Product  of  the  rational  Quantities. 

And  4/2  X v/8=v/ 16=4  the  Product  of  the  Surd  Quantities. 
Consequently  24  Product  required. 
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13  1 

Ex.  4.  -X-=-  the  Product  of  the  rational  Quantities. 

3 4 4 

And  2/4  x ^12  = ^48=  ^78,3/6=2,3/ 6 Product  of  the  Surds. 
Wherefore  i x2^/6=4^/6.  Ans. 


5 9 3 

Ex.  5.  -X  — =-  the  Product  of  the  rational  Quantities. 

tj  1 U J 

» i ,3  2 6 v/1/6  1 6 1^/60  1 

V8  v5  V40  y^lO  2V  10  2 10  20  V 

1 „ 1 

But  __v/60=— y/15  the  Product  of  the  Surd  Quantities. 


Therefore  |x4*/15=JjV'15. 


Ans. 


Ex.  6.  2x3=6  the  Product  of  the  rational  Parts. 

And  3/14x2/4  = 2/56=3/8^7=2^7  Prod,  of  the  Surds. 
Wherefore  12^/7.  Ans. 

Ex.  7.  2x1  =2  the  Product  of  the  Co-efficients. 

2_  4 ,6 

And  aJ  Xa7=a3=a2  the  Product  of  the  Surds. 

Consequently  2a2.  Ans. 

14  3 9 

Ex.  8.  -= — , and  -=— > the  new  indices  with  a com.  radical. 
3 12  4 12 

But  7o+i4x74i9=(4^-  That  is, 

(aI3  + 13aI2i+78aII^+286aI06s+715a9^+&c.  &c.)tV.  Ans. 

Ex.  9.  2x  -\-\/b  Multiplicand. 

2x  — \/b  Midtiplier. 

4x2+2 xy/b  Prod,  by  2x. 

— 2 x\/b  — b Prod,  by  —\/b. 


4x2  * —b  Prod,  by  (2 x—*/b)  which  was  reqd. 


MULTIPLICATION  OF  SUKDS. 
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Ex.  10.  ( a -\-2\/b)\  Multiplicand. 

{a  — c2y/b Multiplier. 

-y/(a2  * — 46)  Product  required. 

Ex.  11.  2x“  x 3x“  = 6(j?2)”  or  6$/x*.  Am. 

Or  if,  as  in  the  Sixth  Edition,*  the  question  be  2xu  and  3xm, 
First  reducing  the  Surds  to  a common  radical,  it  is 

n 

m n 

2x  mn  X 3x““ 

Next,  2xm  x3xu=6xm+u,  therefore,  subscribing  the  com- 

m + n 

mon  index,  6x  mn  =6ny/xtn^"n.  Ans. 

* There  happens  to  be  two  Sixth  Editions  of  Hutton’s  Course  (if  botli 
can  be  well  termed  Editions,)  the  one  printed  in  1811,  and  the  other 
(whereof  a part,  at  least,  was  certainly  printed  subsequently  to  the  corre- 
sponding part  of  the  former)  purporting  to  have  been  printed  in  1815.  Here 
we  allude  to  the  latter  Edition,  whereas  in  page  30  of  the  Key  the  allusion 
applies  to  the  former. 

x x x 

Ex.  12.  4xn  X 2y n = %(xy) n,  or  8\/  xy.  Ans. 


DIVISION  OF  SURDS. 

(Page  201.) 

Ex.  3.  4-7-2  =2  the  Quotient  of  the  Co -efficients. 

And  y/50-T-v/5  = v/10.  Therefore  2\/ 10.  Ans. 

Ex.  4.  6-^-3=2  the  Quotient  of  the  Co-efficients. 

And  \/  100-f- \/5=l/ 20.  Therefore  2^/20.  Ans. 

5 3 10 

Ex.  5.  = the  Quotient  of  the  Co-efficients, 

o 4 9 

And  v/i-rV?  =Vt Quotient  of  the  Surds. 
50  o IUU  10 

B,,t  ¥xK'/5=5v/5'  Am' 

P 
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3 3 5 

Ex.  6.  — : — =_  the  Quotient  of  the  Co-efficients. 

4 5 4 

o 9 1 r,  Qf»  1 

And  3/ 3 /_ — 3 / — _ — 3 / — __3/3o.  Quot.  of  the  Surds. 

*16  ' * 5 ' 32  v 64  4' 

r i t* 

But  ^x-(/30=— {/30-  Ans. 

4 4 1 o 


Ex.  7. 


4 2 6 

5~3  5 


the  Quotient  of  the  Co-efficients. 


And  I_  1=1  for  the  exponent  of  the  Quotient  Surd. 
2 3 6 1 

Therefore  ~ a F.  Ans. 

5 


4 2 2 ' 

Ex.  S.  — =—  for  the  exponent  of  a in  the  Quotient. 

3 3 3 1 

Therefore  aJ,  or  a2.  Ans. 

3 

Ex.  9.  3-E4=_  the  Quotient  of  the  Co-efficients. 

4 

XX  m n 

And  n,  m,  reduced  to  a common  radical  are—,  and  ™ ’ 

3 m~n 

Therefore  -a  mn  Ans. 


Ex.  4. 
Ex.  5. 

Ex.  6. 


INVOLUTION  OF  SURDS. 

'23/2x23/2=4,3/4.  Ans. 

>/3  X v/3  x v'3=n/33=v/27=x/9v/3=3^/3.  Ans. 

1 x — X-=—  the  power  reauired  of  the  Co-efficient. 
3 3 3 27  * 

And,  3 X v/3  x ^3=^/2? =3^3  the  Cube  of  the  Surd. 


1 


] 


EVOLUTION  OF  SURDS. 
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Ex.  7.  2T  x2T  x2T  x2^  =22  or  16* =4  the  power  of  the  Surd. 

And  — x — - X X — = -—  the  power  of  the  Co-efficient. 

2 2 2 2 16 

Fut  777  X 4=--  Ans. 
lb  4 


(Page  202.) 


Ex.  8.  Ans.  %/  am,  or  a11' 

Ex.  9.  2-\-\/S  Given  Root. 

2-j-y/3 Multiplier. 


4-t~2\/3 Prod,  by  2. 

-i-2.y/3-f-3  - - Prod,  by  y/ 3 . 


Sum  4-f-4.v/3-J-3=7-{-4y/3,  the  Square  required. 


EVOLUTION  OF  SURDS. 

Ex.  3.  63=216. 

Now  ^216=^36^6=6^6.  Ans. 

Ex.  4.  {/^aH=l/^\/a3{/b=ia{/b.  Ans. 

Ex.  5.  ^/16a2=^/  16^/a2=2y/«.  Ans. 

_i_  rn  _i_  — 

Ex.  6.  n-r-7  = mn,  therefore  xmn.  Ans. 

Ex.  7.  a1  — Sa^/ b-\-9b  (a  — 3*/b  Root  required. 

a2 

9 

Divisor  2a)  • — 6a\/b  Dividend. 


a2  — 6ay/  £-}-9£. 
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INFINITE  SERIES. 


Fractional  Quantities  reduced  to  Infinite  Series  by  Division. 


Ex.  3. 


,b  be  be 2 


a+c)b  - - -(— — — x 4- &c.  — — X ( 1 — &c.)  Ans 

a a1  ar  a a a 1 


b+ 


be 


a 


be 

a 

be  be 2 
a a1 


+- 


be1 


a? 


be1  be 3 


be3 

remainder. 

«3 


Ex.  4. 


h Ifi  hs  h4 

a-b)a (1+-  + T+-T  + + &c.  Ans. 

a a2  a 6 a/ 

a — b 


• +b 
+b- 


hl 

a 


• fe2 

H — 

a 

b* 

+ — ,,<2 


b3  „ 
+— • &c. 


a* 


INFINITE  SERIES* 
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Ex.  5.  l-f-r)l  —x  (l-2:r+2z2-2.r3+2x4-&c.  series  reqd. 
1-J-x 


— 2x  — 2x2 


• -j-2x2 

4-2x2-}-2a3 


• — 2a'3 
— 2x3  — 2x4 


• -j-2a4.  &c. 


Ex.  6.  «2+2a6+/;2)a2 (I 

a2  -f-2  ab-\-bq 


2b  , 3i2  46s  , . 

\~— 3 + &c> 

a a 1 <r 


Ans. 


• — 2 ab  — b 2 
-2ab-W-  — 


4-3624-~.  &C. 

a 


J7X  7 1 _|_1  )1 (1-14-1  -14-  &c.  the  series  required* 

1+1 


■ -1 
-1-1 


• +1 
+ 1 + 1 


• -1 
-1-1 


• +1  remainder. 
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Compound  Surds  reduced  in  Infinite  Series. 

|+l(l+i— ff+TS— t4t+&c-  Ans- 


2+G-+1 

+ l+i 


2+1— |)  ■ — 


I I I 1 


■ -g-X*  &C 


Ex.  3. 


1 — 1(1  ~i  — TV~-rrT  — &c*  K°°t  required. 


2-4)--l 


1 + 


2-1-1) 


— j.  4-1-11 

4 1 8 IT, 


■F4 


'T  "bV  ^c- 


Ex.  4. 


a,  -\-x  ^a~^~2a  sa3  ”1” i(3as  &c*  l'-00!  io  the  series. 


(r 


x 


2a+2S)'+x 

+x-f 


X X1 

Sfl+i-iL.) 
a 8 a3 


4 a* 


xA 


4a2 

^2 


4a2  8a4  64a6 


x’ 


~^8a4  _ 64a6  * &C‘ 


INFINITE  SERIES. 
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Ex.  5. 


^-2l,x-x\a-  '2kx+x'‘  _ 4bV+ 4foJ+J<  _ &e. 

2a  8a3 

<2 


a 


2/u-fx2  . 0 

2a \ —2  ox  — x2 

~a  _ 9i,  r _ ^ aw+Mx5  +* 4 

4a2 


4b<2x'2-]-4bx3-\-x4  <h(: 


4 a2 


Wherefore  the  series  is  a-2bx+x'  4^?+j^S±^  &c.  Is 
Infinitum.  2a  8a3 


(Page  207  ) 


The  Extraction  of  Roots  of  Binomial  Quantities,  and  the  Conversion 
of  Binomial  Surds  to  Infinite  Series. 


Ex.  3.  Here 


a * 


— 


a2(a  — x)  , and 


a — x 

p =a, 

— x 

Q= 

a 

—— — therefore 

77  1 


— r 


77Z  ^ i | 

p — — (a)  =a  =-=a,  the  1st  term  of  a series. 
n a 


m — 1 1 — x x *i  o i i 

— aq=  -x-X  -=--=»  the  2d  term. 


n 

m — n 


HQ: 


la  a a 
— 2 r — x 2.r2 


2 n 
?n  — <2n 
Sn 


x 

-X-X 
2 a2 


a.  ~X"  XX  o , , 

— — — c,  3d  term. 


a 


2a3 


aJ 


'l'0 

cq=8cc.  Sec.  — =d,  Sec. 
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r2 


X3  . X4 


But  a2  X (-+-_+-  +^_+l_+-+  &c.)=a+x+fl+£, 
a a1  a3  a4  a 5 a6  r ' ‘ ' u “a2  ^ 

X4  X5  „ * 


1 

V+xs 

Also  p=a2. 


— r 


Ex.  4.  (-3— /=lX(«2+x2)  T=(«2+x3)  T 


Q=- 


.2  ’ 


a 

——  1;  therefore 
n 2 

p — =ia')  2=-=a,  the  1st  term  of  the  series  sought. 
n a ® 

in  — 1 1 x2  — x2 

-aq=  ^X-X-7T=  - s =b,  the  2d  term. 


n 


a a1 


in  — n —3  — x2  x2  3x4 


0 , X— =~  = c,  l^e  3d  term,  &c. 
2a3  a 2 8as 


— BQ=  -X 

2?i  4 

1 x2  3i4  5r6 

Hence  the  series  is _i_  l&c.  In  Infinitum. 

a 2 a3  8a5  16a7 


Ex.  5.  Here 


cr 


=a2  x (. a~b ) 


(a-/,)2 


and 


p=<z, 

-b 

Q—  -> 
a 


m 


9 


- = _ ; therefore 

n 1 

1 


p — = (a)  =— =a,  the  1st  term  of  a series  to  be  X f:d  by  a-, 

n a2 

m — 2 1 — b 2b 

-aq=  _x  — X -=— = b,  the  2d  term. 


n 

in  — n 
2 n 


1 a2 


a aJ 


-3  2 b -b  3/>2  , 

bq=  -X-^-X  -= — — =c,  the  3d  term,  &c. 


2 a3 


a or 


a 1 2 v , 362  | c , .2b  3b\U3  5b*  v . 

And  «2X(_+_ +_+&C.)==14-_+_r+  + +&c.Ans 

er  a3  «*  a a4  a3  a4 


INFINITE  SERIES. 
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Ex.  6.  Here,  p=a2. 


— x2 

Q—  — , and 
a2 


—=  -L;  therefore 
n 2 


] 


m , „ * 

i'— =(a2)T=a=A. 
n 

m r a — x2  — x2  „ 
-aq  — |xTX  -y=  — =B.  &c. 
n 2 1 ^2 


x2  x4 


Hence  a — - 


a*  2a 
x6  5x8 


2 a 8 a3  16a5  128a7 


&c.  the  Root  reqd. 


Ex.  7.  Here,  p=a3. 


-b3  . 

Q=  — , and 

a3 

-—1 ; therefore 
n 3 

w 1 

p-=(a3)J  =a= a,  the  1st  term  of  the  series. 

n 

m 1 a —b3  —b3  , 0 , „ 

- aq=-  X T X -y  = --y =b,  the  2d  term,  &c. 

n 3 1 a 3 3a2 

1)3  5b9 

Hence  a — - — &c.  the  Cube  Root  required. 


3a2  9a5  81a8 


„s 


m 1 


Ex.  8.  In  this  Example,  p=a5,  q=— , and  therefore 


w 5 


m 


B-=(a5)5  =a=A,  the  1st  term  of  the  series. 
n 


VI 


lax5  x5 


- aq=—  X - x — r=T~r  — b,  the  2d  term. 
n 5 1a5  5a4 

m — n —4  x5  x5  — 4x10  — 2x10 


2n 


-BQ: 


X — = 


10  5a4  a5 


50a9  25a9 


:c,  the  3d  term. 


Wherefore  a+- 


2x10  6x15 


5a4  25a9  1 125a14 


&c.  Ans.* 


* The  sign  of  the  3d  Term  of  the  Answer  given  in  the  Course  is  different  from 
the  sign  here  given. 
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Ex.  9.  v/^-t -^=(«2-^X(«2+62)^ 


a*+b* 

Now  (a2—  62)T=a  — 


1 62  64 


2a  8a3 


&c. 


And  (a2-f-/>2)  t— 1 — ^ — &c.  Whence 
a 2a3  ^8as 

i 62  64  A6  o , „ 

l~^— {-~ — ^-g-&c.  the  Square  Root  required. 

But,  as  this  method  is  tedious  and  complex,  it  is  better  to  extract 
the  Square  Root  of  the  Quotient  in  an  Infinite  Series.  Thus, 

2 , m 2 ,2,i  2b*  , 2 b*  2b 6 , 2 b*  2b™  , 2612  c n f 

a2+^)tt2_62(i_, +_ _+  &c.Quot. 

a2  a4  a°  cr  aw  a11 

A , 2b*  2 b*  , , b*  t b*  ' b«  Q . * 

And  V(1  - ^ -«*•)  = ! ■ Ans-‘ 

as  before. 

* This  Answer,  however,  differs  from  that  given  by  Dr.  Hutton. 


Ex.  10.  3/  a =l/a*X(a3+b3)  ? = a(a3+bs)  i 

a3-\~b3 


p — a3 


b3 


— _i  1 1 

p-  =(«3)  3 =77i=-  = a,  the  1st  term  of  a series. 
%/ as  a 


m 

> 

n 

m 


in  -1 
n 3 
m—2n 


T _ 1 b3  -b3 
3a4 


Q=— - \-AQ=  -X_x  — = -^-  = 15,  the  2d  term. 
a3  In  3 a a-* 


3« 


7?i  — 72  — 4 — 63  &3  266 

77bs=  sx  ST<x7=9^=c,the3dterm- 

-7  266  b3  - 1469 

ca=  -x-— x— = prr— n =D,the  4th  term,  &c. 


9 9a7  a3  81  a™ 


,1  b3  2b6  0 x . 6s  , 266  1469  , c . # 

BUt  “X("37+97-&c0  = 1“3?+97-8W  + &C-  AnS- 


* By  which  it  may  be  perceived  that  there  is  an  Error  in  the  Numerator 
of  the  3d  Term  of  Hutton’s  Answer. 


ARITHMETICAL  PROGRESSION. 
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ARITHMETICAL  PROPORTION. 

Ex.  3.  The  1st  term  is  1,  the  last  term  100,  also  the  number  of 
terms  100. 

But  ( 1 — j—  1 00)  X 50=5050  Sum  required. 

t 


(Page  210.) 

Ex.  4.  (9S  X2)  + 1 =197  the  last  term  of  the  series. 

a i 1 + 197 

And  — — — - x 99=9801  the  Sum  required. 

Ex.  5.  10—  (_x20)=3l  the  1st  term  of  the  series. 

3 o 


And  10 +11 


X 21  = 140  the  Sum  required. 


Ex.  6.  Here  the  1st  term  is  4 yds,  the  last  term  400  yds,  and  the 
number  of  terms  100. 
yds.  yds.  yds.  miles  yds. 

But  (4+400)  x 50=20200=11  ..840.  Ans. 


APPLICATION  OF  ARITHMETICAL  PROGRESSION  TO 

MILITARY  AFFAIRS. 


QUESTION  I. 


man  men 

The  1st  term  is  1,  the  com.  diff.  2,  and  the  number  of  terms  30. 


men  men  man  men 

But  (2  X 29)-|-l=59  the  last  term,  or  number  of  men  in  the 
last  rank. 


And 


1+59 


X 30=900  men,  Strength  of  the  Battalion.  Ans. 


2 
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QUESTION  II. 
leag.  leag. 

The  1st  term  is  2,  the  com.  diff.  1^,  and  the  number  of  terms  12. 
leag.  leag.  leag. 

But  (I4  X 1 1)-|-2  = 1S4:  leagues,  last  days  march. 
leag.  leag. 

And  (2+lb|)  x 6(=ha/f  n°.  terms) =123  leagues.  Length  of 
the  March.  Ans. 


QUESTION  III. 

yds.  yds.  yds. 

The  1st  term  is  15,  the  last  term  3,  and  the  com.  diff.  2. 


yds.  yds.  yds. 

Bm  !£z £±*= 
2 


7 the  number  of  terms,  or  nights  employed. 


yds.  yds. 

3+15 

And  — — — x7=63  yards,  Length  of  the  whole  Sap.  Ans. 


(Page  212.) 


QUESTION  IV. 
gabions  gabions 

The  1st  rank  is  4,  the  last  rank  9,  and  the  number  of  ranks  6. 

gab.  gab. 

9 — 4 

But  _ — - = 1 the  common  difference. 

And  (4+9)  x 3=39  the  Number  of  Gabions.  Ans. 


QUESTION  V. 

If  the  straight  line  joining  the  two  Camps  pass  through  the  Post 
in  question,  it  is  evident  that  18^  leagues  is  the  Sum  of  the 
series  of  either  detachment. 


ARITHMETICAL  PROGRESSION. 
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Wherefore,  for  the  1st  Detachment, 

leag.  leag. 

C (181.  X 2)-^-5  (—No.  of  terms)=7$  the  sum  of  the  Extremes. 
£ (l£  X 5)—  1^=6  the  difference  of  the  Extremes. 

leag. leag. leag.  leag. leag. 

Hence  (by  \ sum  and  £ diff.  tyc.)  2\^,  3-^,  5TZ^,  6^the  Semes. 

For  the  2d  Detachment, 

leag.  leag. 

C (18^  X 2)-r-4  ( = No.  of  terms) =91  the  sum  of  the  Extremes. 
\ (2  x4)  — 2=6  the  difference  of  the  Extremes. 

leag.  leag.  leag.  leag. 

Hence  (by  half  sum  and  half  diff.  fyc.)  1|-,  3-|,  5|,  7-|-  the  Series. 

But  as  this  Post  may  be  any  where  in  a line  passing  at  right 
angles  through  the  middle  of  the  right  line  joining  the  two  Camps, 
the  Question  admits  of  an  Infinity  of  Answers. 

QUESTION  VI. 

It  is  manifest  that  the  sum  of  the  series  of  the  detachment 
must  be  some  multiple  of  8,  and  at  the  same  time  equal  to  8 
times  the  number  of  terms ; therefore,  constructing  the  Series, 
it  will  be. 

Days  1st.  2d.  3d.  4th.  5th.  6th.  7th.  8th.  &c. 
Series  in  Leagues,  2,  5,  8,  11,  14,  17,  20,  23,  &c. 

Daily 

Sum  of  the  Series,  2,  7,  15,  26,  40,  57,  77,  100,  See. 

Daily 

Progress  of  the  Deserter,  8,  16,  24,  32,  40,  48,  56,  64,  &c. 

By  which  it  appears,  that  no  term  except  the  5th  can  answer 
the  conditions  given. 

Consequently  5 days,  and  40  leagues.  Ans. 


Algebraically. 

The  1st  term  is  2,  the  com.  diff.  3,  and  if  x be  put  for  the  num- 
ber of  terms,  it  will  be,  3(x— l)-f 2=3z- 1 the  last  term 
of  the  Series. 

. , 2-|-3t— 1 3x  + l 3r2-j-x 

And, - x x= — — — x x= — - — the  Sum  of  the  Series. 
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| ^ 

Bat  (by  the  Quest.)  — — _ =8x,  that  is,  3x2-f  x=l6r,  or, 

£ 

(dividing  by  r ) 3x-j_ 1 = 16,  hence  x=5  days. 

Consequently,  as  before,  5 days,  and  40  leagues.  Ans. 


(Page  213.) 


QUESTION  VII. 


The  1st  term  is  4>  the  last  94,  and  the  number  of  terms  7. 


Also 


leag.  leag.  leag. 

91 1 

— — = 1 the  common  difference. 


Consequently, 

Dist.  of  the  Escort  from 

Series  The  Convoy  had  The  Escort  had  the  Convoy,  at  the  end 

in  advanced  in  advanced  in  of  each  March. 


Leagues.  Leagues.  Days.  Leagues.  Leagues.  Nights- 

4  5 1 4 44 1st 

2 10 2 24 7£ 2d 

34. 15 3 - - - - 6 9 3d 

5  20 4 11  9 4th 

64.  - - - -25 5 174 74- 5th 

8 30 6 254 44 6th 

94 35 7 35  0 7th 


Whereby  the  Answer  is  obvious. 


Ex.  3. 


Ex.  4. 


GEOMETRICAL  PROPORTION. 

(Page  220.) 

3n  = 177147 

And  (3.X  17!14y)~1.  = 265720.  Ans. 

3-1 

1 


1 11 

(-)  = 

v3  177147 

And  1 — (1  x — - 

3 177147 


531440 
^ ~ 531441' 


Lastly 


531440  . 2 _ 1594320  _ 265720 
531441  “ 3 “ 1062882  “ 177147* 


Ans. 


SIMPLE  EQUATIONS. 


119 


(Key  to  Vol.  I.  page  220.) 

Ex.  5.  2"=  29  x 2 x 210  x 220  x 240  x 210  x 29. 

But  29  = 512 
21  2 


2I0=1024 
210  1024 


220=  1048576 
220  1048576 


240=  10995 11627776 
240  1099511627776 


280=1 2089258 196146291 74706 1 7 6 
210  1024 


290  = 1237940039285380274899124224 
29  512 


289  =6338253001 14114700748351602688 
Xly  by  the  First  term  , 1 


6338253001 1411 470074835 1 6026S8 
X ly  by  the  Ratio  2 


1267650600228229401496703205376 

Subtract  the  First  term  (1)  and  divide  by  the  difF.  between 
the  1st  term  and  ratio,  (1). 

The  Quotient  is  1267650600228229401496703205375  Sum  of  the 
Series. 


SIMPLE  EQUATIONS. 


(Page  226.) 


Ex  1. 


Given. 
Collect. 
Transp.  11. 
Divide  by  2. 


2x— 5+16=21 
2x  +11=21  - 

2x  =21-11=10 

x = 5 Ans. 


x 
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Ex.  2.  Given. 

From  both  sides  take  x. 

Transp.  -15. 
Divide  by  5. 


6x  — 15=x-|-6 
5x— 15=  6 

5x  = 64-15=21 

x = 21 

y 


4j.  Ans. 


Ex.  3.  Given. 

From  both  sides  take  — 3x-}-4. 
Collect  and  transp.  — 2x. 

Transp.  16. 
Divide  by  2. 


8-3^4-12=30-5x4-  4 
8 4-  8=30 -2x 

2x  4-16=30 
2x  =30-16=14 

x = 7 Ans. 


Ex.  4. 


Given. 


X ,y  by  3. 

X,y  by  4. 
Collect. 
Divide  by  13. 


x x 
X+3~i 

3r+x-  — 


= 13 
= 39 


12x+4x-3x  = 156 
I3x  =156 

x =12 


Ans- 


Ex.  5. 


Given. 


3x4- ^4“  2=5x  — 4 
2 


Take  3x  from  both  sides. 

Transp.  -4. 

X ply  by  2. 
From  both  sides  take  x. 

Divide  by  3. 


~+  2=2x  — 4 

|+ 

x + 12=4x 
12=3x 

4=  x,  or  x = 4 Ans. 


Ex.  6.  Given. 

X ly  by  3. 
From  both  sides  take  Sax. 
Transp.  -3bx,  and  a— 6. 

Divide  by  9a-|-3&. 


4ax+-  — 2=  ax—  bx 
3 

I2ax-|-a  — 6 —Sax  — 3bx 
9ax-\-a  — 6=  —3  bx 

9ax-\-3bx  =6  — a 

6 — a A 

x = Ans. 

9a +36 


SIMPLE  EQUATIONS. 
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Ex.  * 


/. 


Given. 


X ly  by  3. 


X X X 

3~  4*5 


X1  by  4.  4x  — 3x  -f 


3x  . 3x 

~5 
12x 


*“4+6 


Collect,  and  xly  by  5.  5x  -\-\2x 
Collect  and  divide  by  17.  x 


1 

2 

3 

2 

6 

30 

30  13 

l7-117' 


Am. 


Ex.  8.  Given. 

Square  both  sides. 
From  both  sides  take  x. 
Transp.  - 8a/  x,  and  4. 
Square  both  sides. 
Divide  by  64. 


V 4+x 
4 -j-x 
4 

8^/x 

64x 


= 4 — \/x 

= 16  — 8*/x-\-x 

— 16  — 8a/ x 

= 16-4=12 
= 144 


x = 


2\  Am. 


Ex.  9. 


Given. 


X ly  by  4 a -J-x. 
Take  x2  from  both  sides,  7 
and  transp.  16a2.  j 
Divide  by  8a. 


4a-|-x 


x* 


1 6a2  + 8ax -f-x2  = 
8ax 


4a +x 


x-' 


-16a2 
— 2a.Ans. 


Ex.  10.  Given. 

Square  both  sides. 
Square  both  sides. 
From  both  sides  takex4. 

Transp.  16a4. 
Divide  by  4. 

Divide  by  2a2. 

Extract  the  Sq.  Root  7 
on  both  sides.  ) 


s/4  a2+x2 
4a2  -f-  x* 

1 6a4  -{-Sa2x2  -j-x4 
16a4+8a2x2 
8a2x2 
2a2x2 


x 


=y4  64+x4 
= ]/4k*+x* 

= 4 b4  -j-x4 

= 41/ 

— 4b4 — 16a4 

— b4-  4 a4 
b4  — 4a4 


=V 


2a2 

b4  - 4a4 
2 a2 


Ans. 


J 
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Ex.  11. 


Given. 


Xly  by  ^/2a- fx. 
Transp.  2a 4"-1' 
Square  both  sides. 
Cancel  x 2. 
Transp.  — 4ax. 

Divide  bv  6a. 


X-\-  — 


4 a 


^/2aarH -x'2+2a-{-^  =4a 


2a-j-. 


Ex.  12. 


y/2  ax+ 

X2 

= 4a  — 2a  — x=2a  — x 

2ax-j- 

X2 

= 4 a2  — 4 ax  -{-x2 

2ax 

=4a2  — 4ax 

6 ax 

=4a2 

4a2  2 

X 

= — = -a.  Ans. 

6a  3 

Given. 

a 

a 

+ = 26 

l+2x 

1 — 2x 

Reduce  the  fractions. 

Xly  by  1 — 4x2. 
Transpose  — 86x2,  and  2a. 

Divide  by  86. 


Extr.  the  Square  Root  on 
both  sides 


:} 


2 a 


1 — 4x2 


=26 


2a 

=26  — 86x2 

86x2 

=26  — 2a 

b — a 

— — i , 

X 

~ 46  4 

1 ( b — a 
=2^  4 ' 

6— a 


) 


• 6 
Ans. 


Ex.  13. 

Square  both  sides. 

Cancel  a2,  and  divide  by  x. 
Square  both  sides. 
Cancel  x2. 
Transp.  4a2,  and  div.  by  4. 

Divide  by  a. 


a -f-x  =,y/a2-|-*  v/462-f-x2 

a2-}-2ax-{-r2=  a2-f-X/y/  462-t~*2 

2a  -fx  = y^+x* 

4a2 -|-4ax-{-x2=  462-f-x2 
4a2-j-4ax  = 462 

ax  = 62—  a2 

x = a.  Ans. 

a 


(Page  228.) 

To  exterminate  Two  Unknown  Quantities. 
RULE.  I. 


Ex.  2. 


Given* 


* This  Equation  belongs  more  properly  to  Rule  III,  admitting  there  of  a 
much  Shorter  and  more  Elegant  Solution. 


SIMPLE  EQUATIONS. 
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In  the  1st  equat.  transp.  and  x ly  by  2. 
In  the  2d  equat.  transp.  — 2 y,  and  x ly  by  2. 
Put  these  values  of  x equal  to  one  another. 

Transpose  — 4j/  and  2 b. 

Divide  by  8. 


x—2a  — 4y 
x—2b-\-4y 
2a-4y=2b-\-fy 
2u  — 2b—8y 
a — b 

-r-  -y 


But  x=2a  — 4y=2a—  (a  — b)~a-\-b,  and  the  Answer  obvious. 


Ex.  3. 


Given  *f3x+  j/ =22 ") 
^lven-  ( x+3y=lSj 


In  the  first  equat.  transpose  3 x. 
In  the  2d  equat.  tr.  x,  and  divide  by  3. 

Put  these  values  of  y equal  to  one  another. 

Multiply  by  3. 
Cancel  —x,  and  transpose. 
Collect  and  divide  by  8. 


y=22  — 3x 
18-  a: 

y=—^— 


22 -3x: 


18  — x 


66- 

66- 


9x=18— x 
■18=8x 
6=  x 


But  y=22-3x=22-  18=4. 

Wherefore  x =6,  and  ^=4.  Ans. 

* The  Observation  made  on  the  last  Equation  is  equally  applicable  to  the 
present. 


Ex.  4.f 


Given  5 3r+5»=*  l 


3 ' 2* 

In  the  1st  equat.  tr.  -£x,  and  xly  by  3. 

In  the  2d  equat.  tr.  ^-x,  and  x ly  by  2. 

Put  these  values  of y equal  to  one  another. 

Take  7 from  both  sides. 

Multiply  by  2,  and  by  3. 

Cancel  — 4x  on  both  sides,  and  tr. 

Divide  by  5. 

f This  Example  and  the  next  are  likewise  Equations  in  the  Third  Rule. 


10 

y=l2 — — 
y 2 

2x 

y-  -y 

■*-?=’-? 
3x _2 

~2~~  3X 
30  — 9x = — 4x 
30  = 5x 

6 = x 
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3x  18 

But  y=l2  —— =12  — —=12  — 9=3,  and  the  Ans.  obvious. 


Ex.  5. 


Given 


2x  3 y 22- 

¥+~T 

3x  2 y 67 

~5+~3=\5 


Qr 

In  the  1st  equat.  tr.I_,and  xly  by  5, 

3 

Divide  by  3. 
3r  9 

In  the  2d  equat.  ti\_,  and  div.  by 

a \ 3 

Put  these  values  of y equal  to  one  another. 

Reduce. 

Cancel  Six  on  both  sides. 
Take  603  from  both  sides. 
Transpose,  and  divide  by  19. 


3j/=22  - 
22 


lOx 

~3~ 
lOx 

y~~3  9~ 

67  9 

J/=To  ~idx 

67  9 _22  lOx 

10  ToX~~3  9 
603—  81x=660—  lOOx 
603  =660  - 19x 

0 = 57  - I9r 

x =3 


But  y— 


22  lOx  22  30  22  10  12 


9 


=4,  and  the  Ans.  obvious. 


Ex.  6. 


Given 


f x +2y  = s 7 
^x2  — 4 j/2=32  y 


In  the  1st  equat.  tr.  2y. 
In  the  2d  equat.  tr.  — A.y1,  and  extr.  yC 
Put  these  values  of  x equal  to  one  7 
another,  and  Square,  J 
Cancel  4 y1. 
Transp.  —4 sy,  and  d2. 

Divide  by  4s. 


But  x-f-2 'y—s,  that  is. 


x =s—  2y 
x =\/  d^- f-4yr 

s2  — 4sy  -j-  Ay1  = dr  -{-  4j/2 

o2_ 


s2-d2 

s2-d2 


4s 


4sj/  = d2 
=4sy 

= y 


s^-dl 


X- 


2s 


Transpose 


s2-32 

2s 


x=s  — 


s2  — <j2 2s2  — s2-f-^2 s2-f-d2 


9c 


Therefore  x=Llt^_,  and  y = 
2s  ^ 


2s 

s2-d2 

4s 


2s 


Ans. 


SIMPLE  EQUATIONS. 
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Ex.  7. 


(Key  to  Vol.  I.  page  228.) 

Given  | x—%y=d  I 
\ x : y : : a : b ) 

By  the  1st  equat.  | x —d-{-2y 

By  the  ratio  given. 


Therefore  (Eucl.  i.  Ax.  1.) 

X ly  by  b. 
Transp.  2by. 

Divide  by  a — 2b. 


x = 


ay 


f=^+% 

ay~bd-\-2by 
ay  — 2by=bd 
bd 

V = 


But  x—d-{-<2y=d-\- 


2bd 


a — 2b 

ad-2bd-\-2bd 


ad 


a — 2b  a — 2b  a — 2b 

Wherefore  the  values  of  x and  y are  known. 


(Page  229.) 


RULE  II. 


Ex.  2. 


Given 


2x+3y=29  7 
3x  — 2j/  = 1 1 j 


In  the  1st  equat. 

Subst.  this  val.  of  x for  x in  the  2d  equat. 
X ly  by  2,  collect,  tr.  and  div.  by  13. 

Wherefore,  by  step  1st. 


29-% 

2 


87 -9y 
2 

29-15 


-2^=11 
5=y 
=7=x 


> Ans. 


Ex  3. 


Given*  ^ 1 

\x-y=  2 J 


In  the  1st  equation. 
Subst.  this  val.  of  x for  x in  the  2d  equat. 

Tr.  collect,  and  divide  by  2. 

And,  by  step  1st. 


x=l4—y 
14  — y — ?/=2 

«=VAni. 


8: 


-.x  ) 


* This  Equation  solved  by  the  Rule  is  neither'  a short  nor  elegant  Operation . 

For 

Add  the  given  Equations,  and  divide  by  2.  x~8  ^ . 

Subtract  the  2d  Equat.  from  the  1st,  and  div.  by  2.  y—6  J ' 
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C x : y ::  3:21 

Glven  = 20 \ 

By  the  given  ratio. 
Square  both  sides. 

Subst.  this  val.  of  x2  for  x2  in  the  given  equat. 

X ly  by  4,  and  collect. 
Divide  by  5,  and  extr.  ^/. 
But,  by  the  Quest. 
Wherefore, 


x2  = 


_ V 

4 
9y2 

y2=20 
4 ^ 

5/  =S0 

j/  = 4 

x:y,  or  4 : :-3:2 

x = 6 


Ex.  5. 


Given 


G+3^21 

h+3*= 


29' 


In  the  1st  equat.tr.  3 y,  and  xly  by  3. 

Subst.  this  val.  of  x for  x in  the  2d  equat. 

X ly  by  3,  tr.  and  collect. 

Divide  by  SO. 

But,  by  the  2d  equat.  - -j-3x=29,  or 

3 


x=  63  — 9y 

^ + 189—27^=29 

3 


480= SO  j/ 
6 = 


i=  y\ 

> = X C 


Ans. 


Ex.  6. 


Given 


f'°-i  -!«  ) 

V-?+r»  -'-P-'J 


In  the  1st  equat.  cancel  4. 


6 -- 


_y 

“ 3 

» -i  - ■ 


Transp.  and  x lyby  2. 

Reduce  the  2d  equat.  19x  =22j/-f20 

For  x subst.  12— ^y.  228-  ^ £ 


=22^+20 


X,y  by  3.  684  — 36^=66^+60 
Transp.  and  div.  by  104.  j 6 = 

But  (by  step.  2d).  112— -j /,  that 

0 


j y -j- 

y 1 

is,  12— 4=8=x  f 


Ans. 


SIMPLE  EQUATIONS. 
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C x : y : : 4 : 3 7 
Glvtn  { ,J  i / = 37  j 


By  the  given  ratio. 


Cube  both  sides. 


: 


Subst.  this  val.  of  x3  for  x3  in  the 

given  equal 

X!y  by  27. 
Collect  and  divide  by  37. 
Extr.  \/  on  both  sides. 

But,  by  step  1st. 


4 v_ 

3 


64/ 

“ '27 

¥-  ✓=  - 
64  /-  27/  =999 
/=  27 


3 /=  3} 

_4 y 12_  ^ > Ans. 

~~~3=Z  3"~  3 


(Page  231  ) 
RULE  III. 


Ex.  1. 


Given 


^i?+6y=21  } 

5x+^=23} 


Reduce  the  1st  equat. 
Reduce  the  2d  equat. 
X ly  the  1st  equat.  red.  by  15. 
From  this  equat.  subtr.  the  2d  7 

reduced.  ) 
Divide  by  359. 
But,  by  step.  1st  (subst8.  3 for  y.) 


x-{-  24j/  = 76 

15x-j-  y = 63 

15a-j-3603/ = 1140 

359 y-  1077 

y=  3 
x+72=76,  or  x=4) 


Ex.  2. 


Given 


5^+10=13) 

5£-+  *=4 


Reduce  the  1st  equation  1 3x—  ^=12 
Reduce  the  2d  equation  J x-\-3y  = 14 
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X ly  the  2d  equat.  reduced,  by  3. 
From  this  equat.  take  the  1st  reduced. 

Divide  by  10. 
But,  by  step.  2d,  subst*.  3 for  y. 


3x+9j/=42 
10^=30 
y—  3 

x-}-9  = 14,  or,x=5 


} 


Ans. 


Reduce  the  1st  equat. 
Reduce  the  2d  equat. 
X Iy  the  1st  equat.  red.  by  3. 
X ly  the  2d  equat.  red.  by  16. 
Add  together  the  2 last  steps. 

Divide  by  243. 
But  (by  the  2d  equat.  reduced) 4 
substituting  8 for  x.  ) 


17x4-16^=  200 
12x—  3y=  84 

51x-}-48<y=  600 
192x-48^=1344 
243x  =1944 

x =8 

96  — 3^=84,  ory=4 


Ans. 


Ex.  4. 


Given 


3x4-43,  - 38) 
4x  — 3y  = 9 j 


X ly  the  1st  equat.  by  4. 
X ,y  the  2d  equat.  by  3. 
Subtr.  the  2d  step  from  the  1st. 

Divide  by  25. 
By  the  question,  subst8.  5 for y. 


12x— f- 1 63/  = 152 
12x—  9 j/  = 27 

25 y = 125 
y = 5 j 

3x-f- 20=38,  or  x=6  j 


Ans. 


(Page  233.) 


To  exterminate  Three  or  more  Unknown  Quantities. 


Ex.  2.  fx-|-  y-\-  2=184  f x = 1 8 — y—z  4 

Given  < x =38  > or  < x=38  — 3^  — 22  > 

(.x+t^+x2  = 10J  (x=10-iy--|2  ) 


Putting  the  1st  equat.  equal  to  7 
the  2d,  and  reducing,  j 
x ly  by  2. 

Putting  the  1st  equat.  equal  to) 
the  3d,  and  reducing.  ) 
By  Subtraction. 
But  (by  step  2d)  substituting  8 for  2, 
And,  subst®.  6 for  y and  8 for  2, 


2 y-\-  z =20 

4^4-22  =40 

^y-\-3z  =48 

• 2=8 

2 y-\-  8=20,  or  y 
x-j-14  = 18,  or  x 


3} 


Ans. 


SIMPLE  EQUATIONS. 
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Ex.  3. 


(++^+tz=27 

Given  < *+7.y+iz:=: 2^  ^ or 


x=27  — {y— 
x=20  — -jj/ — ^-2 


6++'+tz=16)  (x=16-|y 


Putting  the  1st  equat.  equal  to  the  2d. 
Putting  the  1st  equat.  equal  to  the  3d. 

X ,y  the  1st  step  by  8. 
From  this  equat.  subtr.  the  2d  step. 
But,  by  step  1st  2j/-{-z=84,  hence 
And,  subt*.  12  for  y,  and  60  for  z &c. 


2 y+  z=  84 
1 Sz  =660 
16^-j-Sz  = 672 

y =121 

z = 60  > An  s. 

x =1) 


Ex.  4. 


Cx-y  = 24 
Given  < x — z ~ 3 > 

6+3  = 9) 


Subtr.  the  1st  equat.  from  the  2d. 

Add  this  equat.  to  the  3d. 
Subtr.  the  1st  step  from  the  3d  7 

equat.  j 
But,  (by  the  2d  equat.) 


Ex.  5. 


i2x  -\-3y  -}-  4c = 34 
3x-f-43/~{-5z= 46  ^-or 
4x+6y+S 


-oz=iio  >< 
■Sz=58^ 


y-Z  = 1 

2 'y  =10,  or  3/= 5 

2z  = 8,  orz=4  > .ins. 
x — 4 = 3,  or  x=7 

34  — Sy  — 4z 


X — 


x= 


2 

46  — 4y- 


•5z 


58- 


x=- 


3 

6y  — 8z 


Putting  the  1st  equat.  equal  to  the  2d.  | j/+2z  = 10. 

But,  on  comparing  the  1st  and  3d  equations,  an  absurdity 
appears,  and  therefore  no  three  numbers  can  answer  the 
conditions. 

If,  however,  in  the  last  of  the  given  Equations  by  be  intended, 
and  if  58  be  a mistake  for  66,  then,  x=6,  y~2,  and  z=  i. 

Note. — In  some  Editions  of  the  Course  the  last  Equation  is  read 
±x-\-by~\-&z=:b8. 


(Page  236.) 

QUESTIONS  FOR  PRACTICE. 

Quest.  1.  Let  x represent  the  greater  number,  and  y the  less. 

By  the  Quest.  { } or  { ^=64+/  } 
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Square  both  sides  of  the  1st  equa-  7 
tion  transposed.  ) 
Compare  the  two  values  of  x2. 

Cancel  y1. 

Transpose  16,  and  divide  by  8. 

But  x—  j/=4,  that  is. 


*2=/+%+16 

/+%+ 16=64+/ 
8y4~l6=64 

V = 
x =10 ) 


Consequently  10  and  6 are  the  numbers  sought. 


Quest.  2.  If  x be  put  for  the  1st  number,  and  y for  the  2d,  it  is. 


By  the  Quest. 


Reduce  the  1st.  equat. 
Reduce  the  2d  equat. 
X ly  the  1st  equat.  reduced,  by  2. 
From  this  equat.  take  the  2d  7 
equat.  reduced.  ( 
And,  because  by  the  1st  equat.  7 
reduced,  (24-}-2y=54.)  j 


3x-|-%=  54 
5x4-4^=100 
6x-j-4y=108 


The  two  numbers. 


Quest.  3.  Put  x for  one  of  the  parts,  and  y for  the  other. 


By  the  Quest. 


Reduce  the  2d  equat. 
X Iy  the  1st  equation  by  5. 
From  this  equat.  take  the  7 
2d  equat.  reduced.  ) 
And,  by  the  1st  equation, 


5x-f-3y=  90 
5x4-5^=100 

2y=  10,  or y = 5 

20— y(=20  — 5)=x  = l5 


} 


Wherefore  1 5 and  5 are  the  parts  required. 


Quest.  4.  Put  x for  the  1st  number,  y for  the  2d,  and  z for  the  3d. 

Cx+y  = 7j 
By  the  Quest.  x + z = 8 > 

+ 2 = 9) 


Subtr.  the  1st  equat.  from  the  2d. 
Add  this  rem.  to  the  3d  equation. 
Subtr.  the  1st  step  from  the  3d  equat. 

But  x+4=7,  hence 


z— _y=l 

2z  =10,  or,  z=5  7 
2 y = 8,  or,  3/ =4  > 

x=3) 
Ans. 


SIMPLE  EQUATIONS. 
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Quest.  5.*  Let  x represent  the  son’s  portion,  and  y that  of  the 
daughter. 

, r,  . fH-y=«£2800  7 f x-£2S00~y\ 

By  the  Quest,  ..  5 :2jOT{2l=  Syj 


Mul.  the  1st  equat.  transposed,  by  2. 
From  this  equat.  subtr.  the  2d  equat. 
Transp.  7 y,  and  divide  by  7. 
Therefore,  (by  the  1st  equat.) 


2x=o£’5600-2 y 
0=  5600-7 y 

y—  800 
x—  2000 


I 


Ans. 


* In  common  Arithmetic  this  Question  admits  of  the  easiest  solution,  for 
v „ „ „ , „ , $ 2=o/,800  the  daughter’s  portion. 

2 + 5)£2800  (£400  which  x | 5—  2000  the  son’s  portion. 


<£2800 


Quest.  6. 


Given 


Substitute  b’s  and  c’s  7 
contr.  in  terms  of  a’s.  j 
Collect. 
Tr.  and  divide  by  6. 

Therefore 

And 


A + (2  A -f  £20) + ( A +2  A +£20)  =£400 

6a+£  40=£400 
a = 60  ) 

b = 140  > Ans. 

c = 200 ) 


Otherwise. 

It  is  manifest,  by  the  3d  equat.  given,  that  c=£200 
And  (by  comparing  the  1st  and  2d  equats.)  that  3 a=  ISO 

Whence  it  follows  that  a=£60,  b=£140,  and  c=£200  as  before. 


(Page  237.) 

Quest.  7.  Put  x for  the  number  of  half  guineas,  and  y for  the 
number  of  crowns. 


By  the  Quest. 
And  since  (£100=4000  sixpences) 
X ly  the  1st  equat.  by  21. 
From  this  equat.,  take  the  2d  equation. 

Divide  by  1 1. 
From  202  take  22. 


x+  y—  202 

21x+%=4000 
21x4-21^=4242 
1 lj/=  242 
y=  22  7 
x=  180  } 


Consequently  22  crowns , and  180  half  guineas.  Ans. 


ALGEBRA. 
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Quest.  8. 


By  the  Quest. 


gs.  gs. 

2b  — 20=  a + 10  7 
b+10=3a-30) 


X ly  the  1st  equat.  by  3. 
From  this  equat.  take  the  2d  equat. 
Transp.  — 70gs.  and  divide  by  5. 
Therefore,  by  the  1st  equat. 


RS.  gs. 

6b-60=3a+30 
5b-?0=  60 

b = 26  7 

a = 22) 


Ans. 


s. 

Quest.  9.  Put  x for  the  money  the  tippler  had  at  first. 

s.  s. 

2 s.  spent  at  the  ls£  house  left  x—  2 
Add  x — 2,  borrowed;  had  2x—  4 
2 5.  spent  at  the  2 d house  left  2x  — 6 
Add  2x  — 6,  borrowed  ; had  4x— 12 
2s.  spent  at  the  3d  house  left  4x  — 14 

Add  4x— 14,  borrowed;  had  Sx  — 28 
2s.  spent  at  the  4 th  house  left  8x  — 30  = 0 

s.  d. 

Therefore  8x=30,  that  is,  x=3 ..  9.  Ans. 


9.  & • 

Quest.  10.  Put  x for  the  charge  made  for  the  man,  and  y that 
made  for  his  wife. 


By  the  Quest. 


= the  child’s  reckoning. 

X 

1+— z=zy.  the  woman’s  reckoning. 
2-f--=*-the  man’s  reckoning. 


x iy  the  last  equat.  by  4. 
Transp.  x,  and  divide  by  3. 
And,  by  the  2d  equat. 


S-f-a-=4x 

8 s‘ 

-=x=2  ..  S=32 d.  l 

y=i..s=2o d.y  Ans 


Quest.  11.  Let  x,  y,  z respectively  be  the  quantities  of  brandy, 
wine,  and  cider,  in  gallons. 


By  the  Quest. 


C x-J-3/+£=60  1 f.v — 60  —y—  z( 

2 2-6  = x,  > or  < x=  z-6 

lz+ix  = y)  tx—  fy~bz. 


SIMPLE  EQUATIONS. 
(Key  to  Vol.  I.  page  237.) 
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Putting  the  1st  equat.  equal  to 

the  2d. 

Putting  the  1st  equat.  equal  to 

the  3d. 

X ,ng  the  1st  result  by  2. 

To  this  adding  the  2d  result,  ? 

and  dividing  by  8.  j 
By  the  1st  result. 

And  by  the  1st  equation. 

Wherefore  \5  galls.  Brandy,  24 galls.  Wine,  and 21  galls.  Cider.  Ans. 


y- {-22=  66 

6y  — 42=  60 

2y+42=132 

y = 24 

2 =21 
X = 15 


Quest.  12.  Put  x for  the  number  of  troops  in  the  whole  army, 
z for  the  side  of  the  1st  square,  and  2+1  for  the  side 
of  the  2d  square. 

Then,  by  the  Question,  j 

Therefore  (Eucl.  i.  Ax.  1.)  22+284  = 22  + 22  — 24. 

Cancel  22,  and  reduce.  I 154=  z 

But  I 1542+284=jr=24000  men.  Ans. 

Quest.  13.  Let  3c  represent  the  number  sought. 


Then,  by  the  Question. 
X ing  extremes  and  means. 
Cancel  x2+l0x+24. 


x +3  : x+  5 : : x +5 : z+  S 
x2  + l 1 x+24  =*2  + l0x+25 
x=  1 the  number  sought. 


Quest.  14.  For  the  three  traders  put  a,  b,  and  c. 

C a+b+c  =o£’760.  4 f a=c£760 — b — c. 
By  the  Quest.  < a+b— C£’240=c.  > or,  2 a=c£240  — e+c. 

(.  b+c  — c£360= a.  J (a=b  + c -£360. 


Comparing  the  1st  and  ] 
2d  equations.  J 
Comparing  the  1st  and  j 
3d  equations,  j 
By  the  1st  equat.  therefore. 


c£520=2c,  that  is,  c=<£260. 

.£1 120=2c+2  b,  that  is,  b=£300. 
£ 200 = a. 


Consequently,  the  Is*  <£200,  the  "2d  o£300,  and  the  3d £260.  Ans. 


(Page  233.) 

Quest.  15.  Let  x and  y represent  the  two  numbers  sought. 

By  the  Question  x : y : : 3 : 4,  hence  4.r=3y,  or,  12x=9y. 
Also  xy=\2x-\~\2y. 
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For  12x  substitute  9y. 

Divide  by  y. 
But 


xy=9y+\2y=2\y. 
x=21 . 

x : y : : 3 : 4 : : 21  : 28. 
Therefore  21  and  28  are  the  numbers  required. 


Quest  16.  Put  x for  the  reckoning,  and  y for  the  number  of 
persons. 

It  is  by  the  Question.  I — - }_1=  — 1=-1 

<-.y+4  y~3  yS 

Comparing  the  1st  expression  with  the  3d,  7 5 ; . v 

and  reducing,  j J ^ ' 

Comparing  the  2d  expression  with  the  3d,  1 2__o  n 

and  reducing. ) T'"^  ^ 


Therefore  (Fuel.  i.  Ax.  1.) 

Reduce. 
Divide  by  y. 


3 y1  + 12?/=  4 y1  — 1 2 \y. 

24 y=  y*. 

24  = y— the  numb,  of  persons. 


But  -^--1- 1 (substituting  24  for  y)  = — , that  is,  24x+672=28.r. 
28  24 

or  x=16S  shillings. 

1 685 

Now  168s.=S  guineas,  and -'  = 7 shillings  for  each  person. 

24 

Therefore 

24  persons,  Us.  paid  by  each,  and  8 guineas  the  ivliole  reckoning.  Ans. 

Quest.  17.  Let  x represent  the  1st  horse,  and  y the  2d. 

_ f x + 18=2 'y-\-  6,  that  is,  x=2y  — 12. 
Then,  by  the  Quest,  j ^ 9=  ^18. 

6j/-27=ji4-  18. 

5j/=45,  or,  j/=  9. 
x=2y  — 12=  18—12=6. 

Therefore  the  \st  horse  was  worth  £ 6 , and  the  2d  horse  £9.  Ans. 


Substitute  2y—  12  for  x. 

Reduce. 

But 


Quest.  18.  Let  x and  y represent  the  two  numbers  ; 

. _ . f x : y : : 2 : 3,  that  is,  3x=2y. 

By  the  Question.  : y-\-6  : : 4 : 5,  that  is,  5x+6=4y. 


From  double  the  1st  equat.  take  the  2d. 

But,  by  the  1st  equation 


x — 6=0,  or,  x=6. 
3x=2j/=18,  hence y=9. 


The  two  numbers  therefore  are  6 and  9. 
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Quest.  19.  Put  x and  y for  the  two  numbers  sought. 

•o  a *•  f x : y : : x4-y  : 20,  7 f 20x=xy-j-y2  7 
By  the  Quest, on  ^ ^ . 10>  \ or,  { 10x=4“^  j 


Add  the  1st  equat.  to  the  2d,  and  div.  by  x. 
And  by  the  1st  equat.  substituting  15  fory. 

Reduce. 


30=2y,  or,y=15 
20x=  \5x-\-225 
5x=225,  and  *=45. 


Therefore  15  and  45  are  the  numbers  required. 


Quest.  20.  If  £ be  put  for  the  greater  number,  andy  for  the  less. 


By 


the  Question. 


£— y : x~\-y : : 2 : 3 ? j\3x  — 3y=2x-|-2y  7 
x-py : xy  : : 3 : 5 3 *'  l 5x-j-5y=3xy  ) 


Reduce  the  1st  equation. 
Add  the  2d  equat.  to  the  3d. 

Divide  by  £. 

But 


x=5y,  that  is,  x — 5y=0. 
6x=3xy 

g =3y,  hence  y=2.  * 
x = 5y=  10. 


Therefore  2 and  10  are  the  Answer. 


Quest.  21.  Let  £,  y,  and  z represent  the  three  numbers. 


By  the  Question 


« 

r x : z : : 5 : 9 a c £=  | z.  \ 

. -J  x,  y,  z have  equal  dijf.  or,  -J  £=  2y  — z.  > 

'-£-f-y-|-2=63  y vr=63— y— z.  ) 


Comparing  the  1st  and2dequa-  7 
tions,  and  reducing.  C 
Comparing  the  lstand3dequa-  1 
tions,  and  reducing,  j 
Therefore 


I4z  = 18y. 

14z=567  — 9y. 

18y=567  — 9y,  that  is,y=21. 


But  14z=18y,  consequently  z=27,  and  x=iz=15. 
Hence  15,  21,  and  27  are  the  three  numbers  required. 


Quest.  22.  Put  £ for  the  greater  part,  and  y for  the  less ; 

Cx+y  = 244  fx=24— y.4 

By  the  Question.  < £ y > or,  < £ 4y  > 

ty ’ £ ’ ’ * ) ty  x j 
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Substituting  24  — y,  for  x. 

Reduce. 

Extract  y/  on  both  sides. 

But  x=24  — y. 

8 and  16,  therefore,  are  the  tivo  parts. 

Quest.  23.  Let  x be  the  age  of  the  elder,  andy  the  age  of  the 
younger  son. 

By  the  Question,  } or,  { *= 

Comparing  the  1st  and  2d  equations,  and  reducing,  y=12. 

But  2y-|-6=x=30. 

Hence  12  and  30  are  the  Answer. 


24  -y  _ 4 y 


y 24  — y 

576  — 48 y -f-y2  = 4 y1 
24—  y =2 'y,  or  y—  8 

that  is.  r — 16. 


(Page  239.) 

Quest.  24.  Assume  x,  y,  z,  and  iv,  for  the  four  numbers. 

f^+3'+2=13' 

By  the  Question.  \ 1 Jo 

J ix-f-2+u;=18 

=20. 


Take  the  1st  equat.  from  the  2d. 
Subst  2-j-z  for  iv  in  the  3d  equat. 
From  this  equat.  take  the  1st. 
Subst.  known  values  in  the  4th. 

Collect. 

But 

And 

Lastly 


IV  =2  +2 
x-f-2z  = 16 
z—y—S,  or  z=y-f-3 
<y>+<y+3,+2+<y-i-3==20 
3y-}"^=20,  or  y= 4 
z=y-f3=4+3=7 
x=  16  — 2z=16  — 14=2 
tu=2+z=2+7=9. 


Therefore  the  numbers  sought  are,  2,  4,  7,  and  9. 


Quest.  25.  Let  the  four  parts  be  severally  represented  by  x,y, 
w,  and  z. 

x=  y -6 

By  the  Question.  ^or,  ,x~ 

:4S 


x=j.(z  — 9) 


QUADRATIC  EQUATIONS. 
(Key  to  Vol.  I.  page  239.) 
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Comparing  the  1st  and  2d  values 

of  x. 

Comparing  the  1st  and  3d  values 

of  x. 

In  the  4th  equal,  given,  express 
x,  iv,  z,  in  terms  of y. 


\ 

} 

1 


9=  z 

iy-6+^+|-14-3j/-9=4S. 


Collect  and  reduce.  y~  12. 


But 

And 

Also 

Therefore 


y — 6 = x = l2  — 6=  6. 

\y—  1 =iu=  4—1=  3. 
3^-9=2=36-9=27. 

6,  12,  3,  and  27  are  the  parts  sought. 


QUADRATIC  EQUATIONS. 

(Page  243.) 


Ex.  1.  Given. 

Complete  the  square. 
Extract  the  square  root. 

Transpose. 


a:2  — 6x 
x2  — 6x  “j-  9 
x —3 
x =3  + 7 


= 40 
= 49 
= + 7 

= 10,  or,  —4. 


Ans. 


Ex.  2.  Given. 

Complete  the  square. 
Extract  the  square  root. 

Transpose. 


x2  — 5x  =24 
x2-5x+6-25  =30-25 
x -2-5=  ± 5-5 

x =2-5  ±5-5  = 8,  or,  — 3.  Ans. 


Ex.  3.  Given  (when  reduced)- 
Complete  the  square. 
Extract  the  square  root. 

Transpose. 


o , 4 204 

x2 

D 5 

n 4x  4 1024 

1 — 

5 '25.  25 

2 32 

X+Z=±T 

,32  2 a * 

x = + =6,  or  — of"  Ans. 


* Hutton’s  Answers  in  general  to  the  Quadratic  Equations  are  imperfect, 
in  as  much  as  he  gives  only  One  of  the  Roots  of  each  Equation. 

<*  c 

Ex.  4.  Given,  x2  — -x=14.  (By  doubling  and  transposition.) 

z 


T 
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Complete  the  square. 

Extract  the  square  root. 

Transpose. 


*2  _L_p_L= 14—= 14*0625 
2 ‘ 16  16 

*=-±3|=4,  or  — 3\.  Ans. 


Ex.  5.  Given. 

Complete  the  square. 

Extr.  the  square  root. 

Transpose. 
Extr.  the  square  root. 


4 2 2 40 

X4  ——x*  = — 

4 2 1 121 

X4  —tx  H — = 


*s  -|=±3f 

x2  =-±34=4,  or  — 3i  an  irrational  Surd. 
3 

x =2,  or  —2.  Ans. 


Ex.  6.  Given  (xingby3). 

Complete  the  square. 

Extract  the  square  root. 

Transpose. 

Square  both  sides. 

* When  x~2\  its  negative  root  must  be  taken  to  answer  the  conditions. 


3 / . x 9 

X y/  X — Tj 

2 2 

*_2v/-,'+I6=:5t'e 
S*=-±n=3’  or  ~ 4 

4 

x=9,  or  2±*  Ans. 


Ex.  7.  Given. 

Complete  the  square. 

Extract  the  square  root. 

Transpose. 


x2  +-x=l* 

I 3 2, 

4 4 70 

x2+ox+9=3g=1'944444 


2 


x+f=±  1-39444. 
3 


x = -727766,  or  -2-06111.  Ans. 


Ex.  8.  Given. 

Complete  the  square. 
Extract  the  square  root. 

Transpose. 


xG+4x3  = 12 
xG-[-4x3±  4=16 
x3±2=±  4 

x3=  + 4—  2=  2,  or—  6. 


QUADRATIC  EQUATIONS. 
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Extr.  the  Cube  root.  | x=%/ 2=  1*259921,  or  \/  —6=  — 1.81712. 


Ex.  9.  Given. 

Complete  the  square. 

Extract  the  square  root. 

Transpose. 


x2-|-4x:=a2-|-2 
x2+4x+4 =a2+G 

x +2  = ±v/«y-6 
x = ±\/a2-{-d  — 2. 


# 


Quest.  1. 


QUESTIONS  FOR  PRACTICE. 
(Page  243.) 

Put 


By  the  Question. 
Complete  the  square. 


Extract  the  square  root. 

Transpose. 


x for  the  number  sought. 

x2-}-£=42 

x2  -f-x+I.— 42| 

* 

x =6,  or  —7. 


Quest.  2.  Let  x represent  the  greater  number,  and  y the  less. 
By  the  Question  45}  or,  j } 


Therefore 
Complete  the  sqr. 
Extract  the  sqr.  root. 

Transpose. 

But 

Therefore 


j/2-f-12j/=45 
/+12<y+36=Sl 
y 4-  6=±9 

y — 3,  or,  — 15 
1%  =x2=36,  or,  —180 
x =6,  or  — 180,  an  irrational  Surd. 


(Page  246.) 

Quest.  3.  Assume  x as  the  greater,  and  y as  the  less  number. 
By  the  Question  j J or,  { 1 } 


Therefore 
Divide  by  6. 
Complete  the  square. 
Extract  the  square  root. 

Transpose. 

But 


6y2  + 12y=90 
/ + 2y=I5 
/+  %+  1--16 
y 4-  l = ±4 

y = 3,  or,  - 5 
x = y- 1-2=5,  or 


,} 


Ans. 
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Quest.  4.  Put  x and  3/  for  the  two  numbers  sought. 

B,  j I j 


Therefore 
Divide  by  18. 
Complete  the  square. 
Extract  the  square  root. 

Transpose. 

But 


18/-108v=  -144 
y1  —6  y=  — 8 

y -%+9=  1 

y - 3 = ±1 

y =4,  or  2. 
x = 6—^=2,  or  4. 


That  is,  no  numbers  except  4 and  2 will  answer  the  conditions 

of  the  Question. 


Quest.  5.  Let  x and  y represent  the  two  numbers  proposed. 


( gn  } ( , 20  , , 8000 

By  the  Question  \ w f or, a v ~ y3 

( x3  -y  = 61  ) l x3=/+61. 

Therefore  J y+61  = — j— 

r 

Reduce.  I y ±6iy=8000 


Complete  the  square. 
Extract  the  square  root. 

Transpose. 
Extract  the  cube  root. 

But 

Consequently 


y_j_61y3  ±930^=8930-25 

y±3  64=  ±945 
y5 =64.  or  — 125 
y = 4.  or  — 5 

xy  =20=4x-,  or,  — 5x 
x =5.  or  —4. 


Quest.  6. 

( x+y 

= llx 

(x=ll~y  \ 

Given  1 . n 

= 784  j° 

r, ) 28  l 

W > 

Therefore  ill  — y = — 

y 

Reduce,  y~  1 ly  = — 28 

Complete  the  square.  y^—Wy  ±30-25=2-25 

Extract  the  square  root,  y—  5-5=  ±1-5 

Transpose,  y = or  4. 

„ 28  „ 

But  x = — =4.  or  7. 

i y 


QUADRATIC  EQUATIONS. 
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Quest.  7. 


Cx+y= 5 T Cx 

< x y „ >or,<  x 


-5~y  T 

Given^  i+l=iL  pr'4  xl±l '=41  f 

Ly  x 4J  (.  xy  J 


Substitute  5—  y for  x. 

Multiply  by  by  —y1- 
Transpose  and  collect. 

Divide  by  6^. 
Complete  the  sqr  and  extract. 

Transpose. 

Consequently 


=H 


25-10^+2/ 

by—y* 

2/  - 1 Oy+25 = 2 H y - ^y* 

y-  =-4 

3>-*i  =±4 

*=*•  or  H Ans. 

x = 1 , or  4.  ) 


Quest.  8. 


MSe'4M"w-"-S 


Substitute  12—  y for  x in  the  7 

2d  equat. ) 
Change  the  signs,  and  reduce. 

Complete  the  square. 
Extract  the  square  root. 

Transpose. 

Now 


12 y 


y 


2_ 


y1  — 28y  = 


96  — 16j/ 
96 


/-28y  +196=100 

y -14  = ± 10 
y =24.  ( not  applicable),  or  4. 
x =12—  j/=12  — 4=8. 


Quest.  9.  Let  x represent  the  greater  part,  y the  less. 


By  the  f x+y=  10  7 , j 4x2=400  -80^+4/ 

Quest.  \ 16j/2  — 112=4x2  3 nence  | 4x2=16/- 112 


Therefore,  and  by  reduction, 


Complete  the  square,  extract, 
and  transpose. 
Consequently 


20 

^+_y=42f 

y—  4.  or  — 10f  inapplicable. 
x=6. 


Quest.  10.  Put  x and  y for  the  numbers  required,  x being  the 
greater. 

By  the  f x2+xj/=104  7 . Cx2=104  — xy  

Quest.  \ x2+y2  = 89  3 01 ' \ x2=  89—  y1,  and  x=y/,89 — y1 
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Therefore 
Square  both  sides. 
Transpose. 

Divide  by  2,  and  complete. 
Extract  the  square  root. 

Transpose. 


/ -j- 1 —ys/  &9  — / 
/ + 30/  +225 = 89/  -y 
2/  — 59/  = — 225 


y4  - y/  + 

2_L± 

4 

59  . 41 


J' 


/ = -r±- 


3481  16S1 

16  TV 

41 

T 

=25,  or  4i. 


Extract  the  square  root. 

But 


y= 5.  or  2T2131  &c. 
x=/S9  — /=8.  or  9T9238  &c. 


Quest.  11.  Let  x be  the  1st  digit,  y the  2d,  and  z the  number 
, sought. 


By 


the  Question 


{ 


lOx+y—  9=10j/+x 


Collect  the  last  equat.  and  divide  by  9. 
Substitute  3/ +1  forx  in  the  2d  equat. 

Multiply  by / +y. 
Reduce,  and  divide  by  5+ 


Complete  the  square,  extract  the  sq 
root,  and  transpose 


But 

And 


x=y  + l 
llj/+10_ 

~7+F~  T 

lly+10=5j/+5fy 


17  30 

\6y~l6 


r=y+l=3 

2=  lO.r+y =30+2=32. 


Quest.  12.  Let  the  three  parts  be  severally  represented  by  x,  y, 
and  z. 


/'x+y+2=20 
By  the  Question  ) xyz=<270 

Lx-(y+2)=y~z 


x=20—  y—  z 

x-270 

yz 

x—2y—  2+2. 
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Comparing  the  1st  and  3d  values  of  x. 

Substitute  6 for y in  the  2d  equation. 

Compare  this  with  the  1st  equat.  substituting  7 

6 for  y.  ) 

Reduce,  divide  by  6,  and  change  all  the  signs. 

Complete  the  square. 
Extract  the  square  root,  and  transpose. 


18=3y,  or  y = 6 
270 

270 

——  — 14  — x 
oz 

s2_i42__45 

z2  — 142+49=4 
z = 9,  or  5. 


But  x=2j/— 2+2=12+2—  j ? j ='<j 

The  difference  of  x and  y,  however,  being  limited  by  the 
question  to  be  two  less  than  the  difference  of  y and  2,  it  follows 
that  x=5,  y=6,  and  2=9. 

4 | 

Quest.  13.  Assume  x,y,  and  2.  Then 

Since  x,  y,  and  z are  in  arithmetical  progression  x+z=2y. 

By  the  Question,  also,  { f + ^+3f =1®  } 


In  the  1st  equat.  transpose  2,  7 
and  square.  3 
In  the  2d  equat.  transp.jr+z2. 
I11  the  3d  equation  transpose  7 
2y— 3z,  and  divide  by  3.  3 
Comparing  this  value  of  x 
with  the  1st  equat. 
Compare  the  two  values  of  x2, 
substituting  4 for  3/. 
Divide  by  2,  and  complete 
the  square. 
Extract  the  square  root,  and 

transpose. 

But 


x2 = 4jr  — 4^2 + 22 
x2=56—  y2  — 22 


x= 


32-2y-3z 
~3 

8j/=32,  or  3/ =4. 
2z2—  162=  — 24. 
22  — 82+16  = 4 

2=6.  or  2. 

32-2  y 


x=- 


3 


— 2=8  — z=2.  or  6. 


Therefore  2,  4,  6,  or  6,  4,  2,  are  the  series  required. 


Quest. 


x +y  +z  = 

= 13  ) 

( x2=(13 

x2  — ?/2=y2  - 

- 22  0 

r,]x2=  2 'y1 

x2+y2+22= 

= 75  ) 

( x2=  75 

■y 
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Compare  the  2d  and  3d  equat*. 
Compare  the  1st  and  2d  7 
equats.  substituting  5 for y.  C 
Divide  by  2,  and  complete  7 
the  square.  ) 
Extract  the  sqr  root,  and  transp. 

But 

Therefore 


3y2  = 75,  or  y = 5 
2z2  — 16z=  - 14. 

z2  — 8z+16=9 
z = 7 or  1 

x=  13—  y—  z=8  — z=l  or  7. 
1,  5,  and  7 are  the  parts  sought. 


Quest.  15.  Put  x,y,  and  z for  the  three  numbers  proposed. 


By  the  Question 


{ 


x 4 -y  +z  = 12 
x —y  =.y  —z 
x*+y4- f-z4=962 


a:  = 12  —y—z 
x=  2y  — z 


1 


Compare  these  two  va- 
lues of  x. 
Substitute  4 for y in  the 
2d  and  3d  equations 


Put  a: 


a+z. 


and  n— 


x — z 


Therefore  | 

Add,  and  divide  by  2- 
Substitute  4 (its  known  7 
value)  for  a.  ) 
Transpose,  and  com-  7 
plete  the  square.  \ 
Extract  the  square  root,  7 
and  transpose.  ) 
Extract  the  square  root. 


12=3y,  or  y=4 
x+z=8,  and  x4+z4  = 706 
x=a-\-n,  and  z=.a~n. 

x4=a-\-n  =a4  +4«3«+6a2M2+4arcJ  +n4 
z4=a  — n = a4  — 4 a3n-j-6a2u*  — 4 an3  +n4 
353  =a4  +6a2+  +n4 

353=256+96+  +n4 

n4+ 96+ +2304 =2401 

+=+49  — 48=1, or—  97 anirrat.  Surd, 
n =±  1. 


But  x=rt+>?=4±  1 =5  or  3,  and  z~a—  1 =4  + 1=3,  or  5. 
Consequently  3,  4,  and  5,  are  the  numbers  sought. 


(Page  247.) 

Quest.  16.  For  the  proposed  three  numbers,  substitute  x,  y, 
and  z. 

( 2y=x+z  4 ( 3/=£(x+z) 

By  the  Question  -c  z2  +ay  = 28  v or,  1 - 

* U*+/*=<wl  t 


QUADRATIC  EQUATIONS. 
(Key  to  Vol.  I.  page  247.) 


145 


Sub.  for^  i n the  2d  j 
2 and  3dequats.  S 


(z<1+X  Ti?=28,  or,  2224-x24-xz=56 

^x2-f-Z  ~j~J-=44,  or,  2j:2-f22+^=S8 

'*  2 


By  subtraction 
Put  r-l~i  =x. 
and  r—s=z. 

Therefore  (Eucl.  i.  Ax.  1.) 


x2=z24-32 

x2=r2+2>6-N2 

z2  -{-  32 = r2  — 2rs + s2  -j-  32 

, 8 

4rs=32,  and  r=— 


% 


But 

, S , 8+s2 

x=r-\-s=  — |-  s = — ■ — 

6'  £ 

And 

-_r_)S_8_f_8-s2 


5 

Also 

Q 1 XZ  . „ 

X2  + — 4 — = 44  = 


2j_x2-f-z2  AA  64-{-1652-p54  , 64— 54 -f- 1 — f-64:— 


+ 


2s2 


Reduce. 

44= -4~j~S~2+-— 8,  or  44s2=s4+8s2  + 128. 
s2 

By  further  reduction. 
s4  — 36s2  = — 128. 

Complete  the  square. 
s4  — 36s2 4-324  = 1 96. 

Extract  the  square  root  and  transpose. 
s2=32,  or  4. 

Extract  the  square  root. 
s=5'6568542  &c.  or  2. 


Wherefore, 

8 8 8 

r =7=732'  " 2=4' 


And 


x=r-j-s= 
z=r  — s = 


S 

732 

8 

732 


+7  32,  or  4-f-2=6. 
— 732,  or  4 — 2=2. 


Likewise 
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Rejecting  the  Surd  values  of  x and  z as  irrelevant  to  the  question. 
x-}-z  6-J-2 

y — ~~2 — ==~2~'  =^'  Consequently  2,  6 are  the  numbers  required. 


Quest.  17.  ( a+  b + c =.£14447 

Given  < B-j-,y/ A = 920  > 

(b  + v/c  = 912  j 

Putix2+2^+/  = A| 

\ x2  — 2xy-\-y1=c  § 

Then  by  comparison  and  substitution, 
o£>1444—  x2  — 2xy  — y2  — x24~2xy  — y1-\-x-\-y=z£$c20. 
<£’1444—  x2  — 2xy  — y2  — x2-j-2xy  — y2-j-£  — y=  912. 

By  subtraction - 2y=  8.  And 

0£’2888-4x2  -4/  +2x  = 1832.  by 

addition. 

Transpose,  and  substitute  c£S  for  2y. 

<£>992=4x2  — 2x,  hence  0£’248=x2  — \x. 

Complete  the  sqr,  extract  the  square  root,  and  transpose. 
x=o£T6. 

Buty=c£4.  Therefore 
x -\-y  =of20 = \/  a. 

And 

x—y  — c£’12=y/  c. 

Consequently  a=o£400,  b=c£>900,  and  c=c£*l44. 


Quest.  18.  Let  x,y,  and  z,  represent  the  three  numbers  sought. 

( x + z =2y\  ( 

~ Al  ~ 4.  ) X2+  v2+  z2=93(  1 

By  the  Question.^  x ^ T _ >or4  66-4y-5z 


l 


3x  +4y  4"  ^z  =66 


} 


Compare  these  two  values  of  x. 
10y4-2z=66,  or  y— • 

Substitute  in  the  1st  equation  — — — for  y • 
66 -2z  66 -7z 


5 


z= 


5 


QUADRATIC  EQUATIONS. 
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a and y being  now  known  in  terms  of  z,  it  is 
^+,,g+^-4356-924z+4fea  , 4356-2642+4;=° 

- 2i)  ^ oo 


100 


Reduce,  complete  the  square,  extract  the  square  root, 
and  transpose,  2=8. 


But 
66  — 2z 


66-16  50  „ 

To  =To=3' 


And 

x=2y  — z=.  10  — 8=2. 

Therefore 

2,  5,  and  8,  are  the  numbers  required. 


Quest.  19.  For  the  two  numbers  proposed,  put  a'  and  y. 

By  the  Question.  \ f7  7 

,y=62j 

Assume  m=^  (a-f-^)  and  n=£  (x—y). 


By  substitution. 

And 

Subtr.  half  the  last  equat.  7 
from  the  equat.  above  it.  j 
Add  the  last  subtrahend  to 
its  minuend. 
Divide  by  2,  and  complete  7 
the  square.  £ 
Extract  the  square  root  and  7 
transpose,  j 
But 
Therefore 


1 


xyJrx'\-y = m2  — w2  + 2 in =47 
**  +/  ~ (^+Y)  =2m2 + 2n2  - 2 m = 62 

3m  — 2n2  = 16 
2m2 +m  =78 
m2+|m  +^=39-0625 

m= 6 

3m  — 2n2  (=18  — 2n2)  = 16 
2n2=2,  or  w=l. 


Now  m-j-n — a = 7,  and  m — n—y—S.  Which  were  to  be 
determined. 
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CUBIC  AND  HIGHER  EQUATIONS. 

Ex.  5.  Assume  4 and  5 as  values  of  x. 


x being  4 


f 

l 


20 

= 5x  — 

25 

160 

= 10*2  = 

250 

64 

= x3  = 

125 

244 

Sum 

400 

260 

should  be 

260 

16 

Errors 

140 

r being  5. 


Too  little 

The  sum  of  the  errors  is  156.  And 
As  156  : 1.  : : 16  : *1.  Hence  x=41  nearly. 
Proceeding  now  with  4T  and  4-2,  x is  found  4-1179  &c.  Ans. 

Ex.  6.  Assume  8-5  and  3-9  as  values  of  x. 


x being  3‘5 


42-875  = x3  = 59-319 
-7  =— 2x=-7-8 


35-875  Sum 
50  should  be 


51-519 
50- 


x being  3 9 


Too  little  14-125  Errors  1519  Too  much. 

The  sum  of  the  errors  is  15*644.  And 
As  15*644  : -4  : : 1-519  : -038839  the  excess  o/3'9. 

But  3-9—  038839=3-861 1 =.r  nearly. 

Proceeding,  therefore,  with  3 861  and  3 862,  x is  found  more 
nearly  3*8648.  Ans. 


(Page  254.) 


Ex.  7.  By  a few  trials  x is  discovered  to  be  between  5*1  and  5 2. 

Wherefore  assuming  these. 


x being  51 


117-3  =—23*  = -119-6 

5202  = 2x2=  54-08  f ,.  KO 

132-625  = x3=  140-608  be,nS  5 2' 


67-345  Sum  75*088 
70-  should  be  70- 


Too  little  2-655 


Errors 


5-088  Too  much. 


HIGHER  EQUATIONS. 
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The  sum  of  the  errors  is  7-743.  And 
As  7*743  : *1  : : 2655  : *03428  the  deficiency  of  5'\. 

But  5- 1-{-  03428= 5*1 3428 =x  nearly. 

By  another  approximation  x is  found  {more  nearly)  5-13457. 


Ex.  8.  Assuming  14  9 and  15  as  values  of  x. 

3307-949  = x3  = 3375' 

-3774  17  = - 1 7x2  = — 3S25 

x being  14-9^  804  6 = 54x  = 810  )»x  being  1 5. 


338-379  Sum 
350-  should  be 


360 

350 


Too  little  1T621 


Errors 


10  Too  much. 


The  sum  of  the  errors  is  21  -621.  And 
As  2T621  : -1  : : 10  : -04625  the  excess  of  15. 

But  15  — 04625=  14-9537=x  nearly. 

By  another  approximation  x is  found  {more  nearly ) 14-95407. 


Ex.  9.  A few  trials  determine  x between  10*2  and  10  3, 

Let  these,  therefore,  be  assumed  as  x.  It  is 
( 10824  3226=  x4  = 11255  0881  4 

, • lno  1-312-12  =-  3x2= -318-27  f , . ln<2 

x being  10-2  < _765  =-75x  =-772-5  >*»eingl0-3. 

9747-2026  Sum  101643181 
10000*  should  be  10000- 

Too  little  252-7974  Errors  164-3181  Too  much. 

The  sum  of  the  errors  is  417-1155.  And 
As  417-1155  : * l : : 1 6-4*31  S 1 : -03939  the  excess  of  10  3. 
But  10-3 --03939=  10-2606  =x  nearly. 

Yet  another  approximation  determines  x {more  nearly)  10  2609. 


Ex.  10.  After  a few  trials  assuming  1-284  and  1-285  as  values 
of  x,  it  is 

f 5-436153=  2x4=  5453085  4 

x being)  -33-869988=  - 16x3= -33  949186  ( x being 
1-284  ) 65-94624  = 40x2=  66  049  ( 1*285. 

(-38-52  = — 30x  = —38*55  ) 


- 1 007595  Sum  - 0 997101 

— 1*  should  be  — 1* 


Too  much  *007595  Errors 


•002899  Too  little. 
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The  sum  of  the  errors  is  *010494.  And 
As  *010494  : *001  : : *002899  : *00027  the  excess * of  1*285. 
But  T285  — *00027  = l*28473=x  very  nearly. 

* The  excess  because  the  negative  quantities  exceed  the  positive. 


Ex.  11.  After  several  trials  it  is  discovered  that  x is  between 
8*41  and  8*42. 

Assuming  these,  therefore,  as  values  of  x,  it  will  be 

^42070*72333  = x5=42321*442067>v 
1 1 0004*  928259  =2x4  = 10052*598065  / 
x being  8*41  < 1784*469963=3x3=  1790*843064  Vx being 8*42 


282*9124 
42*05 


=4x2  = 


283*5856 
42*1 


54185*082952  Sum  54490*568796 
54321*  should  be  54321* 

Too  little  135*91704S  Errors  169*568796  Too  much. 
The  sum  of  the  errors  is  305*485844.  And 
As  305*485844  : *01  : : 135*917048  : *00445  the  deficiency  o/8*41. 
But  8*41  -J-‘00445  =8*41445  ==x  nearly. 

Ex.  12.  Assume  8*5  and  8*6  as  values  of  x. 


C Log.  of  8*5  is  *9294189 
x being  J Multiply  by  8*5 

g.g  \ 

(.  Product  7*9000606 
Log.  of  123456789  is  8*0915150 


*9344985  Log.  of  8*6 
Mult,  by  8*6 

8*0366871  Product 


8*0915150  Log.  of  123456789 


Too  little  *1914543  Errors  *0548279  Too  little. 

The  difference  of  the  errors  is  *1366264.  And 
As  *1366264  : *1  : : *0548279  : *04  the  deficiency  of  8*6. 
But  8*6-{-*04=8*64=x  nearly. 


Proceeding  therefore  with  8*64  and  8*641  as  values  of  x,  it  is, 
of  8*64  is 

Mult,  by  8*64 


r Log  of  8*64  is  *9365137 
x being' 


X 


*936564  Log.  of  8*641 
Mult,  by  8*641 


8*64  . 

Product  8*0914783 
Log.  of  123456789  is  8*0915150 


f x bei 
< 8*64 


being 

641 


8*092849  Product 
8*091515  Log.  of  123456789 


Too  little  *0000367  Errors  *001334  Too  much. 
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The  sum  of  the  errors  is  ’001371.  Also 
As  ’001371  : ’001  : : *0000367  : -0000268..  *//e  deficiency  8’64. 
But  8-64+-000026S=S-6400268=x.  Ans. 


Ex.  13.  After  a few  trials  assuming  1*84  and  1-85,  as  values  of  x , 

C 22-92457472=  2x4  = 23-4270125’) 
x being  j -43  606528  =- 7x3=  -44-321375  f x being 
1-84  ) 37-2416  = 11x2=  37-6475  f 1-85 

(-  5 52  = -3x  =-  5-55  ) 


11-03964672  Sum  11-2031375 
1 1 • should  be  11* 


Too  much  -03964672  Errors  -2031375  Too  much. 

The  difference  of  the  errors  is  -1634907.  Now 
As  -1634907  : -01  : : -03964672  : -00242  the  excess  o/l-84. 
But  1-84  — -00242=1 -83758=x  nearly. 


Ex.  14.  Let  18  and  19  be  severally  assumed  and  substituted 
for  x. 


x being  18.  x being  19. 

f |/964-5 147l86'3=  (3x*-2x/x  +1)^  $ =5/1075-2822022' 3 ( 

l - ^/3 1-25779 17’ 5 = - (x2  - 4x>v/x+3N/xf  = - £/42-8003803’s  J 

But, 

Log.  of  964-5147186  is  2-98430S8.  which  multiplied  by  3, 

divided  by  5,  becomes 

(Log.  of  61-7426571.  or)  1-7905853  the  log.  of  the  5th  root  of 

the  cube  of  964-5147186.  And 
Log.  of  31-2577917  is  L4949583.  which  multiplied  by  5, 

divided  by  9,  becomes 

(Log.  of  6-7691234.  or)  0-8305324  the  log.  of  the  9th  root  of 

the  5th  power  of  31*2577917.  Also 
Log.  of  1075-2S22022  is  3-0315234  which  multiplied  by  3, 

divided  by  5,  becomes 

(Log.  of  65  904338.  or)  1-8189140  the  log.  of  the  5th  root  of 

the  cube  1075*2822022.  Again 
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Log.  of  42-8003803  is  1-6314476  which  multiplied  by  5, 

divided  by  9,  becomes 

[Log.  of  8-060459.  or)  0 9063598  the  log.  of  the  9th  root  of 

the  5th  power  of  42-8003803. 

Substituting  these  four  natural  numbers  found,  it  is, 

61-7426571  65  904338 

- 6-7691234  - 8060459 


54-9735337  Sum  57-843879 
56*  should  be  56- 


Too  little  1 -0264663  Errors  1-843879  Too  much. 

The  sum  of  the  errors  is  2 8703453.  And 
As  2 8703453  : 1 : : 1-0264663  : -357  the  deficiency  of  18. 
But  IS+-357  = 1S'357=x  nearly. 

Proceeding  with  18  357  and  18-358,  x is  found  [more  nearly) 
18-36087  &c.  Ans. 


CARDAN’S  RULE  FOR  CUBIC  EQUATIONS. 


(Page  256.) 


Ex.  2.  Substituting  2+3  for  x 

x3=23+922+272+27 
— 9x2  = — 9s2  — 54z  — 81 
+28x  = +282  +84 


Therefore  z3  * +2  +30=30 

That  is,  23  +2=0,  or  2=0,  consequently  x=3  in  one  of 
the  roots  of  the  given  equation. 

Then, 

x — 3)  x3  — 9x2 + 28x  — 30  ( = x2  — 6x  + 10,  the  equation  de- 
pressed one  degree. 


By  transposition. 
Complete  the  square. 
Extract  the  square  root. 

Transpose. 


x2  — 6x=  —10 

x2  — 6x+  9 = — 1 
x -3  =±v/^T 
x =3  +^/  — 1 


Therefore  3,  3++  — 1,  and  3 — + — 1 are  the  three  values  of  x. 


HIGHER  EQUATION  S. 
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Substitute  z+y  for  x ; 

X3  -z3  + 7*2  + 147  z 4.  34  3 
„ „ 9 27 

- 7x2= 

+ I4x  = 

9 27 


Therefore  x3  * — ?.  z + I^r6=20,  or,  z3  — ^-z=12§+ 
Here  a=  — b= 12§+  c=— + and  d=6^-.  Whence 

i/dW^+^V=  3/gg  /29A84-343 

27  ' v 729  n 

/T72"  /29584^343  1172  + 171  ^173— 171  343 

^2^-  ^ 729 = V 27  + ^”27  = ^ 27  + 

i/27=^+3=2=2l— z-  But  2+^=x=2j-+2|=5  the  value 

of  the  unknown  quantity  in  one  of  the  roots  of  the  given  equa- 
tion. 

Then, 

x — 5)  x3  — 7x2+14x-20  ( = x2-2x+4  the  equation  depressed 
one  degree. 

a2  — 2x  ~ — 4 
x2  — 2x+l  = — 3 


By  transposition. 
Complete  the  square. 
Extract  the  square  root. 

Transpose. 


1 — ± \/  — 3 
x =1  ± + -3. 


TJtei  efore  5,  1 + \/  3,  and  1 — — 3 are  the  three  values  of  x. 


APPLICATION  OF  ALGEBRA  TO  GEOMETRY. 

(Page  363.) 

PROBLEM  VI. 

Put  x for  the  hypothenuse, 

b for  the  base  (3)  of  the  triangle;  and 
d for  the  difference  (1)  of  the  hypothenuse  and 
perpendicular. 

x 
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Then  (because  Eucl.  i.  18.  the  hypothenuse  is  greater  than  the 
perpendicular)  x — d=the  perpendicular. 


But  (Eucl.  i.  47.)  x2=(x-d)2+62=x2-2dx+d2-f42,  that  js. 


2dx=dq-\-b<1  and  x = 

-12-5 

2 ~ 


d2+62 

~2d 


= C substituting  known  values) 


l2  + 32 

2x1 


Wherefore  the  triangle  is  determined. 


PROBLEM  VII. 


Put  x for  the  less  side  about  the  right  angle, 

d for  the  difference  (l)  of  the  base  and  perpendicular, 
also  a for  the  hypothenuse  (5). 

Then  (Eucl.  i.  47.)  a2==x2d-(x4-^)2=*2-j-'r2+2dx-{-d2:=:2x2-{-2dr 


-}-d2,  that  is,  x‘2-\-dx= 


a2  — d2 
2~ 


Completing  the  square,  extract- 


ing the  square  root,  and  transposing,  x^=  — 


[a'l-d? 


2 


= (substituting  known  values)  — -ji 


125-1 


■i=  -i±»i=3 


or  — 4,  of  which  values  the  last  (being  irrelevant)  is  to  be  rejected. 
Wherefore,  x being  known,  the  triangle  is  determined. 


PROBLEM  VIII. 


If  a be  put  for  the  perpendicular,  and 
b for  the  base  of  the  triangle; 
c for  the  area  of  the  rectangle;  and 

x for  the  length  of  the  rectangle  parallel  to  the  base  of 
the  triangle,  it  will  be 


As  b : a.:: 
and  triangle. 


x 


CLX 

: the  difference  of  the  altitudes  of  the  rectangle 


Therefore  the  altitude  of  the  rectangle  is  a—  -x. 

b 


TO  GEOMETRY. 
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length  of  the  rectangle;  consequently 
which  were  to  he  determined. 


[y1  b —the  breadth; 


PROBLEM  IX. 

Put  a and  b for  the  two  segments  of  the  base, 
x for  the  side  adjacent  to  a, 
y for  the  other  side  of  the  triangle  ; and 
m : n,  the  ratio  x has  to  y. 


n 


Then,  (since  m : n : : x : y)  it  follows  that  y=  - x. 

m 


But  x2—  a?=yl—  &2: 


?i2x2 


nr 


b' 2. 


That  is,  wi2x2  — n2x2=m2a2~  tm262. 
Hence  I=v/»‘2«2-”W 


nr 


n* 


. . n [vfia1  — ni1 

And  y=-J- 
m v 


which  were  to  be  determined . 


m 


■rr 


PROBLEM  X. 

Put  b for  half  the  base, 

c for  the  line  from  the  vertex, 
a for  the  sum  of  the  two  sides ; and 
x for  one  of  the  sides. 

Then  a — x is  the  other  side  of  the  triangle. 

But  (Theor.  3S)  2/>2-j-'2c2=a2  -2ax-{-2x2.  Wherefore 

^=T«i\/^+c2“Ta2>  and  a~ x=4«HF/y/62-{-c2  — ia2. 

Consequently  the  triangle  is  determined. 


(Page  364.) 

PROBLEM  XI. 

Let  a represent  one  of  the  sides  of  the  triangle, 
b the  other  side, 

c the  line  bisecting  the  vertical  angle,  and 
x the  base; 
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• • (IX 

it  will  be.  As  (a -{-/?) : x : : a : — — the  segment  of  the  base,  adja- 


cent to  a. 

And,  As  : x : : b 


a-\-b 


bx 

a-\-b 


the  seg.  of  the  base,  adjacent  to  b. 


Wherefore  ( Because  in  any  triangle  having  the  vertical  angle  bi- 
sected, the  rectangle  of  the  two  sides  less  the  rectangle  of  the  segments 
°j  the  base  is  equal  to  the  square  of  the  line  bisecting  the  vertical 


angle)  [Theor.  Ixiv.]  ab  - (' UX  ) — c2. 


Hence  x2= 


a-\-b 

a3b  +2aW+ab*  - a2c2  - Web  - &2c2 
ab 


; which  equation 


uJ) 

resolved,  x=[a-fb)\/ =the  base  of  the  triangle  o..  e.  i. 

ab 


PROBLEM  XII. 


If  a be  put  for  the  line  joining  the  acute  angle  at  the  base  and 
the  middle  of  the  perpendicular, 
b for  the  line  from  the  middle  of  the  base  to  the  vertical 
angle, 

x for  half  the  base,  and 
y for  half  the  perpendicular ; 

Then  (%)2=i2-o:2‘  or  <y2=— 


Also  a-  = 7 — -f-4x2,  or  4a2  — 62=15x2,  that  is. 


*=v 

And  y1  = 


4 


, hence  the  base  of  the  triangle=<2\/ 


/ 4«2  — U1 


15. 

£2-*2  1 6/;2  — 4fl2 


15 


4x15 


, or^=v/ 


Xif  — a2 


15 


. Wherefore 


%=v 


V 


15 

12«2-f  1 2/,2 

15 


—the  perpendicular. 
=the  hypothenuse. 


Lastly, 
a.  e.  i. 


PROBLEM  XIII. 

Put  a for  the  radius  of  the  inscribed  circle, 
p for  the  perimeter  of  the  triangle, 

.t  for  half  the  sum  of  the  base  and  perpendicular,  and 
y for  half  their  difference: 


TO  GEOMETRY. 
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Then  p — 2x=the  hypothenuse,  and 


^=the  area  of  the  triangle. 


But  a:2—  y1=ap,  and  (x-j-j/)2-{-(x  — y)2  being  equal  to  (p  — 2x)2 
or  p*2  — 4/)x-f-4x2,  it  follows  that,  p2  — 4/>x-f-4x2=2x24-2y2. 


And  2 x (x2  — y<2)=2  x ap.  Therefore  by  addition, 

C 2x2  — 2 y1  — 2ap  1 

\ 2x2-f-%2  = p2  * — 4px-|-4x2  3 
4x2  * —p‘2-\-2dp  — 4px-\-4x<2,  or 

p*-{-2ap  — 4px=0.  Hence  x=  ^ ^ = l{ip-\~a) 

4 P 

And  y—^/x2  — r//>=y/-i(4pd-a)2  — ap.  Therefore 

“\/ 3-(4\pH~a)2  —ap=.tlie  base  or  perpendicular 
mp-\-a)  — \/^(^p-\-a)2  — ap=the  perpendicular  or  base 


Otherwise. 


Let  a b c be  the  given  triangle, 
d e f the  inscribed  circle,  where- 
of od,  oe,  of  are  three  radii  at 
right  angles  to  the  sides  of  the 
triangle,  a f is  equal  to  a d,  and 
bf  to  be:  also  ec  and  cd  are 
equal. 

Putp  for  the  perimeter, 
r for  the  given  radius, 
x for  eb,  and 
y for  ad. 

Then  AC=r-l~^;  BC=r-|-x;  and 
ABrrx+J/. 


But  x+y+ (r +3/)  + (r -f-x)  =p,  or  x+y  —\p-r,  and 

(x-f-<y)2=(r-fiy)2-f(r-fx)2;  or  v(x+y)=xy -r2. 

In  the  1st  equation  y=\p  — r—x  ; substitute,  therefore,  this  value 
for  y in  the  2d  equation,  and  reduce. 

x<l—{^p  — r)x~~^rp.  Wherefore 

x =k{xp-r)±VlixP—r)cl-xrP-  And 

y —\{xp  — r)'Jc\^  j(xP  — }')<2  — xrP-  Hence,  by  adding  r to  each, 

BC=l(iP+r)±\/j{ip-r)(l-irpl  t 
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PROBLEM  XIV. 


Let  a represent  the  base, 

x one  of  the  segments  of  the  base  by  the  perpendicular, 
r the  side  of  the  triangle  adjacent  to  x , 
s the  other  side  of  the  triangle, 
b the  perpendicular ; and 
m : n the  ratio  of  r : s. 

Then  a — x is  the  other  segment  of  the  base.  Also 
ar2— | -£2=r2,  and  x2+i2-|-«2  — 2ax=s2. 


But  nd : n2  : : (x2-|-62) : (x2-f -&2 -J-&2  — 2ax.)  Wherefore 
(mz  — nz)xz  — 2amzx—(nz  — mz)bz  — azmz.  That  is, 

A o **  i 

, which  equation  resolved. 


2 am'4 


nv 


am 2 


■nJ 


-bz- 


azmz 
mz  —nz 


:±V 


/ azm 4 


azmz 


mz — nz  {mz  — nz\ 

r 


— bz* 


nv 


-ri1 


/,  , , amz  , f azmA  azm * 

T—sJ  bz-\-{— - -±\/  — 7.2 

mz  — nz  [niz  —nz)  mz  — nz 


dzmz 


— bz)z.  And 


n ) . amz  " 7 

* = -\/  ± s/ ; 

m ?«2 


azm 4 


azmz 


nv 


-n‘ 


...  ..  (m2  — n2)2  

quently  the  triangle  is  determined,  which  was  to  be  done. 


— bz)z.  Conse- 


PROBLEM  XV. 

Put  a for  the  hypothenuse, 

c for  the  side  of  the  given  square, 
x for  the  perpendicular,  and 
y for  the  base  of  the  triangle. 

Then  As  x : y : : (x  — c)  : c,  or  y (x—  c)=cx,  that  is  xy—c  (x-J-y) 

But  az  =x2 -j— j/2 . Add  2 xy  to  both  sidetf  of  the  equation, 
az+2xy=zxz+2xy+yz. 

Substitute  2c(x+y)  for  2xy  on  the  1st  side, 

az -\-2c  {x-{-y)—xz -\-2xy-)ryz , or  N 
az=(x-\-y)z -2c(x-\-y).  Therefore 

x -\-y=c^:s/az-\-cz , and 
y — c — x dz  \/  a1  -\-cz . 


TO  GEOMETRY. 


m 
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Substitute  this  value  ofy  in  the  equation  xy=c(x+y). 

x(c—x±\f  az  +cz)=c(cjz\/  az-fcz). 

That  is,  xz  — (c±y'al, 2+c*)jc=- c(c±a/ az-{-cz).* 

Which  equation  resolved, 

x =i{c±  Vaz-\-cz)±s/^az  - icz  ^ az  +c2  —the  perpend. 

And 

y=l(c±  ^r+S:)  =Fv/X  «a  +cz=the  base. 

But  a plane  right  angled  triangle  is  determined  when  the  base 
and  perpendicular  are  known  ; therefore,  &c. 

* Because  (line  11  of  the  Solution)  the  value  of  x+y  is  c+\/ a2+c2. 


Let  abc  be  the  given  circle,  whereof  o is  the  center.  Inscribe 
in  it  the  equilateral  triangle  pqr  (Eucl.  iv.  15);  join  oq,  or, 
op  ; and  produce  op  till  ps  equal  the  half  of  pr,  or  of  pq.  Draw 
sr,  and  parallel  to  sr  through  the  point  p draw  pm  meeting  or 
in  m;  and  through  m draw  ml  parallel  to  rp  ; through  l,  ln 
parallel  to  pq  ; and  join  mn. 


PROBLEM  XVI. 


c 


l,  m,  n are  the  centers  of  three  circles  that  shall  touch  one  an- 
other, and  the  circumference  of  the  given  circle  abc. 

For  bisect  pq  in  it,  and  join  sh  ; and  parallel  to  sh  draw  pf. 
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Because  poq.  is  an  isoceles  triangle,  and  that,  ln  is  parallel  to  the 
base,  pl  is  equal  to  qn  : And  because  sh,  pf  are  parallel,  (ph, 

lf  being  also  parallel,)  and  that,  sp,  ph  are  equal,  pl,  i.f  are  equal. 
In  the  same  manner  it  may  be  proved  that  qn  is  equal  to  nf,  to 
ne,  to  em,  to  mr,  &e.  Moreover  it  is  evident  that,  nf,  fl  are  in 
the  same  straight  line. 

Putting,  therefore,  a=radius  of  the  given  circle,  and 

a =radius  of  one  of  the  inscribed  circles. 

It  is,  ( because  NF=i-MN,  and,  by  similar  triangles oe= | om) 


x=—  3af;\Z\2uz=z2a</3  — 3a.  Which  was  required. 


Put  p for  the  perimeter  of  the  triangle. 

a for  the  perpendicular  falling  on  the  hypothenuse. 


Also  z for  the  hypothenuse. 

Then  z —p  — x—y.  And 

z2  =j:2  4 -y2  =pz  - 2p{x-\-y)  +x2  +2xy-\- yr . 

That  is,  p{x-\-y)  — ipz=*y  and  by  comparison, 
{<i+p)  X 4+ y)=ap+ipz-  That  is. 


By  substituting  these  values  for  (a  -f-j/),  and  for  y,  in  the  foregoing 
equations,  the  following  equation  is  obtained  : 

{a+p)x-p[a+\p)x^apz.  Hence 


(a-ar)2-(^)‘  =*2.  Whence 


PROBLEM  XVII. 


p(a+iP)  ^ E. 

2,a-\-2p  2a-\- 

V 2 


Ta^+%;'/(“-i7')i"2a2‘  Also 


Wherefore  the  triangle  is  determined. 


TO  GEOMETRY. 
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PROBLEM  XVIII. 


In  the  annexed 
fig.  let  cd  be  the 
greater,  and  ad 
the  less  of  the  two 
lines  of  which  the 
difference  is  giv- 
en, and  let  oh  be 
a production  of 
cd,  and  ah  per- 
pendicular to  ch,  C 
ah  is  equal  to  hd, 
because  the  angle  adh  is  equal  to  the  sum  of  the  angles  acd,  cad, 
together  equal  to  half  a right  angle,  and  the  angle  at  h a right 
angle. 

If,  therefore,  a be  put  for  ac  the  hypothenuse, 
x for  cd, 
y for  ad, 

b for  the  difference  of  x and  y, 
r for  dh,  and 
s for  AH, 

Then  (Theor.  4.)  ? =s= 

v 2 

But  xz  -\-yz  -\-2rx=az  ~xz  -\-yz  -\-xy^2. 


Now  substituting  x — b for  y,  and  c for  the  */2,  it  will  be 
xz  — 2bx-\-bz  -\-xz  -\-cxz  — cbx=.az,  that  is, 

(2-j-c)x2  — (2+c)bx-\-bz=az.  Whence 

b f(iz  — b 2 

"=i±'/^+7+^'  and 


f q2.  ^ 2r 

y-=.*/ Consequently  the  radius  of  the  in- 

2-\-c 

scribed  circle  is  known,  and  the  triangle  determined, 


177^ 


For  put  m=^bz t\/ 


a“  —bz 


2+c  *■***  =CD- 


f.az—bz  " , 

71  — 2_| _c  ~ — ad. 

And  let  De,  Df,  Dg,  be  three  radii  at  right  angles  to  the  sides  of 
the  triangle  ; likewise  put  to  for  Ag,  and  z for  eg. 

sz  — wz  =mz  —nz 


Y 


if n 


APPLICATION  OF  ALGEBRA 


Also  z -f-  iv 

Z — IV 

And  n<r 

o 

circle. 


(Key  (o  Vol.  I.  page  365.) 
and  by  division 

mz  — nz  ' . az-\-m2  — nz  a2  — m24-n2, 

~ ■>  that  is,  z= ; w=. — 

a 2 a ’ 2 a 

— \/mz  — — the  radius  of  the  inscribed 

4a2 


PROBLEM  XIX. 

Put  a for  half  the  base,  d for  the  difference  of  the  two  sides, 
b for  the  perpendicular, 

x for  the  excess  of  the  greater  segment  of  the  base  above  a. 
y for  the  greater  side  of  the  triangle,  and 
z for  the  less. 

Then  yz  =bz  -f-(« or  y—\/ bz -\-(a-\-x)z.  Also 
zz=bz-\-(a-x)z,  or  z~s/~bz-f[a—  x)z. 

But  bz  -\-(a-\-x)z  — d—  y/ bz  -{-{a  — x)z . Hence 

bz  -\-{a-\-x)z  — 2d s/ bz -\-{a-\-x)z -\-dz  —bz-\-{a—x)z  : and  by  red. 
Aax-\-dz  =2ds/ bz  -\-(a-^-x)z , or  l6azxz-\-Sadzx-\-di=^dz(bz-\- 
az  -\-2ax-\-xz). 

fffi ( ni  J-  f]i 

Consequently  x = </  — A - — , which  value  put  equal  c. 

$ a/ (a~t~c)  ~\~b2.  ( which  were  to  be  determined. 

2 = ^/ (a  — c)z  -\-bz.  ) 


PROBLEM  XX. 

Let  a represent  the  perpendicular, 
b half  the  base, 

c the  product  of  the  two  sides, 

x the  excess  of  the  greater  segment  of  the  base  by  the 
perp.  above  b; 

And  put^  for  the  greater  side  of  the  triangle, 
z for  the  less. 


Then  y=\/  d1  +(6+-r)2=  ~ 

At 


'.—s/d1  -f-  [b  — xf  = -= 


(or  squared) 


d1 [b  ~ x)q  = 


a'  + ib+xf 


..  Hence 


TO  GEOMETRY. 
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*2:=(a2-f&5)2-fx4-l-2(a2-62)x2,  that  is,  x4-f-2(a2-i2)x2=:(a2-{- 
Z>2)2-c2. 

And,  this  equation  resolved,  ____ 

x2  = - (a2  - P)  ± y>2  +^2)2  - c-2  + (a2-62)2. 

or  x = v/(^-«2)  ± -v/  ( *2 + &2)2 -c2  -h (a2  which  value 

put=d. 

y . ? wf^cjt  were  i0  fj€  determined. 

z=<Sa*+{b-d)*A 

PROBLEM  XXI. 

Let  abc  be  the  tri-  j\ 

angle,  and  af,  be,  and 
cd  the  three  given 
lines. 

If  a represent  af, 

b,  cd.  And 

c,  be  ; also 
If  x be  put  for  bc, 

y for  ab,  and 
2 for  AC  " 

Then  (Theor.  38)  y2-j-s2=2a2-j-^x2,  that  is, 

y1-^*1  — ^-x2=2a2.  For  the  same  reason 
x2-j-z2  — iy2=262.  And 

■r24-J'2  — |-z2=2c2.  Comparing  the  1st  equation  with 
double  the  sum  of  the  2d  and  3d. 

44-x2=2(262+2c2  — a2)  or,  divided  by  4-*,  and  the  square 
root  extracted, 

x —\s/  2 62  -f-  2c2  — a2. 
y—^*y 2a2  -f-2c2  — 62.  > Q.  e.  i. 

2=f^/2a2+262-c2-) 

PROBLEM  XXII. 


Conceiving  the  fi- 
gure constructed  (as 
in  the  accompanying 
diagram)  draw  lines 
from  the  center  to  each 
of  the  angles,  and  to 
the  points  of  contact. 
Produce  either  of  the 
lines  joining  the  an- 
gular points  and  cen- 
ter (as  bo)  indefinitely 


through  the  opposite  side,  and  on  it  pro- 
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duced  let  fall  a perpendicular  (as  ag)  from  that  angular  point 
from  which  the  perpendicular  falls  without  the  triangle. 

Put  a for  Ail, 

b for  c?b,  and 
c for  cf.  Also 
x for  od=zoe=of. 

axA-bx 

Then  >Jbz  +x2  [bo]  : x [od]  : : n-\-b  [ab]  : — = [ag]. 

\/  bz-\-xz 


, . ab-{-bz  , ab  — xz 

But  bo  : bcz  : : ab  : eg.  that  is,  — ■ — — \/  bz  -fx2  = 


-v/^+x2  </bz- 4-x5 

And  ag  : og  : : cf : of,  whence  ax-\-bx  : ab— x2  : : c : x. 

Therefore  x=*/  — (~ — 
a-\-b-\-c 


Which  was  required. 


PROBLEM  XXIII. 


Let  abc  be  the  proposed  triangle,  bfde  the  inscribed  square, 
og  and  op  radii  of  the  inscribed  circle  at  right  angles  to  ab  and 
ac,  and  bd  a diagonal  of  tbe  inscribed  square  ; also  let  bq  be 
perpendicular  to  ac  from  the  right  angle.  Put 

a for  the  side  of  the  given  square, 

b for  the  radius  of  the  given  circle,  and 

x for  the  segment  aq  of  the  base  ac  by  the  perpend,  bq. 

Then  FG=a  — b since  gb=og;  and 


a — b : a : : b : ——r  =bq  ( because  cr  : bf  : : on  : bd  : : op  : bq). 


u — b 


( aW 

Wherefore  (since  bd  = \Z2a<1),  dq  = ^/2 a1—  — — Let  this 


TO  GEOMETRY. 
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a b . 

value  of  do.  be  recognized  in  c,  and  put  d for  ^ ^ ^ It  is 

>2  (ji 

As  x : d : : d : — =ca  [Theor.  87].  And  x-j -c  : c::x:d.* 

x x 

d?  — dc  , . 

Hence  dx+dc=d 2 - cx.  That  is  x=  — =c  aq,  wherefore  the 
triangle  is  determined. 

* For  the  triangles  afd,  dec  are  similar ; also  the  triangle  aqb  is  similar 
to  afd,  and  consequently  to  dec.  Thei'efore  ad  : DC  : : af  : de  (— 
df)  ::  aq  : qb. 


PROBLEM  XXIV. 


jY 


Having  con- 
structed the  fi- 
gure,draw  lines 
from  the  center 
of  the  circle  to 
the  points  of 
contact,  as  og, 
of,  oe.  Also 
produce  one  of 
the  given  lines 
(as  bo)  indefi- 
nitely beyond  the  center,  and  on  it  produced,  from  either  of  the 
other  angles  let  fall  a perpendicular  (as  cd).  Then  because  the 
angles  abc,  bca,  and  cab  are  together  equal  to  two  right  angles, 
the  angles  obc,  ocb,  and  oac  are  together  equal  to  half  of  two 
right  angles.  But  the  angle  obc  together  with  the  angle  ocb,  is 
equal  to  the  angle  cod,  therefore  the  angles  cod,  oae  are  equal  to 
the  angles  cod  and  ocu,  each  to  each,  and  either  pair  to  a right 
angle.  Put  a = B o 

b= AO 


c=co,  and 

put  x for  the  radius  of  the  inscribed  circle. 

Then  because  ao  : oe  : : co  : od,  b : x : : c:  ^-x=od. 

0 


Therefore  cd=*/c2  — C—  = 
v b 2 


But,  (Theor.  36) 


bc2=bo2-J-co2-1~2(bo  x od),  or  ac— 


APPLICATION  OF  ALGEBRA 
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Now  bc  : cd  : : bo  : of.  That  is,  Jlg±c*>+2aCT 

::  a:  x.  Hence  hx 2 (6  x a2  +72-f2acr)  = ft2c2(&2-x2),  and  by 

reduction,  x3  + ( fabc )x*=iabc,  an  equation  in  which 

x is  determinable,  and,  x known,  the  triangle  is  determined. 


The  equation,  however,  arising  from  this  problem,  as  it  con- 
tains three  dimensions  of  the  unknown  quantity,  admits  of  no 
Geometrical  construction  by  means  of  a circle  and  right  lines. 


PROBLEM  XXV. 


Construct  a right  an- 
gled triangle,  and  in- 
scribe in  it  a circle ; 
also  draw  right  lines 
from  the  center  to  the 
points  of  contact,  and 
to  the  two  acute  angles, 
as  in  the  figure  abcdefg. 

Put  x for  the  base  (ab), 
y for  the  perpendi- 
cular (bc)  and  let 
a represent  the  given 
radius  (dg,  de,  or 
df), 

b the  hvpothenuse 
(ac). 

Then,  because  gb  and  df  are  equal,  y—a  is  the  expression  for 
cg;  and  x — a = af.  Also  ce  andcG  are  equal  [Eucl.  i.  26] ; and 
af  is  equal  to  ae. 

But  ae-|-ck=ac;  that  is,  [y—  a)-j-(x  — a)  = b,  or  x-{-y=<2a-\-b. 

Now  x2+y2  = i2  ; comparing,  therefore,  the  double  of  this  equa- 
tion, with  the  square  of  the  preceding, 
x2  — 2xy-\-y‘1=b'1  — ±ab  — 4a2.  Hence 

x — j/=y'62  — \ab—  4a2,  consequently 
x =a-\-^b±±\/  ft  — 4a&  — 4a2,  and 
y .=  a+^b^  |v/62-4ai-4a2. 

Wherefore  the  triangle  is  determined. 


TO  GEOMETRY. 
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PROBLEM  XXVI. 


Let  abc  be  the  tri-  F 

angle,  and  bd  the  line 
bisecting  the  vertical 
angle. 

Draw  the  diameter  fg 
at  right  angles  to  the 
base.  If  bd  be  produced 
it  will  meet  the  circum- 
ference in  g,  because 
equal  angles  stand  on 
equal  arcs.  Put 
a for  bd, 
b for  ae  or  ec, 
c for  FG, 

And  x for  EG. 

Then  [Theor.  61] 
x (c  — x)=b2,  hence 
x = ~c±  5 for  this  value  of  x put  e ; and  join  bf, 

also  let  y represent  dg. 

The  angle  gbf  being  [Theor.  52]  a right  angle,  the  triangles 
gde,  gfb,  are  [Theor.  84]  similar  ; therefore  y : e : : c : a-\-y , that 

is,  qy-f-j/2— ec,  hence  y=±\/ec-{-\a1  — ^a.  Put  / for  this  value 
of  y ; and  z=dc. 


Then  [Theor.  61]  af=2bz  — z1,  that  is, 

2=i±V/i2-fl/.  Put  this  value  of  z—g,  and  from  b draw  bh  at 
right  angles  to  fg. 

gd  : gb  : : de  : bh,  that  is. 

As/:  («+/) : : {b—g) : (b— g+—— ^r^2)  =bh  the  distance  of  the 

perpendicular  from  the  middle  of  the  base,  = Er.  Join  bp. 
ge  : eh(=bp)  : : gd  : db,  that  is. 

As  e : bp  : : / : a,  or 

0,6 

bp=— = the  perpendicular  of  the  triangle  abc.  But 


=V/ap2+pb2=v//  j|  b-\-{b— g+— ~y~L)  [ where p repre 


ab 


„ , ab-\-ags  v 

sents  pb];  and  BC=^/pc2-f-BP2=  v/  J b-{b—g-\ y-  ) $2-fp 


ab-\~ag 


Wherefore  the  triangle  is  determined , 'which  was  to  be  done. 


END  OF  VOL.  I. 
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THEOREM  T. 

Ex.  2. 

1.  Geometrically. 


Draw  an  indefinite  line, 
and  take  in  it  ab  36 b poles 
from  any  convenient  scale 
of  equal  parts.  At  a make 
the  angle  bac  57°  ..  12', 
and  at  b make  the  angle 
abc  24° ..  45',  abc  is  the 
triangle  in  species.  But 


C 


ac  measures  1544  poles  1 r 

EC  31()  poles  C °n  sca‘e  employed  ior  ab. 

And  the  angle  acb  by  a line  of  Chords  or  Goniometer*  is  98°  ..  3'. 
* Any  Instrument  to  measure  Angles  by  Inspection. 


2.  Arithmetically. 

1 80“  — ^57°..  12'  (=  A a)  +24°..45' (=Z.b)  j =98°..3/  the 
angle  c. 


z 
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And 

As  Sin.  98° ..  3'  Z.c  - - - Log.  ar.  co.  — 10*004301 

: Sin.  240..45'Z.b - - Log.  9 621861 

: : 365  poles  ab Log.  2*562293 

: 154*33  poles  ac  Log.  2*188455 

Also, 

As  Sin.  98°  ..3'  Z.  c - - - Log.  ar.  co.  — 10  004301 

: Sin.  57°..  12' Z.  a Log.  9*924572 

: : 365  poles  ab Log.  2*562293 

: 309*8 6 poles  bc  Log.  2*491166 

3.  Instrumentally. 

The  sine  of  98°  ..  3'=  sine  81°  ..  57',  and  the  extent  from 
81°..  57'  to  24°. .45'  on  the  line  of  sines,  reaches  from  365  to 
154J-  on  the  line  of  numbers,  for  the  length  of  the  side  ac  in 
poles.  Likewise  the  extent  from  81°..  57'  to  57° ..  12'  on  the 
line  of  sines  reaches  from  365  to  310  nearly,  on  the  line  of  num- 
bers, for  the  length  of  bc  in  poles. 


(Page  10.) 

Ex.  3.  1.  Geometrically. 

Draw  an  indefinite  line,  and  take 
in  it  ac  120  feet.  At  a make  the 
angle  cab  57°  ..  28',  and  with  a ra- 
dius of  112  from  the  scale  on  which 
ac  measures  120,  describe  the  arc 
mno  cutting  ab  in  the  points  b and 
b,  either  of  the  triangles  abc  answers 
the  conditions,  shewing  that  the 
case  is  ambiguous.  Now 

7/1 

ab  measures  | j feet,  on  the  scale  employed  for  ac. 

c ] ] 5°  25'  7 

The  angle  b < r by  a Goniometer,  or  line  of  Chords, 

f 7°  7'  7 

And  the  angle  c j 570  ”57'  ( by  subtraction,  or  admeasurement. 
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2.  Arithmetically. 

As  1 12  feet  bc Log-,  ar.  co.  -3-95078 

: 120  feet  ac  - --  --  --  --  Log.  2-07918 
::  Sin.  57°. .28'  Z.  a Log.  9-92587 

: s“-  { ii5°::  ay}  z-b  Log' 995583 

Hence 

f 7°  7'  7 

The  angle  c=  < 57®  "57'  > the  supplement  of  A(a-}-b) 

And 

As  Sin.  57°. .28' A a. 

C 7«  7'  ) 

: Sin.  | 579  57/ 1 Ac. 

: : 1 12  feet,  bc. 

S 16-47  7 , # 

* { 1 12-6  yeet>  AB 


3.  Instrument  ally. 

The  extent  from  112  to  120  on  the  line  of  numbers  reaches 
from  57°. .28'  to  64°..  35'  (=sine  of  1 15° ..  25')  on  the  line  of 


sines,  for  the  Z_  b. 


Hence  Z.c= 


1 


7°..  7' 7 
57° ..  57'  4 


Again  the  extent  from  57°..  28'  to  7°.  7',  or  57° ..  57'  on  the  line 
of  sines,  reaches  from  112  to  16^  or  112-6  on  the  line  of  num- 
bers, the  two  values  of  ab  in  feet. 


(Page  12.) 

THEOREM  II. 

Ex.  2.  [See  the  figure  in  Example  2,  Theorem  1.] 

1.  Geometrically. 

From  a scale  of  equal  parts  take  ab  365  poles.  At  a make  the 
angle  bac  57°..  12',  and  from  a with  a radius  of  154-33  on  the 
scale  on  which  ab  measures  365,  determine  the  point  c;  lastly 
join  bc.  abc  is  the  triangle  required. 

bc  measures  309 -8  on  the  scale  employed  for  ab. 
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t 

And 

By  the  Goniometer,  or  a line  of  Chords  | ^B^qc0  1 

2.  Arithmetically. 

As  51 9-33  ab+ac  - --  --  --  --  - Log.  ar.  co.  — 3-2845566 

: 21067  ab-ac - Log.  2-3236027 

::  Tang.  61°..  24',  half  supp.  A a Log.  10  2634301 


: Tang.  36°..  39'  half  the  diff.  of  the  Z.lesBandc.  Log.  9-S715894 

* ' 

But  61°  ..24'-f36° ..  39'=98° ..  3'  the  angle  c. 

And  61°  ..24'  — 36°  ,.39'=24° ..  45'  the  angle  b. 

Again, 

As  Sin.  98°..  3'  Ac  - - - Log.  ar.  co.  —10004301 

: Sin.  57°..  12'  A a Log.  9-924572 

: : 365  poles  ab  -------  Log.  2-562293 


: 309-S6  poles  bc 


Log.  2-491166 


3.  Instrument  ally. 

The  extent  from  51 9y  to  21 0 7 on  the  line  of  numbers  reaches 
from  6 1° ..  24'  beyond  45°  on  the  line  of  tangents;  but  this  ex- 
cess above  45°  applied  backwards  from  45°  reaches  to  36°|  half 
the  diff.  of  the  /Llcs  b and  c.  Hence  c=98°  ..3'  and  b=24°  ..  45'. 
Again  the  extent  from  81°..  57'  to  57° ..  12'  on  the  line  of  sines 
reaches  from  365  to  309-8  on  the  line  of  numbers,  for  the  length 
of  bc  in  poles. 


Ex.  3.  [See  the  Greater  triangle  abc  in  the  figure  to  Example  3, 
Theorem  i.] 


1.  Geometrically. 


Take  ac  120  yards  from  any  convenient  scale  of  equal  parts, 
and  at  c make  the  angle  acb  57°..  57';  then  from  c with  a ra- 
dius of  112  from  the  scale  on  which  ac  measures  120,  determine 
b ; lastly  join  ab. 

ab  measures  112-6  on  the  scale  employed  for  ac. 


And 


By  the  Goniometer, 


or  aline  of  Chords 


{ 


A a =57°. .28' 7 
Ab — 64°  ..35' 5 
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2.  Arithmetically. 

As  232  yards  ac -j-Bc  - --  --  --  - Log.  ar.co.  —3*6345120 
: S yards  ac—  bc  - --  --  --  --  --  - Log.  09030900 

: : Tang.  61° ..  1' ..  30"  half  supp.  Z.c Log.  10  2566460 


: Tang.  3°  ..  34'  half  the  cliff,  of  the  Z.Zes  a and  b.  Log.  8*7942480 

But  6r..l,i+3°..34'=64°..35'|  Z.b.7  * 

And  61° ..  1^-3° ..  34'=57° ..  27'£  ^a.  j 

* These  angles  differ  half  a minute  from  the  angles  given  in  the  figure , be- 
cause the  calculation  throughout  has  not  been  carried  to  seconds. 


Again, 


As  Sin.  57°..27'i/lA  - - 

- Log.  ar.  co.  — 

10*0741722 

: Sin.  57°. .57'  ^c  - - 

Log. 

9*9281834 

: : 112  yards  bc.  - - - - 

-----  Log. 

2*0492180 

: 112*61  yards  ab  - - - 

in 

i 

i 

i 

i 

i 

2*0515736 

3.  Instnunentally. 

The  extent*  from  232  to  8 on  the  line  of  numbers  reaches 
from  61° ..  1'  beyond  45°  on  the  line  of  tangents;  but  this  ex- 
cess above  45°,  applied  backwards  from  45°,  reaches  to  3°  ..  34' 
half  the  diff.  of  the  Z.les  a and  a. 


Hence 


{ 


Z.b=64°  ..  35'  7 
Z.c=57° ..  27'  3 


Again  the  extent  from  57° ..  27'  to  57°  ..57'  on  the  line  of  sines 
reaches  from  112  to  112*6  on  the  line  of  numbers,  for  the  length 
of  ab  in  yards. 


* It  is  necessary  to  employ  some  multiple  of  232  and  8,  instead  of  the  num- 
bers themselves,  and  such  that  the  multiple  of  8 may  exceed  100,  if  a ttvo-foot 
scale  be  employed. 


(Page  14.) 
THEOREM  III. 


Ex.  2.  [See  the  figure  in  Example  2,  Theorem  i.] 
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1.  Geometrically. 

From  any  convenient  scale  of  equal  parts  take  ab  365  poles, 
and  with  a radius  154  33  from  the  same  scale,  and  center  a,  de- 
scribe an  arc;  also  from  b as  a center  with  a radius  309-86  of  the 
scale  on  which  ab  measures  365,  cut  the  former  arc  in  c.  Join 
ac  and  bc. 


( Za=5?°  ..12'} 

Bv  a line  of  Chords,  or  Goniometer  < Zr=24°  ..  45'  > 

(zc=980*..  3) 

* A typographical  error  in  the  Course. 


2.  Arithmetic  ally. 

As  365  poles  ab ----------  - Log.  ar.  co.  — 3*4377071 

: 469*19  poles  ac-|-bc  - --  --  --  --  --  Log.  26666958 
: : 155  53  poles  bc  — ac  - - - - - - Log.  219181 42 


: 197'8/Jo/es  diff.  of  the  segments  of  ab 
by  a perp.from  c 


1 


Log.  2-2962171 


Hence  Ap=83-6  poles,  and  Bp==281,4,  by  £ sum  and  \ diff.  of 
the  segments  of  the  base. 

And 

As  154*33  pol.  ac  : 83-6  pol.  Ap : : Sin.  90°  2.  Ape:  Cos. 57°..  12'  Z a. 

As  309-86 pol.  bc  : 281-4  pol.  up  : : Sin.  90°  Z Bpc : Cos. 24°.. 45'  Zb. 

/ 

Wherefore,  by  subtraction,  Zc=98°  ..  3'. 

3.  Instrument  ally. 

The  extent  from  365  to  469-2  reaches  from  155^  to  198  nearly , 
on  the  line  of  numbers,  for  the  difference  of  Ap  and  up. 

Hence  Ap=83±  poles,  and  b/j=281l  poles. 

Again  the  extent  from  154J-  to  83-£  on  the  line  of  numbers, 
reaches  on  the  line  of  sines  from  90°  to  32°..  48',  of  which  the 
complement  is  57°.. 12'  theZA. 

Also  the  extent  from  310  to  281^  on  the  line  of  numbers 
reaches  on  the  line  of  sines  from  90  to  65°..  15',  of  which  the 
complement  is  24°.. 45'  the  Zb;  and  consequently  the  Zc= 
98°  ..3'  as  before. 
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Ex.  3.  [See  the  Greater  triangle  abc  in  the  jig.  to  Ex.  3.  Th.  i.  hut 
transpose  b and  c.] 


1.  Geometrically. 

Take  ab  120  from  any  convenient  scale  of  equal  parts,  and 
with  a as  a center  at  the  distance  of  112*6  from  the  same  scale 
describe  an  arc;  lastly  cut  this  arc  with  112  described  from  the 
center  b. 


( ^a=57°..28'1 

By  a line  of  Chords,  or  Goniometer  < A b =57° ..  57'  > 

£ Z.c=64° ..  35' 3 


2.  Arithmetically. 


As  120  ab  - --  --  --  - Log.  ar.  co.  — 3*9208188 
: 224*6  AC-f-BC  - --  --  --  --  Log.  2*3514098 
::  *6  ac— bc  - --  --  --  --  Log.  — 1*7781 513 


: 1*123  diff.  of  the  segments  of  ab  - Log.  0*0503799 

Wherefore,  by  \ Sum  and  \ diff.  a/>=60*566,  and  b/)=59*434* 

And 

As  112*6  ac  : 60*566  a p : : Sin.  90°  A Ape:  Cos.  57°.  .28'  A a. 

Also 

As  112  bc  : 59*434  Bp : : Sin.  90°  L Bpc  : Cos.  57° ..  57'  Lb. 
Hence,  by  subtraction,  Z.c=64°  ..35'. 

3.  Instrument  ally. 

The  extent  on  the  line  of  numbers  from  120  to  224*6  will 
reach  from  any  multiple  of  *6  to  the  same  multiple  of  l£  nearly, 
the  diflf.  of  a p and  Bp. 

Hence  Ap=60-^,  and  Bp=59f-^. 

Again  the  extent  from  112*6  to  60^  on  the  line  of  numbers 
will  reach  from  90°  to  32° ..  32'  on  the  line  of  sines  ; wherefore 
L a =57°  ..28'  the  complement  of  the  4th  term.  In  like  manner. 
The  extent  from  112  to  59^  on  the  line  of  numbers  will  reach 
on  the  line  of  sines  from  90°  to  32° ..  3',  of  which  the  comple- 
ment is  57°..  57'=  Ab;  and  (by  Eucl.  i.  32.)  Ac=64..35' 
which  might  be  proved  by  a third  proportion. 
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THEOREM  IV. 


1 . Geometrically. 


Ex.  2. 

Take  ab  180  from  any 
scale  of  equal  parts  and  at  a 
make  the  angle  bac  62° ..  40', 
lastly  from  b raise  the  per- 
pendicular bc  meeting  ac 
in  c.  4 


ac  =392  7 
*c=34S-2  ) 


on  the  scale  employed  for  ab. 


2.  Arithmetically. 


As  Radius  ab  - --  --  --  Log.  ar. 

: Tang.  62°  ..  40'  bc  - --  --  -- 
: : 180  ab  - --  --  --  --  --  - 


co.  — 10‘ 

Log.  10-2866141 
Log.  2-2552725 


: 348-2464  bc 


Log.  2-5418866 


And 

As  Radius  ab Log.  ar.  co.  — 10- 

: Secant  62° ..  40'  ac  - - - — - Log.  10-3380298 
: : 180  ab  - --  --  --  --  --  - Log.  22552725 


: 392-0146  ac Log.  2-5933023 


3.  Instrument  ally. 

The  extent  from  45°  to  62° ..  40'  on  the  line  of  tangents, 
reaches  from  180  to  348^.  on  the  line  of  numbers,  for  the  length 
of  bc. 

And  the  extent  from  62°.. 40'  to  90°  on  the  line  of  sines, 
reaches  from  34S£  to  392  on  the  line  of  numbers  for  the  length 

of  AC. 
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MENSURATION  OF  HEIGHTS  AND 

DISTANCES. 


In  the  subsequent  Examples  it  has  been  thought  unnecessary 
to  detail  the  Construction , except  in  a few  intricate  cases. 


Ex.  6 

Let  the  z_  c,  in  the  accompany- 
ing figure,  be  the  angle  of  inclina- 
tion of  the  ladder  to  the  horizon, 
and  the  fort  as  there  represented, 
the  ditch  extending  or  supposed  to 
extend  from  the  foot  of  the  ladder 
to  the  base  of  the  perpendicular 
tower.  It  is 

As  Radius  - --  --  --  - Log.  ar.  co.  —10* 

: Tang.  62°  ..  40'  Z.c  -------  Log.  10-286614 

: : 36  feet,  the  breadth  of  the  ditch,  - Log.  1-556303 


: 69-649 feet , the  height  of  the  wall.  - Log.  1-842917 

And, 

As  Sin.  62° ..  40'  z.  c - - - Log.  ar.  co.  —10  0514158 

: Sin.  90°  z. subtended  by  the  ladder,  Log.  10-  — 

: : 69-649  feet,  the  height  of  the  wall.  Log.  1-8429169 


: 78-403 feet,  the  length  of  the  ladder.  Log.  1-8943327 

Or,  instead  of  the  last  proportion, 

ft.  ft. 

As  Rad. : Sec.  62°  ..40'  Z.c  : : 36,  breadth  of  the  ditch : 78-403, 
length  of  the  ladder. 


Ex.  7. 


Let  b in  the  annexed  diagram 
be  the  foot  of  the  shoar,  and  the 
building  as  there  represented.  It 
will  be 


2 a 
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As  11  feet,  the  extent  of  strut.  Log.  ar.  co.  —2*9586073 

: 23*83  feet,  the  height  of  the  jamb,  Log.  1*3771790 
::  Radius-  Log.  10*- 

: Tang.  65°..  13'  Ab Log.  10*3357863 


And, 

As  Sin.  65°..  13'  z_b  - - - Log.  ar.  co.  —10  0419622 
: Sin.  90°  /_ subtended  by  the  shoar.  Log.  10*  — 

: : 23*83  feet,  the  height  of  the  jamb,  Log.  1*3771790 

: 26*251  feet,  the  length  of  the  shoar.  Log.  1*4191412 

This  Question  is  easily  solved  by  Common  Arithmetic,  on  the 
Principles  deduced  from  Eucl.  i.  47. 

Ex.  8.  Here  are  given  two  right  angled  triangles,  the  per- 
pendicular of  the  one  being  33  feet,  of  the  other  21  feet,  and  the 
hypothenuse  of  either,  40  feet,  to  find  the  sum  of  the  bases. 

Now 

v/402  — 332=v/1600— 1089=22*605  feet,  the  base  of  the  1st 
triangle. 

And 

— 21*  = y/ 1 600  — 441=  34*044  feet,  the  base  of  the  2d 
triangle. 

But 

ft.  ft. 

22*G05-}-34*044=56*649  feet,  the  required  breadth  of  the  street. 

This  solution  being  much  shorter  than  by  Sines  and  Tangents,  it 
would  be  superfiuous  to  add  the  Trigonometrical  proportions. 

Ex.  9.  Here  are  given  the  base  (15  feet)  and  hypothenuse 
(39  feet)  of  a right  angled  triangle,  to  find  the  sum  of  the  hypo- 
thenuse and  perpendicular.  Now 

x/392-l52=v/1521 -225—36  feet,  left  standing. 

Add  39  feet,  the  part  broken  off. 


Sum  75  feet,  the  whole  height. 
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Trigonometrically . 

ft.  ft. 

As  39  : 15  : : Rad. : Sin.  22° ..  37'  the  vertical  z.,  and 

ft.  ft. 

As  Tang.  22° ..  37'  : Rad.  : : 15  : 36  left  standing. 
Hence,  as  before,  the  whole  height  lb  feet. 

Ex.  10. 


Let  a in  the 
marginal  figure 
be  the  observed 
angle  52°  ..  30', 
and  the  tower  as 
there  represent- 
ed. It  is 


As  Radius  - - --  --  --  --  --  Log.  ar.  co.  —10’  

: Tang.  52°  ..  30'  Z.a Log.  10*1150195 

::  170  feet,  the  distance  of  a from  the  tower,  Log.  2 2304489 

: 221*54  feet,  the  altitude  required.  - - - - Log.  2*3454684 

Otherwise. 

As  Cos.  52° ..  30'  Z.a  i Sin.  52° ..  32'  Z.  a : : 170  feet : 221*54 feet, 
as  before. 

Ex.  11. 

Let  h in  the  annexed  figure 
be  horizontal  with  the  top  of 
the  tower,  and  the  ship*  as 
there  represented.  The  height 
of  the  tower  subtends  at  the 
vessel  an  angle  of  35°.  [Eucl.  i. 

29.] 

Therefore, 

As  Sin.  35°  the  complement  of  the  /.  ? . ar,  c0  _ i0.24140S7 

ot  depression,  j & 


: Cos.  35°  (the  same  angle),  - --  --  --  - Log.  9*9133645 
: : 143  feet,  the  height  of  the  tower,  -----  Log.  2*1553360 


: 204*22 feet,  the  distance  required.  -----  Log.  2*3101092 
* The  Ship  is  purposely  diminished  in  the  diagram  to  a Model  at  anchor. 
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Ex.  12. 

Let  a be  the  top  of  the 
hill,  b and  c the  two  stations 
of  observation.  The  angle 
bac=15°  [Eucl.  i.  13  and 
32.] 


And 

As  Sin.  15°  Z.bac  -----  Log.  ar.  co.  —10-5870038 

: Sin.  31°  Z.c Log.  9 7118393 

::  200  yards  bc - - - - - Log.  2 3010300' 

: 397-99  yards  ab  - --  --  --  - Log.  2-5998731 

Also 

As  Radius  - --  --  --  - Log.  ar.  co.  — 10-  

: Sin.  46°  the  observed  Z.B  - - - - Log.  9-8569341 

: : 397*99  yards  ab  - --  --  --  - Log.  2-5998731 


: 286‘29  yards,  the  height  of  the  hill.  - Log.  2-4568072 

Ex.  13. 

Let  a and  c 
be  the  two  sta- 
tions, and  b the 
summit  of  the 
tower.  The  angle 
abc  (for  reasons 
given  in  the  last 
Ex.)  is  26°. 


Now 

As  Sin.  26°  Z.abc  -----  Log.  ar.  co.  —10-3581580 

: Sin.  32°  Z.ack Log.  9-7242097 

::  300  feet  ac Log.  2-4771213 


: 362-65  feet  ab Log.  2-5594890 

And 

ft.  ft. 

As  Rad.  : Sin.  58°  obser.  Z.  a : : 362-65  ab  : 307-53  height  of  the 

tower. 

Also 

feet  feet 

As  Sin.  58°  : Cos.  58° : : 307-53  : 192-15  distance  of  a from  the 
tower. 
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Ex.  14. 


Let  a and  d 
be  the  two  sta- 
tions, e the  top 
of  the  hill,  and 
c the  top  of  the 
tower.  It  will 
be 

\ *♦ 

g | \\ 

-\a.  'I> 

As  Sin.  17°..  15'  Z.adc  - - Log.  ar.  co.  — 10  5279144 

: Sin.  33° ..  45'  Z.D Log.  9-7447390 

: : 200  feet  ad  - --  --  --  --  - Log.  23010300 

: 374-7  feet  ac Log.  2-5736834 


And 

As  Sin.  130°  z_aec  - - - - Log.ar.co.  —10  1157460 
: Sin.  11°  Z.eac  - --  --  --  - Log.  9-2805988 
: : 374-7  feet  ac  Log.  2-5736834 


: 93-33148 feet,  the  height  required.  ~ Log.  1-9700282 


Ex.  15. 


If  a and  b re- 
present the  two 
windows  at  which 
the  observations 
were  made,  and 
c the  top  of  the 
steeple,  it  will 
be. 


As  Sin.  2° ..  30'  Z_  acb  - - - - Log.ar.co.  —9-3603204 

: Sin.  127°. .30'  £cl\ Log.  98994667 

: : 18  feet  ab  - --  --  --  --  --  Log.  1-2552725 


: 327-38 feet  ac 


Log.  2-5150596 
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And, 

As  Sin.  90°  Zcda  - - - - - Log.  ar.  co.  —10' 

: Sin.  40°  z.dac Log.  9-S0S067 

: : 327-38  feet  ac Log.  2-515060 

: 210-44  feet,  the  height  required.-  - - Log.  2-323127 

Lastly, 

As  Sin.  90°  Zcda  -----  Log.  ar.  co.  —10’ 

: Sin.  50°  Zacd Log.  9*884254 

: : 327-38  feet  ac Log.  2-515060 

: 250-79  feet,  the  distance  sought.  - - Log.  2’399314 


Ex.  16. 


Let  a and  b represent  the  two  stations ; and  cd  the  object 
observed.  The  Zbda  [Eucl.  i.  29.]  is  27°;  the  z.abd  (by  com- 
parison) 15°;  the  A.  bad  [Eucl.  i.  32.]  is  138°  ; the  z.cbd  (by 
comparison)  8°;  and  the  Z.dcb  (by  subtraction , and  Eucl.  i.  32.) 
is  109°. 


Wherefore, 

As  Sin.  27°  Z.bda  -----  Log.  ar.  co.  —10-342953 
: Sin.  15°  Z.abd  - --  --  --  --  Log.  9-412996 
: : 264  feet  ab  - --  --  --  --  --  Log.  2-421604 


: 150*5  feet  ad,  distance  required.  - - Log.  2-177553 

And 

As  Sin.  27°  Zbda  - - - - Log.  ar.  co.  —10-342953 
: Sin.  138°  Zbad-  - --  --  --  - Log.  9-825511 
: : 264  feet  ab - — Log.  2-421604 


: 389-1/ee*  bd 


Log.  2-590068 
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Lastly. 

feet  feet 

As  Sin.  109°  Z.dcb  : Sin.  8°  Z.dbc  : : 389-1  : 57-26  height  reqd. 


E 


Ex.  17. 

If  ef  be  the  perpendicular  alti- 
tude of  the  mountain,  dgh  the 
boundary  of  the  visual  horizon, 
ab  the  true  horizon,  and  c the  A 
center  of  the  earth,  it  will  be 


B 


As  Co.  Sin.  87°  ..  58'  Z.fed  - Log.  ar.  co.  —9-4500052 

: Sin.  87°  ..  58'  same  Z. Log.  9-9997265 

: : 2-5  miles  fe  - --  --  --  --  - Log.  0*3979400 

: 70*416  miles,  the  length  of  a tang- 1 £ 1*8476717 

ent  from  f,  intercepted  by  ED.  J 

And, 

As  Co.  Sin.  87° ..  58'  Z.fed  - Log.  ar.  co.  — 9*4500052 

: Sin.  90°  Z.ef&*  - --  --  --  - Log.  10*  

: : 2*5  miles  fe  - --  --  --  --  - Log.  0*3979400 

: 70*46  miles  the  part  of  ed  above  the  \ pjQr  1*84'~9452 
horizont.  plane  by  a tangent  at  f.  3 

miles  miles 

But  70*46-|-70*416=I40*876  miles,  the  visual  distance. 
And  [Eucl.  in.  36.] 

140-876)2 

— — - — — — 2*5  = 7936  miles,  the  diameter  of  the  Earth. 
2 *5  * 


* Where  ef  denotes  the  perpendicular,  and  vh  the  horizontal  plane  by  the 
*ircular  motion  of  a tangent  at  f.  s 


184 


PLANE  TRIGONOMETRY. 


(Key  to  Vol.  II.  page  23.) 

To  render  this  more  plain. 

Let  mn  be  the  true  hori- 
zon, kod  the  boundary  of 
the  visual  horizon  to  e any 
altitude  whatever  above  f 
the  surface  of  the  Earth, 
of  which  the  center  is  c ; 
and  let  ih  be  a tangent  to 
the  circle  at  f,  parallel  to 
mn,  and  cutting  the  tangents 
ed  and  ek  in  the  points  g 
and  l;  eg-}-gf=ed.  For 
draw  ch  through  the  point 
d,  and  cr  through  the  point 
k ; also  join  kf.  The  three 
triangles  cfh,  cde,  and  cfi 
are  in  all  respects  equal, 
similar  to  the  triangle  edc,  consequently  gf  is  equal  to  gd,  and 
EG-}-GF=En.  Or,  because  cke,  cfi  are  both  right  angles,  and 
that  ck  is  equal  to  cf,  the  angles  lkf,  lfk  are  equal,  and 
[Eucl.  i.  6.]  kl  equal  to  lf  ; hence  el-{-lf=:ek=ed.  Therefore, 

As  Rad.  ef  - --  --  --  Log.  ar.  co.  — 10-  

: 25  miles,  (altitude  given)  - - - - Log.  0-3979400 
: : Tang.  87°..5S'  ZLced Log.  11-4497317 

: 70-416  miles  fg - --  --  --  --  Log.  1-8476717 

::  Secant  87° ..  58'  Z.ced  -----  Log.  11-4500052 

: 70*46  miles  eg--------  - Log.  1 -8479452 

miles  miles  miles 
But  70-416+70-46  = 140-876=ed  as  before. 

Whence,  also,  7936  miles,  the  diameter  of  the  Earth. 


But  the  triangles  efg,  hdg,  are 


(Page  24.) 

Ex.  18.  Here  are  given  the  three  angles  of  a plane  triangle, 
and  one  side,  to  find  the  other  two  sides.  Now  if  the  fort  be  de- 
noted by  f,  and  the  two  ships  of  war  respectively  by  a and  b, 
it  is 


HEIGHTS  AND  DISTANCES. 


185 


(Key  to  Vol.  II.  page  24.) 


As  Sin.  11°  ^Lafb  - - 
: 440  yards  ab  - - - 
: : Sin.  83° ..  45'  Z.  abf 


- Log.  ar.  co.  — 1 0*  7 1 940 1 

- - - - - Log.  2*643453 
Log.  9997411 


: 2292*26  yards  af  - --  --  --  - Log.  3*36026 j 

: : Sin.  85°..  15'  ^baf Log.  9*998506 

: 2298*05  yards  bf  - --  --  --  - Log . 3*361360 

rm  /•  ( 2292  26  yards,  distance  of  the  Is*  ship  7 a 

Therefore-^  2295*05  yards,  distance  of  the  2 d ship  ) 


Ex.  19. 

Let  a and  b be  the  two  stations, 
and  c the  house.  By  the  question 
the  jL.  abc  is  68°  ..  2',  the  z.bac 
73°  ..  15',  consequently  the  Z.acb 
38°  ..  43' ; also  ab  is  400  -yards. 
But, 


As  Sin.  3S° ..  43'  Z.acb  - - - Log.  ar.  co.  —10  203794 
: 400  yards  ab-  - - --  --  --  - Log.  2602060 
::  Sin.  6S°..2'  Z.abc Log.  9-96726S 

O 


: 593  09  yards  ac Log.  2*773122 

::  Sin.  73°..  15'  z.bac Log.  9*981171 

: 612*38  yards  bc  - --  --  --  --  Log.  2*787025 

it/i  s f 593*09  yards,  distance  o/a)  . 
Wherefore  j | Ans. 


Ex.  20. 

Let  c be  the 
tree  observed,  a 
and  b the  two 
stations  of  obser- 
vation, and  cd 
the  breadth  re- 
quired. It  is 


2 u 
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As  Sin.  47° ..  48'  Zacb  - - - Log.  ar.  co.  — 10  13029G 

: Sin.  79°..  12'  zbac Log.  9 992239 

: : 500  yards  ab Log.  2-698970 

: 662-99  yards  bc - - - - Log.  2-821505 

And 

As  Sin.  90°  Zcdb  -----  Log.  ar.  co.  —10' 

: Sin.  53n  Zcbd  - --  --  --  --  Log.  9-902349 
: : 662-99  yards  bc--- - Log.  2-821505 

: 529-4S  yards  cd,  breadth  required  - Log.  2-723854 


Ex.  21. 

If  a and  b represent  the 
two  headlands,  and  c the 
point  inland,  there  are  given 
ac  735  yards,  bc  840  yards, 
and  the  zc  55°  ..  40'; 
wherefore  it  will  be 


As  1575  yards  ac+bc  - - - - Log.  ar.  co.  —4-802719 
: 105  yards  bc  — ac  -------  Log.  2*021189 

: : Tang.  62°..  10'  half  sup.  Zacb  - - Log.  10-277379 

: Tang.  7°  ..11'  half  diff.  Z.les  \ andu.  Log.  9-101287 

Hence 

The  z at  a = 69°  ..21'  and  the  z at  b = 540..  59'. 


Again 


As  Sin.  69°  ..21'  Z a - - - - Log.  ar.  co.  —10-028839 

: Sin.  55°..  40'  Zc Log.  9 916859 

: : 840  yards  bc  - --  - Log.  2-924279 

: 741*2  yards  ab,  distance  required  - Log.  2*869977 
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Ex.  22. 

Let  c be 
the  point  of 
land  ; a the 
former  and 
b the  latter 
place  of  ob- 
servation. In 
the  triangle 
abc  are  given 

the  angle  a 56°..  15',  the  angle  b 101°..  15',  and  the  side  ab 
12  miles  ; consequently  the  angle  c is  22°  ..  30'.  But 

As  Sin.  22° .. 30  z.c  - - - - Log.  ar.  co.  — 10417160 
: Sin.  56°..  15  Z.A  - --  --  --  - Log.  9919846 
::  12  miles  ab - Log.  1*079181 


: 26  072S  miles  bc,  distance  required  Lo g.  1 416187 


(Page  25.) 


Ex.  23. 

If  ab  in  the  accompanying 
diagram  be  the  base  line,  c 
the  house,  and  d the  mill, 
there  are  given  the  base  line 
ab  600  yards,  the  z.dab  95° 
20',  the  Z.  cab  58°..  20,  the 
Z.  abc  98°  ..  45',  and  the  z. 
dba  53°  ..  30' ; hence  the  z. 
dac  is  37°,  the  Z.acb  22°.. 
55',  and  the  Z.adb  31° ..  10'. 
But 


As  Sin.  22°  ..  55'  Z.acb-  - - Log.  ar.  co.  —10*409613 
: Sin.  98° ..  45'  Z.abc  -------  Log.  9*994916 

: : 600  yards  ab  - --  --  --  --  - Log.  2*77S151 


: 1522*92  yards  ac 


Log.  3*  1 S26SO 
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And 

As  Sin.  31°  ..  10'  z.adb  - - Log.  ar.  co.  — 10  2S6065 

: Sin.  53°. .30'  ^abd Log.  9*905178 

: : 600  yards  ab Log.  2*778151 

: 931*96  yards  ad--- Log.  2*969394 

Also 

As  2454*88  yards  ac-{-ad  - - Log.  ar.  co.  —4*6189697 
: 590*96  yards  ac— ad  -----  Log.  2*7715581 
: : Tang.  71°. .30'  half  sup.  dac  - Log.  10*4754801 

: Tang.  36° ..  18'  half  the  diff  of 7 L 9*8660079 
the  Z.Us  adc  and  acd  j 6 

Wherefore 

The  /L  adc=107°  ..  48'  and  the  z.acd=35°..  12'. 

Lastly, 

As  Sin.  107®  ..  48'  jL  adc  - - Log.  ar.  co.  —10*0213040 

: Sin.  37°..  0'  z.dac Log.  9*7794630 

::  1522*92  yards  ac  - - - Log.  3T826771 

: 962*59 yards  dc,  distance  required .*  Log.  2*9S34441 

* Differing  about  2 yards  from  the  Answer  given  with  the  Question. 


Ex.  24. 

Conceiving  the  figure 
constructed  as  in  the  mar- 
ginal diagram,  the  ques- 
tion gives  ab  500  yards; 
ac  and  bd  each  100  yards  ; 
ad  550  yards  ; and  bc  560 
yards.  Hence  it  is, 


yds.  yds.  yds.  yds. 

As  560  bc  : 600  ab+ac  : : 400ab  — ac  : 428*57  the  diff.  of  the  seg- 
ments of  nc  by  a perpendicidar  from  a.  And,  by  sum  and  £ 
diff.  eb= 494*28  yards,  and  ec=65*72  yards.  Now 
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yds.  yds. 

As  500  ab  : 494*28  eb  : : Rad. : Sin.  Sl° ..  20'  Z.  eab. 


yds. 

As  100  ac 


yds. 

65  72  ec  : 


And 

: Rad.:  Sin.  41°.. 5' 


Z.  CAE. 


Again, 

yds.  yds.  yds.  yds. 

As  550  ad  : 600  ab-{-bd  : : 400  ab  — bd  : 436  36  the  diff.  of  the  seg- 
ments of  ad  by  a perpendicular  from  b.  Wherefore,  by  \ sum 
and  diff.  afi=493*18,  and  fd=56*82.  And 
yds.  yds. 

As  100  bd  : 56*82  fd  : : Rad. : Sin.  34° ..  37'  z.fbd.  Also 


yds.  yds. 

As  500  ab  : 493  18  af  : : Rad. : Sin.  80°.. 28'  z.abf.  Consequently 
the  z.  aob=57°  ..  30',  the  z.oab=57°  ..  35',  and  the  Z.oba= 
64°..  55'. 

But 

yds. 

As  Sin.  57°. .30'  z.aob  : 500  ab. 

: : Sin.  57°..  35'  z.oab  : 500*47  ob  one  of  the  distances  required. 

::  Sin.  64°..  55'  z.oba  : 536*81  nearly , ao  the  other  distance 

sought.  Ans.* 

* Differing  in  the  decimal  only  from  the  Answer  given  with  the 
Question. 


Ex.  25. 

1 . Geometrically. 

Construct  a triangle,  as  abc, 
having  its  three  sides  respec- 
tively equal  to  the  three  given 
straight  lines,  viz.  ab  266i  yds. 
ac  530  yds.  and  Bc327£yds. 

At  the  point  a make  the  angle 
cad  equal  to  the  observed  angle 
bsc  29° ..  50',  and  at  the  point 
c make  the  angle  acd  equal  to 
the  observed  asb  13°  ..30'.  Then 
about  the  triangle  acd  describe 
a circle,  as  csad,  ( Eucl.  iv.  5 .) 
and  join  db.  If  db  be  pro- 
duced, it  will  meet  the  circum- 
ference in  s,  the  station  of  the 
observer.  But,  on  the  scale  employed  for  ab. 
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sa4  C 757  12  yds.  1 

sb  > measures  -^537-  yds.  >Ans. 
sc)  (655-3  yds.) 

2.  Trigonometrically. 

The  figure  being  as  already  constructed,  from  b demit  the 
perpendicular  bp  upon  ac.  It  is 

As  Sin.  136  ..40'  Zadc  - - Log.  ar.  co.  — 10T635229 

: 530  yards  ac Log.  2-7242759 

::  Sin.  13°  ..30'  Zacd Log.  9-3681853 

: 180-29  yards  ad Log.  2-2559841 

: : Sin.  29°. .50'  Zdac Log.  9-6967745 

: 384’21  yards  dc Log.  2*5845733 

Likewise, 

As  530  yards  ac Log.  ar.  co.  —3-2757241 

: 593-75  yards  bc  + ab Log.  2*7736036 

::  61*25  yards  bc  — ab Log.  L7871061 


: 68  617  yards  diff.  of  ap  and  pc  - - Log.  1 -8364338 

Hence,  by  4 sum  and  \ diff.  ap=230-692  yards,  and  cp  = 
299-308  yds.  Wherefore  [by  Theor.  1.  Plane  Trigonometry ] the 
Z abp=60°  ..  2',  the  Zbac=29°  ..  58',  the  Zcbp=66°  ..  3',  and 
the  zbca=23°  ..  57'.  Also  by  addition  the  Zbcd=71°  ..  16'. 


Again, 

As  711-71  yards  cd +CB  - - Log.ar.co.  —3-1476969 
: 56-71  yards  cd  — cb  ------  Log.  1*7536596 

::  Tang.  71° ..  16'  half  sup.  Zbcd  - Log.  10  4696339 


: Tang.  13° ..  13'  half  the  diff.  of  7 
the  Z les  cdb,  cbd.  j 


Log.  9-3709904 


Consequently  the  Zdbc=84°  ..  29',  and  the  zcdb=5S°  .. &. 
But  z cda  136° . . 40' - Z cdb  58°  . . 3'=  z bd a 78° ..  37'. 


And 

As  Sin.  13° ..  30'  Z asd 
: Sin.  78°  ..37'  Zsba 
: : 180-29  yards  ad 
: 757 T 4 yards  sa. 


As  Sin.  29°..  50'  Zcs» 
: Sin.  58°..  3'  Zcds 
: : 384*21  yards  cd 
: 655*30  yards  es. 


} 
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Also 

As  266-25  yards  ab 
: 757*14  yards  sa 
: : Sin.  13° ..  30'  Z.bsa 
: Sin.  138°. .25'  z.abs. 


As  Sin.  138° ..  25'  zLabs. 

: Sin.  28° ..  5'  Z. bas 
: : 757-14  yards  sa 
: 537- 10  yards  sb. 


Wherefore 


sa  757-14) 
sb  537-1  V 
sc  655-3  ) 


yds. 


Ans. 


Ex.  26. 

1.  Geometrically. 


Construct  a triangle,  as  abc, 
having  its  three  sides  respectively 
equal  to  the  three  given  straight 
lines,  viz.  ab  600  yards,  ac  800 
yards,  and  bc  400  yards.  At 
the  point  a make  the  angle  cae 
equal  to  the  observed  angle  bsc 
22° ..  30',  and  at  the  point  c make 
the  angle  ace  equal  to  the  ob- 
served angle  asb  33° ..  45'.  Then 
about  the  triangle  aec  describe 
(Eucl.  iv.  5.)  a circle,  as  aecs, 
and  join  be.  If  be  be  produced, 
it  will  meet  the  opposite  circum- 
ference in  s,  the  station  of  the 
observer. 


I? 


But,  on  the  scale  employed  for  ab. 


2.  Trigonometrically.  • . 

\ 

The  figure  being  as  already  constructed,  from  b demit  the 
perpendicular  bp  upon  ac.  The  angle  asc=56°..  15'  the  sum  of 
the  observed  angles:  and  the  angle  aec=  123° ..  45'  the  supple- 
ment of  the  Z.asc  [Theor.. 54.  Geometry ].  Hence  it  is 
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As  Sin.  123° ..  45'  aaec  - Log.  ar.  co.  —10  0801536 
: 800  yards  ac ---------  - Log.  2-9030900 

: : Sin.  22°..30'  aeac Log.  9-5828397 


: 368-2  yards  ec  - --  --  --  --  Log.  2-5660833 
::  Sin.  33°..45'  aeca Log.  9-7447390 


: 534*54  yards  ae  - --  --  --  - Log.  2-7279826 

And 

yds.  yds.  yds.  yds. 

AsSOOac  : 1000ab-}-bc  ::200ab— bc  : 250!ap  — pc. 

Therefore  ap=525  yds.  and  pc=275  yds.  Eut 


As  275  yards  pc  ------  Log.  ar.  co.  —3-5606673 

: 400  yards  ► Log.  2-6020600 

: : Rad.  cp  - --  --  --  --  --  - Log.  10-  


: Sec.  46°  ..34'  Aacb Log.  10-1627273  - 


And 

As  525  yards  ap  -----  - Log.  ar.  co.  —3  2798407 
: 600  yards  ab - --  --  --  --  - Log.  2*7781513 
: : Rad.  ap  - --  --  --  --  --  - Log.  10-  


: Sec.  28°  ..57'  Abac - Log.  10  0579920 

Consequently  the  Aabc=104°  ..  29',  the  Aece  = 12°  ..  49',  and 
the  abae=6°  ..  27'. 


Again, 


As  768-2  yards  bc+ce  - - - Log.  ar.co.  —3*1145257 
: 31-8  yards  bc  — ce  ------  Log.  1*5024271 

::  Tang.  83°. .35'^  half  sup.  abce  - Log.  10-9495616 


: Tang.  20°  ..  14'  half  the  diff.  ofl 
the  jL1cs  cbe  and  ceb  j 


Log.  9-5665144 


Wherefore  the  Acbs=63°  ..  21'±,  the  Aabs=41°  ..  7'4,  the 
Abcs=94°  ..  8'^,  and  the  abas=105°  ..  7'J. 
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Now 


(Z.ASB) 

As  Sin.  33° . 45' 

( 2-  BSC) 

Sin.  22° . 30' 

(Z.BSC) 

Sin.  22° ..  30' 


(/_ABS) 

yds. 

41°..  7'*; 

: 600 ab  : 

(Z.CBS) 

yds. 

63°  . : 

: 400 bc  : 

(/Lb  cs) 

yds. 

94°..  8'*: 

: 400 bc  : 

yds. 

710-3  sa 

yds. 

934-14.sc 

yds. 

1041  85sb 


Ans.  ■ 


* By  which  it  should  appear  that  the  Answer  given  with  the  Question  is 
correct  only  in  the  proximity  of  the  correctness  of  Geometrical  Construction 
to  that  of  Trigonometrical  Calculation. 


MENSURATION  OF  PLANES. 

(Page  27.) 

1.  The  Area  of  Par  allelograms. 


Chains  Chains 


Acres 


ok.j;  v Qrxk  "ties  A.  U.  p. 

Ex.  2.  **  -.-X  "?-  = 124-25625  = 124  ..  1 ..  1.  Ans. 

10 


ft.  ft.  feet 

12-5x75  = 

Chains  Chains 


Ex.  3.  12  5 X -75=9-375=9^  feet.  Ans. 


Acres  A*  R*  p- 

Ex.  4.  =3  379=3  ..  1 ..  20  64.  Ans. 

10 

ft.  ft. 

S7  v 5 1 

Ex.  5.  — _ — l=2l-^r  square  yards.  Ans. 


Ex.  2. 


ft.  ft. 
40X30 


(Page  28.) 

2.  The  Area  of  Triangles. 

RULE  I. 

= 66f  square  yards.  Ans. 


2x9 


194 


MENSURATION 


(Key  to  Vo).  II.  page  28.) 

ft.  ft. 

04..*  V sqr.  yds. 

Ex.  3.  -_T — 1_ =68*736  l = 68j4  square  yards.  Ans. 

ft.  in.  ft.  in.  sqr.  ft.  pts.  in. 

Ex.  4.  (9  ..  2)  x (1 1 ..  10)=108  ..  5 ..  8=l08y£  sqr.  feet.  Ans.* 

* The  Answer  being  108  ft.  68  in.  instead  of  108  ft.  5j  in.  as  given  by  Hutton, 
the  student  is  referred  to  the  4:9th  page  of  the  Key  for  more  information. 


(Page  29.) 


RULE  II. 


Ex.  2. 


* * M X 2125  X •7071068»_^aife  An. 


Or, 

As  Rad.  - --  --  --  --  Log.  ar.  co.  —10*  

: Sin.  45°  the  contained  Z.,  - - - - Log.  9 '84 94850 
: : 265*625  ft.  half  prod,  of  the  sides,  Log.  2*4242639 

: 1 87' '82523 ft. =20*86947  sqr. yds.  7 ^ 2*2737489 

the  area  sought.  ) * 

* Nat.  Sin.  45°. 


(Page  30.) 

RULE  III. 

ft.  ft.  ft.  ^ 

£x  g 304-40-j-')0__6Q  gum  of  the  sides.  And, 

2 

ft.  ft.  ft. 

60  -30=30  First  remainder. 

60—40=20  Second  remainder. 

60  — 50=10  Third  remainder. 

But 

^760  x 30x20  x 10=-v/ 360000= 600  square  feet,  or  66| 
square  yards.  Ans. 


OF  PLANES. 


Ex.  3. 


Ex.  2, 


Ex.  3 


195 


(Key  to  Vol.  II.  page  30.) 
links  links  links  . , 

2569+4900+5025,^  ha]f  rf  the  sides.  And 
2 

links  links  links 
6217—2569=3678  First  remainder. 

6247  — 4 00=1347  Second  remainder. 

6247  — 5025=1222  Third  remainder. 


But 


/6247  X 3678  x 1 347  x 1222  £c.  ro. 

' iooooo =6l“1" 


PO. 

39.  Ans. 


3.  The  Area  of  Trapezoids. 


in.  in. 


15  + 11 

2 


ft.  in.  ft.  in. 

X 12*5  feet=(l ..  1)  X (12..6)=13T£sq.  ft.  Ans. 


(Page  31.) 


links  links 

11  Gap  x p— -I930Q  SqUare  links,  the  area  of  apc. 

And 

links  links  links 

(.35l^±i95p^  635  Pa= 300672*5  square  links,  the 
2 

area  of  cpqd. 

Again, 

links  links 

365 bq  X Sqr<  iinks,  the  area  of  dqb. 

<z 

But 

sq.  links  (apc)  (cpqd)  (dqb)  Acres 

100000)  1 9360+300672  5 +108587*5  ( 4-2862 whole  area. 

4 


Roods  IT 448 
40 


Perches  5*7920 


MENSURATION1 


196 


Ex.  2. 


Ex.  3. 


(Key  to  Vol.  II.  page  31.) 

4.  The  Area  of  Trapezia. 

(28-f  3 square  yardg>  Ans 


2 x y 


Construction. 


From  any  conve- 
nient scale  of  equal 
parts  take  ac  378 
yards,  and  by  the 
same  scale  make  ae 
100  yards,  and  cf  70 
yards.  Then  from  e 
and  f at  right  angles 
to  ac  draw  fd,  fb  ; 
and  from  the  point  a 
with  a radius  of  220 
yards  on  the  scale  employed  for  ac,  determine  d;  also  from  the 
point  c,  with  a radius  of  265  yards  on  the  same  scale,  determine 
b.  Lastly,  join  ab  and  dc.  abcd  is  the  field  required. 

Calculation. 


/ yds.  yds.  yds. 

,y/(220AD)2  — (100ae)2  = 196  nearly,  oe. 

And 

/ yds!  yds^  yds. 

y/(265bc)2  — (75cf)2  = 255-5  bf. 
yds.  yds.  yds. 

^ „ (196+255-5)  x378ac  *•  *• 

But  ^ 1 =17..  2. .21.  An§. 

2 X 4840  sq.  yds. 


(Page  32.) 

5.  The  Area  of  irregular  Polygons , 

Example.  [See  the  Figure  given  with  the  Problem.] 

ac  55  X 9 = 495  area  of  abc 
ac  55  X 6|  = 357£  - - - - agc 

v>q  23  X 22  = 506  - - - - gdc 

^fd  26  X 12  = 312  - - - - fgd 

+d  26  X 8 = 208  - - - - fde 


Sum  1878-y  whole  area.  Ans. 


OF  PLANES. 


107 


(Key  to  Vol.  II.  page  32.) 
Otherwise. 

55ac_X  (18bb+13cw)  co> 

2 

44gcX23d?  _5Q6  cgd 

2 

52fd  X (12go-{-8ep)  =520  f(jde 

2 

Sum  1878^  Ans.  as  before. 


(Page  33.) 

6.  The  Area  of  regular  Polygons. 
(Side)  ( Side)  ( Tab.  area) 

Ex.  2.  2u  X 20  X 0*4330127=173*20508.  Ans. 

Ex.  3.  20  x 20  x 2*5980762  = 1039-2304S.  Ans. 

Ex.  4.  20X20X4-S2S4271  =1931-37084.  Ans. 

Ex.  5.  20x20x7-6942088=3077-68352.  Ans. 


(Page  36.) 

The  Length  of  an  Arc  of  a Circle . 

(Const,  dec.)  (Rad.)  feet 
Ex.  1.  -0174u  x30° x 9tl. =4*7115.  Ans. 

(Const,  dec.)  (Rad.)  feet 

Ex.  2.  *01745  X 12°£x  lOti. =2*1231  length  of  the  arc  required. 


(Page  37.) 

The  Areas  of  Circles. 

(C.)  <D.) 

Ex.  2.  2^  = 5ix7=38|.  Ans. 

Or, 


(Circular  ar.)  (d2.) 

•7854  X 49=38-4846  area  required,  nearly  as  before. 
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MEN  StJ  RATION 


(Key  to  Vol.  II.  page  37.) 

(Circul.  a.)  (l>2.)  sq  feet  sq.  yds. 

Ex.  3.  -?8j4  X 12^-  = 9-62105  = 1-069.  Ans. 

( Recip.deo .)  (c2  ) sq.  feet. 

Ex.  4.  -07958  x 144=11-45952.  Ans. 


(Page  38.) 

The  Areas  of  Circular  Rings. 

Ex.  2.  20x20=100  the  square  of  the  greater  diameter. 

10  X 10=  100  the  square  of  the  less  diameter. 

300  difference  of  the  squares. 

Multiply  by  -7854 

Product  235  62  area  required. 


Or, 

20+10=30  sum  of  the  diameters. 
20—  10=10  diff.  of  the  diameters. 


300  rectangle  under  the  sum  and  diff* 
Multiply  by  *7854 

/ 

Product  235-62  area  required,  as  before. 


* Euclid,  Book  ii.  Prop.  5, 


(Page  39.) 

The  Areas  of  Sectors  of  Circles. 

(Rad.)  (Arc) 

r _ 10  X 20  . 

Ex.  2.  = 100.  Ans. 

2 

(Rad.) 

Ex.  3.  25  x 2 = 50  the  diameter  of  the  circle. 

And  50  X 50  = 2500  the  square  of  the  diameter. 

f 

(('ire.  a.)  (d2.) 

Also  *7854  X 2500=1963-5  area  of  the  whole  circle. 


I 
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But 

( Circ .)  (Giv.  arc ) ( Whole  area ) (Area  reqd .) 

As  360°  : 147° ..  29'  : : 1963-5  : 804*3986.  Ans. 


(Page  40.) 

The  Areas  of  Segments  of  Circles. 

(d  .)(Alt.) 

Ex.  3.  50)  18  (*36  Quotient. 

Entering  the  Table  of  Circular  Segments  with  *36,  the  corre 
sponding  area  is  *25455.  Lastly, 

(Tab.  ar.)  (d2.) 

*25455  X 2500  = 636*375.  Ans. 


Ex.  4. 

Construction. 

From  any  convenient  scale  of  equal  parts 
take  ec  10,  and  about  e at  the  distance  ec 
describe  the  circle  abc.  Place  the  right  line 
ab  16  from  the  same  scale,  in  the  circle  abc, 
[ Eucl . iv.  1.]  and  join  ae,  eb.  Bisect  ab  in 
d,  and  through  the  point  d draw  ec.  The 
line  ab  divides  the  circle  into  two  segments, 
either  of  which  is  the  segment  whereof  the 
area  is  required. 

Calculation. 


As  10  ae  - --  --  --  --  Log.  ar.  co.  — 1*  

: 8 ad - --  --  --  --  --  --  Log.  0*9030900 
: : Radius  - --  --  --  --  — - Log.  10* 


: Sin.  53°.. S'  z. aec,  nearly  - - - - Log.  9*9030900 
Wherefore  the  arc  acb  contains  106°..  16'  nearly. 

Again, 

(Circ.  a.)  (d2.) 

*7854  X 400  = 314*16  the  area  of  the  whole  circle. 

But 

(Circ.)  (Arc  acb)  (Whole  area)  (Area  acbe) 

As  360°  :■  106°  ..  16'  ::  314-16  : 92*728. 
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MENSURATION 


(Key  to  Vol.  II.  page  40.) 

Now 

y'lOO'iE2  — 64AD2  = .y/36=6=ED.  And 
16abx6ed  96 

= — = 48  area  of  the  triangle  aeb. 

Hence,  by  subtraction,  44 -728= the  area  of  the  segment  aec. 

Consequently, 

269  432  and  44  728  are  the  two  Answers.* 

* Evincing  a defect  in  the  Answer  accompanying  the  Question. 


(Page  42.) 

The  Areas  of  irregular  Figures. 

17-44-2  44 

Ex.  2.  * ' ■ = 20-9  mean  breadth  of  the  two  ends. 

2 

And 

20^+2^6±n-1HJ6  5tg0i  x 84=1540-64.  Am. 
5 


The  Areas  of  Ellipses. 

( Tra . di,)(Cory.  di.)  (Const,  dec.) 

Ex.  1.  70  X 50  X -7854  = 2748-9  area  required. 

(Cory,  di.)  (Tra.  di .)  (Const,  dec.) 

Ex.  2.  24  x 28  x -7854  = 339  2928.  Ans. 


(Page  43.) 

The  Areas  of  Elliptic  Segments. 

I 

(Alt.)  (Gr.  ax.) 

Ex.  2.  10  -j-  35=  28^  the  versed  sine;  to  which  in  the  Table  of 

Circular  Segments  corresponds  -18518 

Multiply  by  875=35  X 25,  the  axes. 


Product  162*0325  area  required. 


OF  SOLIDS. 
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(Alt.)  (Less  ax.) 

Ex.  3.  5 -f-  25  = -2  the  versed  sine  ; with  which,  entering  the 

Table  of  Circular  Segments , the  corresponding  area  is 
found  *11182 

Multiply  by  875  = 35x25,  the  two  axes. 


Product  97  8425  area  sought. 


The  Areas  of  Parabolce  and  Parabolic  Segments. 
(Base)  (Alt.) 

Ex.  2.  f X 16  x 10=106*.  Ans. 


MENSURATION  OF  SOLIDS. 

(Page  44.) 

The  Superficies  of  Prisms  and  Cylinders. 

(Side)  (Side)  (No.) 

Ex.  1.  20  X 20  X 6 = 2400  the  surface  of  the  cube. 

(Length)  (Breadth)  (Sides)  ft. 

Ex.  2.  20  ft.  x 1*5  ft.  x 3 = 90  area  of  the  three  sides, 
ft.  ft.  ft. 

And  - '-—2-25  half  sum  of  the  three  sides  of  either 

2 

triangle  forming  an  end  of  the  given  prism. 

(Half  sum)  (Side) 

Also  2*25—  1 5=  75  one  of  the  three  equal  remainders.  But 
\Z'15  x *75  x *75  X 2 2 5=  97432  area  of  either  end  of 
the  prism. 

Multiply  by  2 


Product  1-94864  area  of  both  ends. 
Add  90‘  area  of  the  sides. 


Sum  91-94864  whole  superficies. 


(Di.)  (Circumf.)  (Di.)  (Circumf.) 

Ex.  3.  As  1 : 3-1416  : : 2 ft. : 6 2832  ft.  of  the  given  cylinder. 

2 D 


MENSURATION 
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(Key  to  Vol.  II.  page  44.) 

( Circumf .)  ( Length ) sq.  feet. 

And  6*2832  ft.  x20  ft.  = 125*664  convex  surface  required, 
ft.  ft.  ft.  ft.  sq.  feet 

Ex.  4.  (2*5-+-3*166-j-2*5)  x 2*66=21  *77  the  area  of  the  bottom 

and  two  ends  of  the  cistern.  Also 
ft.  ft.  sq.  feet 

(2x3*166)  x 2*5  = 15  8333  area  of  the  two  sides. 

Hence  the  whole  internal  area  is  37f|.  square  feet, 
sq.  feet  lb.  lb.  d. 

Byt  37-^-  x 7 =263^, which  at  3 per  lb. =<£3 ..  5 ..  9|  nearly. 


(Page  45.) 

The  Superficies  of  Pyramids  and  Cones. 

Perim  of  the  ha.  (SI.  ht .)* 

_ , (3  ft  + 3 ft.  + 3 ft.)  X 20  ft.  „ 

Ex.  1. — =90  square  feet.  Ans. 

* The  slant  height  of  Pyramids  and  Pyramidal  frusta  is  an  ambiguous 
expression.  Dr.  Hutton  means  the  line  that  in  the  plane  of  the  perpendi- 
cular bisects  a side. 

(Di.)  (Circumf .)  ( Di .)  (Circumf.) 

Ex.  2.  As  1 : 3*1416  : : 8 5 ft.  : 26*7036  ft.  round  the  base. 

(Circumf.)  (SI.  ht.) 

And  26w036f^— -_Q—  -667*59  square  feet.  Ans. 

The  Surface  of  the  Frusta  of  Pyramids  and  Cones  by  Sections 

parallel  to  the  Base. 


It.  in.  ft.  in.  ,,  . 

Ex.  1.  (3-4)  + (2  -j) 


Ex.  2. 


110  sq.  feet.  Ans. 
X 12*5  ft. =90  square  feet.  Ans. 


6*4.  |*4  (SL  hL ) 


(Page  46  ) 

The  Solidity  of  Prisms  and  Cylinders. 


in.  iu.  in.  cubic  in. 

Ex.  1.  24  X 24  X 24  -=  13824.  Ans. 


OF  SOLIDS. 
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( Length ) ( Breadth ) ( Thickness ) 

Ex.  2.  (3  ft.  2 in.)  X (2  ft.  8 in.)  x (2  ft.  6 in.)=2l£  solid  ft.  Ans. 

c.  in.  cub.  in. 

Ex.  3.  282)  2l£  x 1728  (129 gallons  of  water.  Ans. 

Ex.  4.  Because  32-f-42=52  it  follows  [ Eucl . i.  48]  that  the  angle 
contained  by  the  two  sides,  3 and  4 respectively,  is  a 
right  angle.  Therefore 

3x4  (Length) 

- ^ ■ X 10  feet=60  cubic  feet,  content  required. 


ft.  ft.  (Rec.  dec.)  ( Length ) sol.  feet. 

Ex.  5.  5’5  X 5 5 X 07958  X 20  feet=48T459.  Ans. 


(Page  47.) 


The  Solidity  of  Pyramids  and  Cones. 


Ex.  1. 


(Base) 

30x30  (■ AU •)  . _ 

— — — ■ x 25  = 7500  content  required. 


(Sides) 

Ex.  2.  = £ =4-5  half  sum  of  the  sides. 

2 2 

And  4*5— 3=T5  one  of  the  three  equal  remainders. 

(Alt.) 

But  y/4-5  x 15  x 15  X 1-5  X 30  4-3  = 3897117  X 10,  or 
38-97117  the  solidity  required. 

ft.  ft.  ft. 

54-6-1-7 

Ex.  3.  - — — 9 ft.  half  swn  of  the  three  sides. 

2 

ft.  ft.  ft. 

And  the  three  remainders  are  2,  3,  4. 

But  v^9  x2  x 3 x 4 ft.  = ^/2 16 ft.  = 14-6969385 ft.  area  of  the 
base. 


Lastly 


ft.  (Alt.) 

14-6969385  X 14  5 ft. 


solid  feet 
71-0352. 


Ans. 


3 
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(Tab.  area ) (Side  sqd.)  sqr.ft. 

Ex.  4.  1 7204774  X 4 ft.=6-88l  9096  area  of  the  base. 

Multiply  by  4 ft = j-  of  12  ft.  altitude . 

Product  27-52763S4  solid  feet.  Ans. 


(Tab.  area)  (Side  sqd.)  square  feet 
Ex.  5.  2-59S0762  X -25  feet  = 6495 1905  area  of  the  base. 


sq.  feet  (Alt.) 
And  ‘6495 1905x6-4  ft. 


cubic  feet 
= 1*38564064. 


Ans. 


(Recip.  dec.)  (c2)  sq.  feet 

Ex.  6.  -07958  x 81  =6  44598  area  of  the  base. 

Multiply  by  3*5  ft.=-^  of  10^  ft.  altitude . 

Product  22-56093  solid  feet.  Ans. 


(Page  48.) 

The  Solidity  of  the  Frusta  of  Cones  and  Pyramids. 


ft.  ft.  sq.  ft. 

Ex.  1.  *5  X -5  = -25  area  of  the  less  end.  And 

1-25  X 1-25=1*5625  greater  end. 

sq.  ft. 

But  v/  -25  x 1-5625  ft.  = 625  mean  proportional. 


Again 

sq.ft,  sq.ft.  sq.ft.  sq.  feet 
•25+625+l-5625_2-4375 
3 ~~  3 


sq.  ft. 

= •8125  mean  area. 


Multiply  by  24  altitude. 


Product  19-5  solid  feet.  Ans. 


ft.  ft.  ft.  ft.  sq.  ft. 

Ex.  2.  (P5)M  (l-5)2-j-(l"5  x-5)=2  5625  sum  of  the  product 


(Tab.ar.)  (Sum  of  prods.)  (Alt.) 

But  1-7204774  ft.  X 2 5625  ft.  x 5 ft. 

3 


cubic  feet 
9-31925.  Ans. 


OF  SOLIDS. 
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(Gr.  dii.)(L,di2.)(Gr.  di)  (JL.  di.) 

Ex.  3.  64  + 16  4-  (8  X 4)  = 112  sum  of  the  products. 

(Taft.  ar.)(Sum  of  pro.)  ( Alt  ) 

And  ,7854  x J12  X 18  = 527-7888.  Ans. 

(Gr.  di2.)  (L.  di2.)  (Gr.  di)  (JL.  di.) 

Ex.  4.  400  + 100  + (20  x 10)  = 700  sum  of  the  prods. 

(Taft,  ar.)  (Sum,  of  pro.)  (Alt.) 

And  'Q?958  X 37QQ  X-2-  = 464  216  solidity  required. 

(b.  di2.)  (H.  di2.)  (B.  di.)  (h.  di.)  sq.  in. 

Ex.5.  784  in.-f-400in.+(28in.  x 20  in.)  = 1744  sum  of  the  prods. 

(Tab.  ar.)  (Sum  of  prods.)  (Alt.)  cub.  inches 

. , *7854  in.  X 1744  in.  X 40  ,QOC9  1CQ  . . . e 

And  ^ = 18263-168  the  content  of 

3 

the  whole  Cask.  But 
c. in.  cub.  inches 

231)  18263  168  (79*06133  gallons  of  wine.  Ans. 


(Page  50.) 

The  Superficies  of  Spheres  and  Spherical  Segments. 

(C.)  (D.) 

Ex.  1.  22  X 7 = 154  the  superficies  required. 

(d2,)  (Const,  dec.)  sq.  inches. 

Ex.  2.  24in.  X24in.  x 3- 1416=  1809*5616  superficies  required. 

(Di.)  (Cir.)  square  miles 

Ex.  3.  7957-75  mis.  X 25000  mls.= 198943750.  Ans. 

(Di.)  (Cir.)  (Di.)  (Cir.) 

Ex.  4.  As  1 : 31416  : : 42  in.  131-9472  in.  the  circumference 
of  the  sphere  of  which  the  segment  proposed  is  a part. 

(Whole cir.)  (Alt.)  square  inches. 

But  131  9472  in.  x 9 in.=  1187-5248.  Ans. 

(Di.)  (Cir.)  (Di.)  (Cir.) 

Ex.  5.  As  l : 31416  ::  12-5  ft.  39-27  ft.  the  circumference  of 
the  sphere  of  which  the  zone  proposed  is  a part. 
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(Whole  cir.)  (Alt.)  sq.ft. 

But  39-27  ft.  x 2 ft. =78-54  convex  surface  required. 


(Page  51.) 

The  Solid  Content  of  Spheres. 

( Di 3.)  (Const,  dec.) 

Ex.  1.  (12  X 12  X 12)  x -5236=904-7803.  Ans. 

(CirA)  (Const,  dec.)  square  miles 

Ex.  2.  250003mls.  x -01688mls. =263750000000.  Ans. 

(Page  52.) 

The  Solidity  of  Spherical  Segments. 

(Di.)  (Dbl.  alt.)  (Alt.)2,  sq.  ft. 

Ex.  1.  (8  ft.  X 3)  — 4 ft. =20  ft.  which  xcdby4ft.  = SO 

Multiply  by  the  constant  decimal  *5236  feet. 

Product  cubic  feet  41888.  Ans. 


Ex.  2.  Here  3 times  the  square  of  the  radius  of  the  base  = 300 

The  square  of  the  height  is  81 

Stoji  381 

Multiply  by  the  height  9 

- 

Product  3429 
Multiply  by  the  const,  decimal  -5236 


Ans.  1795-4244 


ARTIFICERS-WORK. 


(Page  83.) 


BRICKLAYING. 


ft.  in.  ft.  in.  ft.  bricks 
(57 ..  3)  X (24 ..  6)  x5 

3 half  bricks. 


sq.  ft.  pts.  in.  rods.  yds. 

2337  ..8. .6=  8..  17f.  Ans. 


Ex.  1. 


ART1FICERS-WORK. 
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i 

ft.  in.  ft.  ill.  h,  bricks 

Ex.  2.  = 169-753  sq.  yds.  Ans. 

9x3  half  bricks  1 J 


(Length)  ( Height ) h.  bricks  , 

^ o 24-75  ft.  X 17-5  ft.  x 4 sq'ft*  sq>  y®.  . 

X#  ‘ ' 2X3  half  brich  + 9 ~ 330S3J-  Ans* 


ft.  in.  ft.  h.br. 

Ex  4 (28 ..  10)  X20x5 

3 half  bricks 


sq.  ft.  12ths 

= 961 ..  1^  the  first  20  feet  up. 


ft.  in.  ft.  h.  bricks 
(28..  10)  X 20  X 4 

3 half  bricks 

ft.  in.  ft.  in. 
(28  ..10)  X (15. .8) 


= 768  ..  10j  the  next  20  feet. 


= 451  ..8^  brick  and  half  thick. 


ft.  in.  ft.  in.  h.  bricks. 

(28.10)  X (10 ..6)*x_2_  10Q  n in  the  ble> 
2x3  half  bricks 


sq.  ft. 


sq.  yards 


Divide  by  9 )2 282  ..  7^(253  626.  Ans. 


* If  four  courses  of  bricks  make  a foot,  42  courses  make  10i  feet. 


(Page  84.) 


MASON-WORK. 


ft.  in.  ft.  in.  ft.  cub.  feet. 

Ex.  1.  (53 ..  6)  x (12 ..3)  x2=1310|.  Ans. 

ft.  in.  ft.  in.  ft.  ft.  sq.  ft.  cub.  feet. 

Ex.  2.  (24  ..  3)  x (10 ..  9)  X 2=24-25  X 21-5=521*375.  Ans. 


208 


MENSURATION. 


Ex.  3. 

Ex.  4. 
And 


Ex.  1. 

Ex.  2. 
Ex.  3. 
Ex.  4. 


(Key  to  Vol.  II.  page  84.) 
ft.  in.  ft.  in.  sq.  ft.  pts.  in.  sq.  ft. 

(5  ..  7)  x (1 ..  10)  = 10  ..2  ..  10  = 10*2361 

Multiply  by  85. 


Product  <£4  ..  1 ..  10*608.  Ans. 


ft.  in.  ft.  in.  sq.  ft.  pts. 

(4  ..  6)  X (3 ..  2)  = 14  ..  3 

ft.  in.  ft.  in. 

(4  ..  4)  X (1  ..9)  = 7 ..  7 


Sum  21  ..  10=21|.  sq.  feet.  Ans. 


(Page  85.) 

CARPENTERS’  WORK. 


ft.  in.  ft.  in. 
(48  ..6)  X (24..  3) 

100  sq.feet. 


sqrs.  sq.  feet 
= 11..  76£.  Ans. 


ft.  in.  ft.  in. 
(36  ..  3)  X (16  ..6) 

100  sq.  feet 


sqrs.  sq.  feet 
= 5 ..  9S|.  Ans. 


ft.  in.  ft.  in. 
(173 ,.  10)X(10..  7) 

100  sq.feet. 

ft.  in.  ft.  in. 

(52 ..  8)  X (30 ..  6)  x3 


squares 

= 18*3973.  Ans. 

squares 
- = 24*095 


2 X 100  sq.feet 

Multiply  by  10*5  shillings. 

qr. 

Product  <£12..  12..  11  ..3*4  Ans. 


ARTIFICERS-WORK. 
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J 

ft.  in.  ft.  in.  sq.  ft.  pts. 

Ex.  5.  (83..  8)  X (12  ..6)  = 1045  ..  10  whole  area.  Also 

ft.  in.  ft.  in.  sq.  fl.  pts. 

(7  ..  8)  X (3  ..  6)  X 3=80  ..3 the  three  windows. 

ft.  ft.  in. 

And  7 X (3  ..6)  =24  ..  6 the  door. 


Sum  104..  9 
Half  sum  - - - - 
Total 


✓ 


52..  4* 

square  yards 

1098-2083=122  02314 


Multiply  by  6sk. 

s.  d.  qrs. 

Product  c£36  ..  12  ..  1 ..2  664  Ans.* 


* Dr.  Hutton , in  his  Answer,  gives  more  than  three  farthings  too  much. 


SLATING  AND  TILING. 

ft.  in.  ft.  in.  sq.  ft.  pts.  in.  sq.  yds. 

Ex.  1.  (45  ..  9)  X (34 ..  3)  =1566  ..11..  3=174^-  Ans. 

ft.  in.  ft.  in.  ft.  in. 

Ex.  2.  (27  ..  5)-f2(l  ..  4)=30 ..  1 between  the  ridges  at  bottom, 

ft.  in.  ft.  in.  sq.ft,  pts.  in. 

But  (43..  10)  X (30..  1)=  1318 ..  7..  10 
Of  which  the  half  is  659  ..  3 ..  1 1 


Sum  1 977  ..11..  9 flat  and  half. 


Or,  divided  by  100 19  7798  squares,  nearly. 

Multiply  by  25-5.s/<. 


Product  £25  ..  4 ..  4|.  Ans.* 


s.  d. 

* Differing  ^0 ..  14..  10|  from  Dr.  Hutton's  Answer. 

Otherwise,  and  more  correctly. 

ft.  in.  ft.  in. 

(30..  1)  x (30 ..  1)=905 -00674  square  of  the  hypothenuse. 

2 E 
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And  2\/ 


905-00674  ft- 


=42*544  nearly,  girt  of  the  ridges. 


ft.  ft.  sq.  feet  squares 

But  42-544  X 43-83= 1 864-70453=  18-6470453 

Multiply  by  25 '5sh. 


Product  £23  ..  15  ..  6.  Ans.* 


s.  d. 

* Differing  from  Hutton’s  Answer  f 0 ..  13 ..  11]  in  a contrary  direction. 
The  mean  amount  of  this  and  the  former  result,  however,  is  ,£24.,  9 ..  11], 
being  in  excess  only  5 \d.  above  the  Answer  given. 


PLASTERING. 


(Page  87.) 

ft.  in.  ft.  in. 

Ex.  1.  — ^ = 122^  square  yards.  An». 

9 sq.feet 


ft.  in.  ft.  in. 

Ex.  2.  (L217  8I-  X \0=£l ..  9 ..  8|.  Ans. 

9 sq.feet 


ft.  in.  ft.  in.  sq.ft,  pts.  in. 

Ex.  3.  (18..6)X(12..3)=226..  7 ..6=25-18  sq.  yds.  of  celling. 

ft.  in.  ft.  in.  ft.  in.  sq.ft,  pts. 

And  2(18..6+12..3)X(10..6)  = 645..9  whole  area  of  wall. 

ft.  in.  ft.  sq.ft,  in.  A 

Subtr.  ^ " &j.tX  7 = J J " b d°01  \ 50 ..  8 deduction. 

5x5  = 25., fire-place. 

sq.yds. 

Remainder  595  ..  1=66  12  rendering. 


sq.  yds.  d.  sq.  yds.  d.  s.  d. 

But  66-12  X 3+25  18  X 8=c£l  ..  13 ..  3|.  Ans* 


* Being  a halfpenny  more  than  the  estimate  of  Dr,  Hutton. 


ARTIFICERS-WORK. 
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(Key  to  Vol.  II.  page  87.) 
ft.  in.  ft.  in.  ft.  in.  ft.  ft.  . 

yi4-a+18..8)x(9JI)-(7X4^^*w||de|. 

9 sq.feet 

ft.  in.  in.  pts.  sq.ft,  pts.  in. 

(55  ..  2)  X (8  ..  6)  =39  ..  0 ..  11=  4..3..0..1 1 ofcornice. 

ft.  in.  ft.  in. 

And  (13"7).X  — )= 18..5..6..  4 of  ceiling. 

9 sq.feet  ° 

Whereby  the  Answer  is  obvious. 


PAINTING. 


ft.  in.  ft.  in. 

,,  , (65 ..  6)  X (12. .4)  . . 

Ex.  1.  : ^ =894|-  square  yards.  Ans. 

9 sq.  feet 


ft.  ft.  in.  ft.  in. 

Ex.  2.  2(20+14..6)x(10..4)  = 

ft.  in.  sq.  ft.  pts. 

I 4(4  ..4)  = 1 7 ..  4 fire-place. 

ft.  ft.  in.  sq.  ft. 

2x  6 X (3  ..2)  =38  windows. 


Subtr. 


sq.  ft. 

713  whole  area  of  wall. 

i \ 

pts. 

55 ..  4 deduction. 


sq.  yds. 

Remainder  G57f=7 3^.  Ans. 


(Page  88.) 


Ex.  3. 


ft.  in.  ft.  in.  ft.  in.  sq.  ft.  pts.  in. 

2(24  ..6+16  ..3)  x (12..9)  =1039 ..1..6  inside  area. 


Add 

^ ft.  ft.  in. 

Outside  of  the  door  7 x (3 ..  6)  = 

ft.  in.  ft.  in. 

J Inside  of  the  shutters  2 (7 ..  9)  x (3 ..  6)  = 


Window-breaks,  cills,  and 
soffits  4(8ft.6in+3ft.6in.) 


sq.ft,  pts.  in. 
x4 ..  6 ..  0 

54.. 3..0 

60.. 0..0 


Sum  1170.. 10. .6 

ft.  ft.  in. 

Deduct  fire-place  5 X (5. .6)=  27..  6..0 

sq.yds.  ft.  lgths 

Remainder  1150..  4. .6  = 127. .7. .44 
Multiply  by  6d. 

Product  and  Answer  ^3..3..l0| 
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GLAZING. 

ft.  ft.  sq.  feet 

Ex.  1.  4,25x2-75  = ll  6875.  Ans. 


Ex.  2. 


ft.  in.  ft.  in. 

(12..  6)  x (6..  9) 


2 


d.  s.  d. 

X 10=c£l ..  15  ..  If.  Ans. 


Ex.  3. 


ft.  in.  ft.  in.  ft.  in.  ft.  in.  d.  s.  d. 

3(7..l0+6..8+5..4)x(3..1l)Xl4  = o£,I3..11..10|.  Ans. 


(Page  89.) 

ft.  in.  ft.  in.  ft.  in.  ft.  in.  sq.  ft.  pts.  in. 

Ex.  4.  3(7..9-}-6..6-f-5..34)  X (3. .9)  =219.. 7 ..3^  rectang.  frames. 

ft*  in,  ft.  in. 

Add  (1  ..  10^)  x (3.-  9)  = 7..O..44.  oval  window.* 


Sum  226..7..8A  Total. 
Multiply  by  1 3d. 


Product  of  12. .5. .64-.  Ans. 


* The  oval  window  is  computed  as  rectangular;  else  the  expense  is  only 
.£12  ..3..  9i,  the  area  of  the  oval  being  5-52234375  square  feet. 


PAVING. 


Ex.  1. 


ft.  in.  ft.  in. 

(35  ..  4)  x (8  ..  3) 


9 sq.  feet 


s.  d.  s.  d. 

X(3..4)=o£’5..7..1  14.  Ans. 


Ex.  2. 


ft.  in.  ft.  in. 
(27..  10)  X (14..  9) 

9 sq.  feet 


s.  d. 

X (3  ..2)=o£7  ..  4 ..  5|.  Ans. 


ft.  ft.  in.  ft.  in. 

Ex.  3-  43  — (5  ..3)  = 39  ..  9 breadth  laid  with  pebbles. 


timber  measuring. 
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ft.  ft.  in. 

And  63  x(39;:9)  x (g ..  6)  = £3i ..  15  ..  pebbled. 
9 sq.feet 

ft.  ft.  in. 

Also  63  x t5,:3j  x 3 = 3 ..  10  ..  3 foot  path. 

9 sq.feet  » 

Sum  o£40 ..  5..  104.  Ads. 


PLUMBERS’  WORK. 

ft.  in.  ft.  in.  lb.  lb.  oz. 

Ex.  1.  (30 ..  6)  X (3..  3)  x 8^=1091  ..3.  Ans. 


(Page  90.) 

ft.  ft.  lb.  lb. 

Ex.  2.  43  X 32  X 9 831  =13527*456  roofing. 

And  57  x 2x  7-373=  840  522  guttering. 

cwt. 

Sum  14367-978=128-286  of  lead. 
Multiply  by  18s.  per  cwt. 

Product  c£l  15  ..  9 ..  l|.  Ans. 


TIMBER  MEASURING. 

The  Superficies  of  Boards. 

ft.  in.  ft.  in.  d.  s.  d. 

Ex.  1.  (12  ..  6)  x (0 ..  1 1 ) x 1 4=°£0 ..  1 ..  5T7.  Ans. 

By  the  Sliding  Rule.* 

Set  12  on  b to  11  inches  on  a;  then  opposite  12^  feet  on  b 
are  ll^i  feet  on  a,  which  multiplied  by  1U/.,  the  result  is  17 ^d. 
■nearly.  Ans. 

ft.  in.  ft.  in.  sq.  ft.  pts.  in. 

Ex.  2.  (11  ..2)  X (l ..  10)=20  ..  5 ..  8.  Ans. 

* The  Directions  for  the  Sliding  Rule  being  sufficiently  intelligible  in 
Hutton's  text , it  would  be  superfluous  to  give  more  Examples  solved  in  that 
way. 
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ft.  in.  ft.  in.  d.  s.  d. 

Ex.  3.  (12..9)x(l  ..3)x2|=o£,0..3..3 *.  Ans. 

in.  in.  in.  in.  in.  ft.  in. 

Ex.  4.  (134  x2)+144+18+1  14=70^=5..  10+  mean  breadth. 

ft.  in.  ft.  in.  d.  s.  d. 

But  (5 ..  10+  X (17 ..  6)  x3=o£’l  ..  5 ..  94.  Ans. 


(Page  91.) 


The  Solidity  of  Squared  Timber. 


ft.  in.  i /•  , . 
Ex.  1.  (18 ..  6)  X __J_ 

2 


ft.  in.  ft. 


in.  ft. 

3 1 . 

— X — 


in.  ft.  - , , . 

oil  c.ft.  12s.  144s.  in. 

'2. =28 ..  7 ..  4 ..  IO4.  Ans.* 


2 


* Dr.  Hutton  writes  in  liis  Answer  7 inches,  meaning  (it  may  be  supposed) 
1008  inches  for  1066 j inches,  the  exact  Answer  being  28/t.  1066\  in.  See 
the  4 9th  puge  of  the  Key. 


ft.  ft.  ft.  solid  feet 

Ex.  2.  24-5  X 1 ’04  x 1 •04=26-4992  or  264  cubic  ft.  nearly.  Ans. 

in.  in. 

]9i._i_  g 7 in. 

Ex.  3.  — 144  mean  breadth  and  thickness. 

2 T 

in.  in. 

But  20  38  X 2-4  ,r>  x ltd  — 29-7562  solid  feet.  Ans. 

144*</.  in. 


(Page  92.) 


Ex.  4. 


ft.  ft.  ft.  ft. 
178  + 1-04  1-23+0-91 
4 x x 


ft,  solid  feet. 

X 27-36=41  -278.  Ans. 


The  Solidity  of  Round  Timber. 
ft.  ' ft.  ft. 

Ex.  1.  34  X 34=124  the  square  of  the  quarter-girt . 

Multiply  by  94  ft.  the  length. 


Product  116|.  solid  feet.  Ans.* 

* Here  Dr.  Hutton  is  in  error  by  the  Rule  (which  is  fundamentally 
wrons:)  72  cubic  inches,  or  the  twenty-fourth  part  of  a solid  foot. 

Sota  Bene.  Tiiis  and  the  three  following  Questions  being  solved  in  the 
manner  directed,  the  Answers  must  not  be  considered  the  true  content. 


TIMBER  MEASURING. 
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Ex.  2. 


ft.  ft. 

\44-2  *t* 

- - = 8 mean  girt ; whereof  | is  2 feet,  quarter-girt. 


ft.  ft,  ft. 

But  2x2=4  the  square  of  the  quarter-girt. 
Multiply  by  24  ft.  the  length. 

Product  96  solid  feet.  Ans. 


3.5  ft. 

Ex.  3.  — = 0 7875  the  quarter-girt.  And 

feet  feet  feet  solid  feet 
0-7875  X 0-7875  X 14-5=8-992265625.  Ans. 


Ex.  4. 


ft.  ft.  ft.  ft.  ft. 
9-43+7-92+6-15+4-74+3-16  _ ^ 


mean  girt. 


g.Q  g It. 

Now  -7-  = 1-57  the  quarter-girt. 
ft.  ft.  ft. 

And  1*57  X 1-57=2*4649  square  of  the  quarter-girt. 
Multiply  by  17-25  ft.  the  length. 

Product  42  519525  solid  feet.  Ans. 


END  OF  THE  MENSURATION. 
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The  Laws  of  Gravity. 

Ex.  1.  As  l'K  7"2  : : 16^  ft.  : 7S8T\;  feet,  whole  descent. 
And  1"  : 7"  : : 32%  ft.  : 225 -g-  feet,  velocity  acquired. 

Ex.  2.  As  32|ft.  : 100  ft.  : : 1"  : 3"ffj  time  of  the  fall. 

And  l"2  : 3"~f1\1  : : 16T\-ft. : 155^5Tft.  passed  through. 

Ex.  3.  As  16^  ft.  : 400  ft.  : : l"2  : 4/7fp2  time  in  motion. 

And  1"  : 4 "ff  : : 32%  ft.  : 1 6044  ft.  velocity  generated. 


QUESTIONS  IN  PRACTICAL  GUNNERY. 

(Page  162.) 

Ex.  1. 

lb.  lb.  lb.  lb.  ft.  ft.  in. 

Asyi96:-v/18  v 14  : 4 2426407  ::  1600  : 4S5  - 13  shell, 
y 90:  y 8v  9*486833:  2-828427,  7 

: : 1600  : 477  j 10  shell, 

y 48  : y 4 v 6-9282032  : 2 : : 1600  : 462  - 8 shell, 

y 16:y  2 v4  : 1-4142136  ::  1600:566  - 54,  shell, 

y 8 : y 1 V 2-8284271  : 1 : : 1600  : 566  - 4f  shell. 

ft.  ft.  ft.  ft.  ft. 

Wherefore  485,  477,  462,  566,  and  566,  respectively.  Ans. 


I 
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Ex.  2.  As  Sin.  2x  (45°Z.gr.  range)  Log.ar.co.—  10* 

: Sin.  2 X (30°  ..  16'  elev.'prop.),  Log.  9-9398396 
: : 1000  yds.  given  range,  - - - - Log.  3*  - - - - 

: S?0'64  yds,  range  sought.  - - - Log.  2-9398396 


(Page  163.) 

Ex.  3.  As  3750  ft.  range  found.  Log.  ar.  co.  —4-4259687 
: 2810  ft.  range  proposed,  - - - Log.  3-4487063 
: : Sin.  2 X (45°  trial  elevation),-  - Log.  10.  - - - - 

: Sin.  2 x | j elevat.  reqd.  Log.  9-8746750 

Ex.  4.  As  Sin.  2(32°.. 12' giv.elev.)  Log.ar.co.— 10-0448741 
: Sin.  2 X (45°  Z.  of  great,  range),  Log.  10-  

::  3250  ft.  proposed  range,  - - - Log.  3-5118834 

: 3603*7 ft.  greatest  range. Log.  3*5567575 

feet 

But  3603*7 /*.-;-2=1802  nearly,  the  impetus  required. 

Again, 

2^1802  x 16TL- ft.  =2^/28982-3- ft.  =340*4  ft.  the  velocity 
demanded. 

And  , 

As  485  ft.  tab.  velocity,  - - - Log.ar.co.  —3-3142583 
: 340*4  ft.  velocity  necessary,  - - - Log.  2-5319896 
: : v/91b.  tab.  charge, Log.  0 4771213 


: y' 4-4334  lb.  = 4/6.6/7-02.  charge  req.* Log.  *3233692 

* In  the  Impetus  and  Velocity  we  agree  nearly  witli  Hutton,  but  differ 
more  than  i lb.  in  the  Charge  of  Powder.  Indeed  if  the  Velocity  be  taken 
at  340  ft.  as  he  states  it,  we  differ  a lb.  in  the  Charge. 

Ex.  5.  As  Sin.  2 X (25°..  12'  actual  7 T 

v i ..  . > Log.ar.co.  —101132199 

elevation), ) ° 

: Sin.  2 X (36° ..  15'  prop,  elevation),  Log.  9*9794195 
: : 3500  ft.  range  measured,  -----  Log.  3*5440680 

L,og.  3*6367074 


: 4332-1/*.  range  sought. 

• 2 F 
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i 

ft.  ft.  ft.  ft.  lb.  lb. 

Ex.  5.  As  4000  : 3000  -.-  4 : 3 : : 9 : 6f.  Ans. 


Ex.  7.  Because  [Theor.  iii.  page  156,  vol.  ii.]  T"=2y'->/h  and 

g 

that  £=16-^  feet;  if,  rejecting  the  fraction,  as  in  com- 
parison small,  g be  taken  = 16  feet,  it  is 


T"  = 2 v'j'ift.  =2v/|ft.=2x  =iVi  k,  ft. 


But  ft-=ir  X VW R>  ft-=*  X W*>  ft. 

Wherefore  the  time  in  seconds=-^i/  range  in  feet.'  Ans. 


Ex.  8.  As  Tang.  45°  z.  gr.  range.  Log.  ar.co.  — 10- 

: Tang.  32°  given  z.  of  elevation.  Log.  9-7957892 
: : 812-5  ft.  a proposed  range,  - - Log.  2-9098234 


: 507 -72  ft.  greatest  altitude.  - - - Log.  2-7056126 
507*72 

Now  2/y/  — — — — ft. =2  x5"*6=lT'-2=ll^  seconds  nearly.  Ans. 
1 6^2 


Ex.  9.  90°-  (32° ..  30')=5?°  ..  30'.  And 

(32°..  30') -(8°..  15')  =24°..  15'.  But 

The  log. -sin.  of  57° ..  30'  - - - - is  9-9260292 

of  24°..  15'  - - - - is  9-6135446 

The  ar.  co.  of  twice  the  log.  cos.  8° ..  15'  is  — 20-0090356 
The  log.  of  4(3000 ft.  impetus)  - - - - is  4*0791812 


The  sum  of  these  4 logarithms  -----  is  3-6277906  which 
.is  the  log.  of  4244 feet  range  on  the  Ascent. 


90°  — (8° ..  15') 


Again 


9, 


40' 


° ..  52'u.  And 


The  log.-sin.  of  57°. .30' is  9-9260292 

of  40°  ..  52'£ is  9-8158506 

The  ar.  co.  of  twice  the  log.-cos.of8°..15'  is  — 20-0090356 
The  log.  of  4(3000  ft.  impetus)  is  4-0791812 


The  sum  of  these  4 logarithms is  3-8300966  which 

is  the  log.  of  6762*3 ft.  range  on  the  Descent.* 


* By  which  it  should  appear  that  Dr.  Hutton  had  found  17-3  feet  more 
than  the  true  range  on  the  descending  plane. 
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Ex.  10.  Here  the  impetus  (by  Art.  98)  is  3000  ft.  nearly.  And 
2^3000  X 16^  ft.=2y/ 48250  ft.  =439*363  ft.  the  Velocity. 
n.  But 

ft.  V.  ft.  V. 

As  485*  : 439*363 : : y/91b. : y/ 7*38209  lb.  nearly,  the  Charge. 

Ans.f 

* See  Art.  107,  page  162,  vol.  ii. 

f This  Answer  and  the  Answer  given  by  Dr.  Hutton  differ  in  the  decimal 
only. 

Ex.  11.  Finding  the  impetus,  as  in  the  foregoing  Example,  to 
be  nearly  3000  feet ; (for  y/  X 1600=438*4  feet 

438*4  ft?  2 

the  velocity  : and-  =3003*04  ft.  the  impetus)  it  is. 

As  Rad. : Tang.  8°  ..  15' : : ; 217*49  ft. 

And 

As  Radius,  - --  --  --  - Log.  ar.  co.  — 10*  

: Cos.  8°..  15'  z.  of  descent,  - - - Log.  9*9954822 
::  6745  ft.  given  range,  ------  Log.  3*8289820 


: 6675 *2/^.  horizontal  range.  - - - - Log.  3*8244642 

But 


6675*2 


ft.  — 217*49  ft.  = 145 1*3  ft. 

And 


As  1500  ft.  ^ the  impetus,  - Log.  ar.  co.  —4*8239087 

: 14513  ft. Log.  3*1617572 

: : Cos.  8° ..  15'  A of  descent,  - - - Log.  9*9954822 


: Cos.  16° ..  46'.  - - 


- Log.  9 9811481 


Now 


JK0  (8°..  15')-f  (16°..46')  , y 

45”  - 1 !TA > =32”  ..29*0  Ans. 

Also  90”-(32”..29'i+S”..  15')=49°..15'£  ) 


Otherwise. 


Because  ( Theor . i.  page  159.)  R=£lx4a,  or-—  = cs;  it  is, 

c2  4 a 

(having  first  found  the  impetus  to  charge  7|-lb.  to  be  3000  feet 

. . . % cos.2  of  (8°..  15')  X 6745  ft. 

nearly , as  before)  cs  = ^8000  ft 


c2r 
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In  Logarithms. 

Twice  the  log-cosine  of  8° ..  15'  = - - 19-9909644 
The  logarithm  of  6745  ft.  range  = - - 382b9820 

Log.  ar.  co.  of  4(3000  ft.  impetus)  = - - — 5-920S188 

Log.  Sum  19-7407652  which 

is  the  logarithm  of  the  cos.  of  direction  above  the  horizon  -|-the 
log-sine  ot  direction  above  the  plane.  But  the  angle  of  direc- 
tion above  the  plane  is  evidently  8°..  15'  greater  than  the  angle 
of  direction  above  the  horizon.  Entering,  therefore,  the  table 
of  log-sines,  find  the  angle  of  which  the  log-cosine  added  to  ' 
the  log-sine  of  the  angle  8° ..  15'  greater,  shall  approach  the 
nearest  to  19-7407652. 

Now  the  log.-cosine  of  32°. .30'  is  9-9260292 
Log. -sine  of  40°  ..  45'  is  9-8147534 

Sum  19-7407826 


Also  log.-cosine  of  49°..  15'  is  98147534 
Log. -sine  of  57°.. 30'  is  9-9260292 

Sum  19-7407826 


Consequently  32°  ..30'  and  49° ..  15'  are  the  elevations  required , 

* .*  * i ? 

Geometrically. 


Draw  any  right  line  ah  representing  the  horizon,  and  at  a 
erect  the  perpendicular  AP=3000ft.  on  any  convenient  scale  of 
equal  parts.  Bisect  ap  in  b,  and  draw  bd  parallel  to  ah.  Also 
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make  the  angles  paq,  hai,  each,  equal  to  8°..  15'.  And  from  c 
(the  point  of  intersection  of  aq  and  bd)  at  the  distance  ca  or  cp, 
describe  the  arc  adqp.  By  the  scale  employed  for  ap  make  ai  = 
6745  ft.  and  take  Am  one  fourth-part  of  ai.  If  through  the  point 
m there  be  drawn  the  line  oonm  parallel  to  ap,  the  two  points  oo 
in  the  circumference  adqp  will  indicate  the  elevations  required. 
From  a therefore,  draw  straight  lines  through  the  points  o and  o; 
the  angle  o\n  measured  by  a line  of  chords,  or  goniometer,  is 
c 49°  1 5'  7 

/ 39°  ‘ 30'  two  elevations  sought.* 

* Again  the  Key  and  Course  are  not  agreed  in  the  Answer. 


Ex.  12.  45°  — (8° ..  30')=36° ..  30'  the  angle  of  direction  above 
the  plane. 


(2(2304) 

And  ■ — 'ft.f=16"*97  time  of  greatest  horizontal  range. 


Lastly,  As  Sin.  45°,  -------  Log.  ar.  co.  — 101505150 

: Sin.  36°. .30' Log.  9-7743876 

: : 16"-97  time  of  greatest  hor.  range.  Log.  1-2296818 


: 14"-275  the  time  sought.  - - - - - Log.  1-1545844 


Otherwise,  and  more  correctly. 

£ 

Because,  [Theor.  iv.  page  159,  vol.  ii.]  2t  =-</a  (if  16  feet, 

instead  of  16-^  feet,  be  substituted  forg)  it  is. 

Half  the  log.  of  2304  ft.  - - - is  l-6S12412=log.  a . 

The  log.  sine  ot  36° ..  30'  - - is  9"7743S76t=log.  of  s. 

The  ar.  co.  log-cos.  8° ..  30'  - is  — 10  0047967  = — log.  of  c. 


The  log.  of  28"-S68  is  the  Sum  = 1 -4604255 =log.  of2-r". 
Wherefore  14"’434  is  the  time  required. 

t Because  t=:V  — ; and  that  here  t— 1,  RzzVa,  and  gzz  16  nearly. 
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HYDROSTATICS. 


To  find  the  Specific  Gravity  of  a Solid  Body  heavier  than  Water. 

lb.  lb.  lb. 

Example.  10—  6|=3£  weight  lost  in  water. 

Therefore, 

As  3|lb.  loss  in  water, 

: 10  lb.  weight  in  air, 

::  1000  lb.  specific  gravity  of  water, 

: 3077  lb . specific  gravity  required. 


To  find  the  Specific  Gravity  of  a Solid  Body  lighter  than  Water. 

Example.  Here  the  aggregate  body  weighs  331b.  in  air,  and 
61b.  in  water.  Also,  the  denser  body  weighs  181b.  in  air,  and 
161b.  in  water.  But  331b.  — 6 lb. =27 lb.  lost  by  the  aggregate 
body  in  water;  and  181b.—  161b.  =2  lb.  lost  by  the  denser  body 
in  water.  Therefore, 

As  271b.  — 2 lb. =25 lb.  difference  of  loss, 

: 151b.  weight  of  the  lighter  body  in  air, 

: : 10001b.  specific  gravity  of  water, 

: 6001b.  specific  gravity  required. 


(Page  230.) 

To  find  the  Specific  Gravity  of  a Fluid. 


oz.  oz.  oz« 

Example.  40— 35-61=4-39  loss  in  the  fluid.  Therefore, 

As  40  oz.  absolute  weight  in  air, 

: 4-39  oz.  loss  of  weight, 

: : 7425  oz.  specific  gravity  of  cast  iron, 

: 814-9  oz.  the  specific  gravity  required 

* A cubic  foot  of  the  fluid  in  question  weighs  185-1  ounces  less  than  Dr. 
Hutton  imagined. 
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Specifically  to  find  the  Quantity  of  each  of  two  known  Ingredients*  in 

a binary  Compound. 

Example.  8784—7320=1464  First  difference. 

9000  — 8784=  216  Second  difference. 
9000—7320=1680  Third  difference. 

Also  8784  x 1680=14757120 
9000x1464=13176000 
7320  x 216=1581120 

But,  As  14757120  : 13176000  : : 1121b. : 1001b.  of  copper.  7 A 
And  14757120  : 1581120 ::  1121b. : 121b.  of  tin.  ) * 

* The  Ingredients  may  be  themselves  Compound. 
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To  determine  the  Magnitude  of  Bodies  by  their  Weight. 

Ex.  1.  As  2520  oz.  specific  gravity  of  common  stone, 

: 1792  oz.  absolute  weight  in  ounces, 

: : 1728  cubic  inches,  in  a cubic  foot, 

: 122S.| cubic  inches,  content  required. 


Ex.  2. 


As  937  oz.  specific  gravity  of  gunpowder, 
: 16  oz.  absolute  weight  in  ounces, 

: : 1728  cubic  inches,  in  a cubic  foot, 

: 29^  cubic  inches,  content  required. 


(Page  232.) 

Ex.  3.  As  925  oz.  specific  gravity  of  oak, 

: 35840  oz.  absolute  weight  in  ounces, 

: : 1 cubic  foot, 

: 38-f-ff  cubic  feet,  content  required. 

To  determine  the  Weight  of  Bodies  by  their  Magnitude. 
ft.  ft.  ft. 

Ex.  1.  63  X 12  X 12=9072  solid  feet  in  the  block. 

And,  As  1 solid  foot, 

: 9072  solid  feet,  content  of  the  block, 

: : 2700  oz.  specific  gravity  of  marble, 

: 24494400  oz.  =683*4  tons,  iveight  required. 
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Ex.  2.  As  1728  cubic  inches,  in  a cubic  foot, 

: 35  25  cubic  inches,  in  I pint  ale  measure, 

: : 937  oz.  specific  gravity  of  gunpowder, 

: 191  oz.  the  weight  required. 

ft.  ft.  ft. 

Ex.  3.  10 x 3 x2|=75  cubic  feet  in  the  block. 

And,  As  1 cubic  foot, 

: 75  cubic  feet,  content  of  the  block, 

: : 925  oz.  specific  gravity  of  dry  oak, 

: 69375  oz.  =43354^  lb.  weight  required. 


PNEUMATICS. 

(Page  246.) 
incites 

Ex.  1.  The  log.  of  29  68  is  1-4724639 

The  log.  of  25-28  is  1 -4027771 


Difference  -0696868 
Multiply  by  10592 


Product  738-1225856  fathoms. 


Again  55°  — 50°=5°.  difference  of  temperature, 
c fath.  fath. 

But  x738T=8'5  excess  of  738-1  fathoms. 

435 

fath.  fath. 

And  738-1  — 8 5=729-6  fathoms,  the  height  nearly. 

• inches 

Ex.  2.  The  log.  of  29-45  is  1-4690S53 

The  log.  of  26*82  is  1-4284588 


Difference  -0406265 
Multiply  by  10000 


Product  406-265, fathoms. 
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Again  33°— 3l°=2°.  difference  of  temperature. 

2 fathoms  fath.  fatli. 

■And  -X-  x 406-265=1-868  deficiency  of  406-2  & c. 

tOO 

fath.  fath. 

But  406-265  + 1-868 =408 -133  fathoms.  Ans. 

Or,  by  the  other  formula; 

The  difference  of  the  logarithms,  as  before,  being  -0406265 

Multiply  by  10592 


Product  430*315888 


Again  55°— 33°=22°  difference  of  temperature. 

92  fathoms  fathoms  fathoms 

And  ——  X 430  315=21  -763  excess  of  430*3  &c. 

435 

fathoms  fathoms 

But  430  315  — 21-763=408  552  fathoms.  Ans.* 

* 

* In  this  Example  the  Answer  by  either  formula  differs  about  11  fathoms 
from  Hutton’s  Answer. 


(Page  247.) 

Ex  3.  The  log.  of  1- is  - - - *0000000 

The  log.  of  -25  1-3979400 

Difference  ‘6020600 
Multiply  by  10000 



Product  6020-6  fathoms.  Ans. 


(Page  255.) 

Ex.  1.  57°  — 43°=14°  dff.  of  temperature  in  the  quicksilver. 

] 4.  inches  inches 

And  — — - x 25  28= *0368  correction  for  14°  temperature. 
9600 

Add  25-28  observed  alt.  of  the  quicksilver. 


Sum  25  31 68  Barometer  corrected  for  57° t. 
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Again, 

inches 

The  log.  of  29  68  is  1-4724639 
The  log.  of  25-316  is  T4033951 


Difference  -06906S8 
Multiply  by  10000 


Product  690  688  fathoms. 


57°  + 42° 
2 


And 

=49°|  mean  temperature  of  the  air. 


But  49°A  — 31°=18°i. 


Also 


jg.5  fathoms  fathoms  fathoms 

■ ■ X 690-688=29-37  the  deficiency  of  690  6 &c. 

fathoms  fathoms  fathoms 

Therefore  690  688-f-29'37= 720  058  altitude  required.* 
* The  Altitude  here  found  is  about  4 feet  more  than  Dr.  Hutton  gives. 
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Ex.  2.  41°—  38°=3°  difference  of  temperature  by  the  attached 
thermometer. 


3 inches  inches 

And  — x 29-45 =-0092  correctional  altitude  for  3°  temper. 

I7UvU 

Add  29-45  observed  height  of  the  quicksilver. 
* / 

Sum  29-4592  Base-alt.  corrected  for  41°  tem- 
perature of  the  quicksilver. 


Now  the  log.  of  29-459  is  T4692180 
The  log.  of  26-82  is  1 -4284588 


Difference  -0407592 
Multiply  by  10000 


Product  407-592  fathoms. 
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Again, 

3J°  _|_35° 

=33°  mean  temperature  by  the  detached  therm. 

2 

And 

33°  — 31°=2°  above  the  temperature  reduced  to  the  formula. 

o fathoms  fathoms  fathoms 

But  — — x 407*5 92  = 1 ’87  the  deficiency  of  407  5 &c. 

435 

Therefore  the  altitude  required  is  409’462  fathoms.  ' 
* Which  is  nearly  but  not  exactly  the  Answer  given  with  the  Question. 
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ft.  ft.  sq.  ft. 

Quest.  1.  28x20  =560  area  of  the  1st  floor.  And 

2(14  X 10) =280  area  of  the  two  less  floors. 


Difference  280  square  feet. 

Sum  840  square  feet=8‘4  Squares. 
Multiply  by  45s. 

Product  <£18..  18 


Therefore  the  Dijf.  is  280  sq.  feet;  and  the  Amount  18  guineas. 


sq.  yd.  sq.  in.  ft.  in* 

Quest.  2.  1 = 1296,  and  14  ..  3=171  inches  in  length. 


But 


1296 

Tn 


— 7; 1 

— 'T9 


inches  in  width. 


Ans. 


Quest.  3. 


sq.  yds. 

114^=1032  square  feet. 


sq.  feet 

1 032 

28ft' b feet  in  lenStlj- 


Ans. 


Now 
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in.  in. 

Quest.  4.  2(7  X2j-)  =35  square  inches, 

sq.  in. 

_ 35 

But  =1  \\  inches  deep.  Ans. 

3 m.  t.  T v 

sq.  yd.  sq. in. 

Quest.  5.  1 = 1296,  and 

d.  d.  sq.  in.  sq.  in. 

As  6 : 38  : : 1296  : 8208  internal  area  of  the  cistern, 
in.  in.  sq.  in. 

Now  2(102  x21)=42S4  internal  area  of  both  sides. 

sq.  in.  sq. in.  sq.in. 

And  8208  — 4284=3924  area  of  the  bottom  and  two  ends, 
in.  in.  in. 

Also  (2  x21)-}-102=144  length  of  the  bottom,  and' depth 
of  both  ends, 
sq.  in. 

But  = 271  inches  wide.  Ans. 

144  in.  L 

ft.  in.  ft.  in.  sq.  ft. 

Quest.  6.  (47  ..  9)  X (47  ..  9)=2279TI-5-  whole  area. 

Subtract  (47  ft.  9 in.)  x 4 ft.  = 191  purbeck  stone. 

Divide  by  9 sq.  ft.  Rem.  2088-^  paved  with  flint. 

Quotient  232T^¥  square  yards. 
Multiply  by  6d.  per  yard. 

Product  £ 5 ..  16  ..  0^.  Ans. 


ft.  ft.  ft.  ft. 

Quest.  7.  -v/  { (26f x 26f ) “ (22  X 22)  j = 15-07  feet.  And 

y'  > (26f  X 26|)  - (14  X 14)  | =22-69  feet. 

Sum  37-76  feet  nearly.  Ans. 

Quest.  8.  18d.  =c£"075;  and. 

As  £ 075  : o£100  : : 1 sq.  ft. : 1333|  sq.  ft.  area  of  the  court. 
Also  l X SB  ft.  = 44  feet,  half  the  base. 
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sq.  feet 

] OQ-3  I 

But ^ =30-303  feet,  the  perpendicular. 

44  ft.  r r 

And  -v/442 4-30  3032  ft.  = + 1936+9 lb  27  ft.  =53-425  ft.  ^sura. 

Multiply  by  2 


Product  and  Answer  106-85  ft. 


(Page  260.) 


Quest.  9.  v/S62  — 762  ft.  =40-24922  feet,  height  of  the  lowei 

column  above  the  Statue.  But 

ft.  feet 

50— 40-24922=9*75078  feet,  height  of  the  Statue. 

Hence  the  excess  of  the  height  of  the  higher  column  above 
that  of  the  Statue  is  54*24922  feet. 

Now  v/972  — 54*249222  ft.=S0*41157  feet,  horizontal  dis- 
tance of  the  higher  column  from  the  center  of  the  figure  # 
base. 

And 

feet  feet 

76 +80-41157  = 156*41157  feet,  distance  between  the 
Columns. 


Again, 

ft.  ft.  ft. 

64—50=14  difference  of  altitude  of  the  Columns. 

Wherefore 

\/l56  41 1572  + 142  ft.  = 157*03  feet.  Ans. 


Quest.  10. 


ft. 

16-5 


2 


=8*25  feet,  circumference  of  the  wheel. 


(c.)  (d.)  (Circ.)  ( Di .) 

And,  As  3*1416  : 1 : : 8*25  ft.  : 2-626  ft.  Ans. 
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Quest.  11.*  Because  the  circumferences  of  circles  are  to  one  an- 
other as  their  diameters,  and  vice  versa  the  diameters  in  the 
ratio  of  the  circumferences ; it  follows  (the  circumference 
of  the  greater  circle  described  being  twice  the  circum- 
ference of  the  less)  that  the  radius  of  the  outer  ring  is 
double  the  radius  ol  the  inner.  But  the  distance  between 
the  rings  is  5 feet,  wherefore  the  diameter  of  the  outer 
ring  is  20  feet. 

(d.)  ( Circ .)  ( Di .)  ( Circ .) 

And,  As  1 : 3*1416  : : 20  ft.  : 62-832  ft.  Ans. 

* This  Question,  like  many  others  in  Dr.  Hutton's  Book,  was  first  taken  from, 
n celebrated  old  Work,  put  in  which  the  conditions  are  frequently  expressed  in 
rather  clumsy,  sometimes  ungrammatical  terms.  Although  the  observation  may 
not  exactly  apply  to  the  present  Example,  yet  the  mention  of  the  height  of  the 
wheels  was  superfluous,  inasmuch  as  ( unless  it  had  been  meant  to  be  said  that 
the  one  wheel  revolved  only  once  and  the  other  twice,  a thing  impossible ) the  size 
of  the  wheels,  if  it  did  not  exceed  10  feet,  had  no  influence  on  the  Answei'  ; and 
then  only  because  the  revolutions  or  turm  in  the  Question  could  not  hare  been 
performed.  It  cannot  be  here  objected  that  the  wheels  might  have  been  of  dif- 
ferent heights,  since  two-wheeled  vehicles  of  this  description  have  never  been  in 
use. 

Quest.  12.  Because  a guinea  for  a yard  in  length  is  7s.  per  foot, 
and  that  8c?.  =§■  of  a shilling,  it  is  manifest  that 

As  fs.  : 7s.  that  is.  As  2s.  :21s. 

: : the  number  of  feet  in  length  palisaded, 

: the  number  of  square  feet  in  the  area. 

Hence,  As  the  number  of  feet  in  length  constituting  a side 
of  the  A, 

: the  number  of  square  feet  in  the  area  paved, 

: : ^ : 21  : : 2 : 63. 

But  in  the  table  of  regular  polygons  the  area  of  an  equila- 
teral triangle  is  -4330127  when  the  side  is  1. 

Now  if  x be  substituted  for  the  side  of  the  triangle  sought# 
whilst  a represents  the  tabular  area  -4330127,  it  will  be 

As  (a  X x2)  : x : 63  : 2. 

63 

That  is,  2«x2=63x,  or  x = - — 

2 a 

Therefore 

(72-746  feet.  Ans. 


*8660254)63* 
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Quest.  13.  v^(=AB*)prF(=Bca)=SS-8==Ac. 

Wherefore  in  the  triangle  acd  are  given  the  three  sides  to 
find  the  area  ; which  ( page  29.  vol.  li.)  is  207-322 

Add  the  area  of  abc=^  X 13  X 31*2  = 202  H 


Sum  and  Answer  4 10- 122 


ft.  in.  ft.  in. 

Quest.  14.  (24..8)X(14..6)=357f  square  feet. 

Multiply  by  31b. 


Product  286  1-j  lb.  of  lead. 


lb.  lb. 

And  As  112:2S64 


c£-9  : c£22 


s.  d. 

19..  10*. 


Ans. 


Quest.  15. 


sq.  m.  in. 

1444-27 
1444-52-6 
144-^24-266  = 5 934 
1444-46  732  = 3 0814 
1444-21  1864=  67974 
1444-39  9346=  3 6059 
1444-17-5787=  8 1917 
1444-31  7429=  45364 
1444- 1 30423=  1 1 0409 
1444-20-702  = 6956 


in. . 

5-3  breadth  of  the 
2-734  


1st  cut. 
2d  cut. 
3d  cut. 
4th  cut. 
5th  cut. 
6th  cut. 
7th  cut. 
8th  cut. 
9th  cut. 
10th  cut. 


inches  left. 

52-6  length. 
24-266  breadth. 
46 "7 32  length. 
21-1846  breadth. 
39-9346  length. 
17-5787  breadth. 
31-7429  length. 
130423  breadth. 
20-702  length. 

6 0863  breadth. 


There  being  now  less  than  a square  foot  remaining,  the  dimen- 
sions are  evidently  20-702  inches  in  length,  and  6-0863  inches  in 
breadth.  Ans. 


Quest.  16. 


c 


Construct  any  triangle  abc,  obtuse  angled  at  c;  and  let  ab  be 
•upposed  40  poles  ; and  ac  20  poles.  It  will  be. 

As  400  poles  half  the  product  of  ab  X ac, 

: 1 60  poles  or  1 acre, 

: : Radius, 

: Sin.  156°  ..25'  the  angle  acb. 
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And 

As  60  poles,  the  sum  of  ab  and  ac, 

: 20  poles,  ab  — ac, 

::  Tang.  1 1°.  47'£  half  the  supplement  of  the  t_b.cn, 

: Tang.  3° ..  59'  the  difference  of  the  Z_lcs  a and  b. 

Hence  the  angle  opposite  to  the  side  ac*  is  7°. .48'-^,  and  the 
angle  bac  is  15° ..  46'^. 

But  As  Radius  ac, 

: Sin.  15°  ..  46'^  the  Z.bac, 

: : 20  poles,  the  side  ac, 

: 5 4344  poles,  the  perpendicular  cp. 

poles 

5.4344  poles 

Now  — — — = 2-7172  half  the  perpendicular  cp. 

z 

sq.  p. 

1 60 

And  = 58-884  &c.  poles  ab  the  third  side  sought. 

* The  side  bc  being  by  the  construction  greater  than  ac.  • 


Or, 

If  40  poles  be  the  side 
opposite  to  the  obtuse 
angle,  then  as  in  the 
following  diagram,  ac 
being  20  poles,  it  will 

be16°5^  X 2 = 16 

20  p. 

poles  be  a perpendicular  from  b meeting  ac  produced.  Wherefore 
[Eucl.  i.  47.]  ae=36-66  poles.  And  by  subtraction,  cf.=  16  66 
poles ; also,  by  the  last-mentioned  Theorem,  cb=23  099  poles, 
the  third  side  of  the  triangle. 


Otherwise,  without  producing  ac. 

(1  acre)  (ab) 

(160  sq.  p.~40  poles)  x2=S=cd  a perpendicular  from  c 
upon  AB. 


And 

poles  poles. 

ac2— cd2=ad2  Hence  AD=-y/202  — 82=-v/336=  18-3303. 
But  40  poles  ab,  — 18-3303  poles  ad, =21  -6696  poles  db. 
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But  db2+dc2=bc2.  Or  in  numbers, 

BO=y'21,669624~b2=23’09  poles,  as  before. 
Consequently  58*884  poles , and  23-09  poles.  Ans. 


Courses  ( br .) 

Quest.  17.  38-^-4=9£  feet,  the  height  of  the  triangular  gable. 

Also  ^-X 40ft.  = 1 feet,  the  height  of  each  of  the  three 
portions  of  wall  to  the  eaves. 

It  is,  therefore, 

ft.  in.  ft.  in.  sq.ft,  pts.  sq.ft,  pts. 

(24  ..  6)x(lS  ..  4)“326  ..  8 two  bricks  thick  - - “1306  ..  8 half  brick. 

(24  ..  6)X(13  ..  4)=:326  ..  8 brick  and  half  thick  — 980  ..0 

(24  ..  6)X(13  ..  4) i=326  ..  8 buck  thick — 653  ..4 

(24  ..  6)X(  4 ..  9)zz  116  ..  4^  half  brick  thick  - - =r  116  ..4^ 

Divide  by  3)  3056  ..4 I ----- 

•f  / 2 

- ■ ■ ■ • 

Standard  thickness  1018-792  of  work. 


sq.  feet  sq.  feet 

But  1018-792-t-272-25*  = 3-742  square  rods. 

Multiply  by  <£5‘5  given  price  per  rod. 

Product  o£20  ..  1 1 ..  7*44.  Ans. 


* See  page  82,  vol.  ii.  of  the  Course  of  Mathematics. 


(Page  261.) 


Quest.  18.  500feet=6000  inches,  which  -f- by  10  = 600  the 
number  of  bricks,  end  to  end,  in  a half-brick  course. 

ft.  (bricks) 

But  10  X 4 x 600=24000  bricks  in  the  wall,  ± brick  thick. 
Multiply  by  3 


Product  72000  bricks.  Ans. 


in.  in.  in. 

Quest.  19.  10x5x3=150  cubic  inches  in  a brick. 

2 H 
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And 


ft.  ft.  ft. 

1 00  X 1 00  X 1 00  ( cub • in- in  W 

5 x 1728=576000000  solid  in.  of  Pyramid. 


cubic  inches  cub. in. 

But  5 7 6000000 1 50 = 3840000  bricks.  Ans. 


ft.  ft. 

Quest.  20.*  | X 12  X 16=96  sq.  feet,  area  of  the  triangle, 
sq.  ft.  sq.  ft.  ft.  ft. 

And,  As  96  : 24  : : 122  : 62. 

Wherefore  the  base  of  the  less  triangle  is  6 feet.f 
sq.  ft.  sq.  ft.  ft.  ft. 

Again,  As  96  : 24  v 4 : 1 : : 162  : 82. 

Consequently  the  perpendicular  sought  is  8 feet. 
Lastly,  v/62+82ft.  = v/100  ft.  = 10  feet  the  hypothenuse. 

* This  Question  is  very  curiously  worded ! 

t The  base  being  6 feet  or  half  the  base  of  the  greater  triangle,  it  is  evident 
that  the  perpendicular  must  be  8 feet  or  half  the  perpendicular  given ; and  the 
hypothenuse  of  the  less  triangle  half  the  hypothenuse  of  the  greater. 

in.  in. 

Quest.  21.  14  X 2=28=2-§-  feet.  And 

840  links=554*4  feet.  Also 
612  links=403-92  feet.  Therefore, 

556-73  feet  and  406-253  feet  are  the  diameters  of  the  outer 
ellipse. 

ft.  ft. 

But  556-73  X 406-253  x -7854  = 177637-66  square  feet  area. 
And  554-4  X 403-92  x -7854=175877-17  square  feet  area. 


Difference  1760-49  built  upon. 

sq.  ft.  sq.  ft.  acres  A.  R.  p. 

Again  175S77-17-M3560*=4-0375  = 4 ..  0 ..  6 inclosed  by 
the  walls. 

* The  number  of  square  feet  in  an  acre. 


in.  in.  in. 

Quest.  22.  7 x7=49  the  sqr.  of  the  diameter  of  the  1st  pillar, 

cub.  ft.  cub.  ft.  (1st  d2.)  (2d  »2.) 

And,  As  4 : 40  : : 49  in.  : 490  inches. 

sq.  in. 

But  ^490=22-136  inches.  Ans. 
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*q.  yds.  sq.  yds. 

Quest.  23.  4S404-2  =2420=4  acre. 

sq.  yds.  sq.  yds. 

And  24204--7S54 =308 1*23,  square  of  the  diam.  of  the  Pond. 

sq.  yds. 

Lastly,  4/3081*23=274  yards,  the  radius  required. 

feet  feet  ft.  . feet 

Qu.  24.  22*75+(4  X 22*75) +(1 -66  for  the  eave  boards)=35*?91. 

( Breadth  and  half)  ( Length ) sq.  ft. 

And  35*791  ft.  X 32*75  ft. —100=  1 1*72 17708  Squares. 

Multiply  by  15  shillings. 


Product  c£8  ..  15  ..  94  nearly.  Ans. 


in.  in.  in. 

Quest.  25.  9x9  = 81  square  of  the  circumf.  of  the  1st  cable. 

Also  12  X 12=144  square  of  the  circumf.  of  the  2d  cable, 
sq. in.  sq. in.  lb.  lb. 

Now,  As  81  : 144  : : 22  j 39^  weight  per  yard. 

Multiply  by  2 yards  in  a fathom. 


Product  78f  lb.  Ans. 


in.  in.  in. 

Quest.  26.*  (40x2)4-26=106  breadth  of  the  bottom  and  2 

sides  spread  out.  Again, 
in.  in.  sq.  in. 

106  X 74=7844  area  of  the  bottom  and  sides, 

in.  in. 

Also  40  x (26  X 2) =2080  area  of  both  ends. 

So  26  x (16  x 3)  = 1248  area  of  the  three  stays. 

Divide  the  Sum  by  144)  1 1 172  (77*583  square  feet  in  the  Whole. 

Multiply  by  *25  cwt.  per  sq.  foot. 

Product  19*39583  cwt.  of  lead. 

Multiply  by  <£1*1  per  cwt.  for  work,  &c. 
Product  £21..  6..  84 

Subtract  3 ..  6 balance  per  Question. 
Remainder  <£21  ..3  ..24  amount  of  paving. 

* For  what  purpose  is  the  Question  encumbered  with  the  mention  of  sheet 
lead  ^ of  an  inch  in  thickness  weighing  5*899  lb.  “ the  square  foot?” 
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Again, 

s.  d.  (d.)  21 '16041 

*£21  ..3  ..  2 j—7  =o£  . 02916  ""  — a number  equal  to  the 
number  of  square  feet  in  the  Shop. 
sq.  ft.  ft.  ft.  in. 

But,  725*5-j- 22*83  =32 ..  0|-  the  length  required. 


(Page  262.) 

Construction. 

Quest.  27.  Draw  any 
indefinite  right  line,  and 
take  in  it  kh  corres- 
ponding to  30  on  some 
convenient  scale  of  e- 
qual  parts;  then  by  the 
same  scale  make  kc  and 
hi,  each  equal  to  25. 

And  about  k at  the  dis- 
tance kc,  and  h at  the 
distance  hi,  describe  the  circles  dab,  bae,  intersecting  one  an- 
other in  the  points  a and  b.  If  the  straight  line  ab  be  drawn 
cutting  kh  in  o,  it  will  be,  (because  ki=ch=5,  and  io=oc  = 10) 

(Alt.)  ( Di .)  ( Quot .) 

10  — 50  = '2  The  number  wherewith  to  enter  the  Table. 

But  in  the  Table  of  Circular  segments  the  number  answering 
to  2 is  *111823.  Therefore 

(Tab.  area)  (Di.)  (Di.) 

( 111823  X 50  x 50)  x 2=559*1 19.  Ans. 

o « ... 

in.  in.  (ft.)  12th  pts.  of  a cub.  ft. 

Quest.  28.  4 x U X 20  = 31*25 

| x £ x 50  = 38  28125 

12th  pts.  12th  pts.  Q Ton)  lb.  ft. 

Now,  As  31*25 : : 38*28125: : 1 120  lb. : 1372wt.of  the 50 proposed. 

Multiply  by  3£d.  the  price  per  lb. 


Product  c£20..0..2.  Ans. 
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Quest  29.  Describe  an  equilate- 
ral triangle  as  dce,  and  bisect  the 
base  in  f.  Also  produce  de  both 
ways  to  a and  b ; and  about  f at  the 
distance  fc  describe  the  semicircle 

ACB. 

Supposing  now  the  area  of  dce  to  be  100,  the  side  of  the 
triangle  is  V/230T94=1517  &c.  because 

(Tab.  area)  (Giv.  area)  (Side2)  (Side2) 

As  -4330127  : 100  : : 1 : 230  94. 

But  CF=Radius= ^230-94  — 1(230  94)  because  df=fe=|dc. 

Therefore  2^230^4  &c~57T73~&cy=26-32 148  &c.  Ans. 


Quest.  30.  l41b.=224oz.  And 

oz.  oz.  cub.  in.  cub.  in. 

As  11325  : 224  : : 1728  : 34-17854  solidity  of  1 yard  of  pipe. 

in.  in.  (Const,  dec.)  in. 

Again,  li-x  li  X -7854  X 36=44-17875  cavity  in  1 yd.  of  pipe. 

cub.  in.  cubic  inches  inches  sq.  inches 

Now,  As  44- 17875:  (44-1 7875  +34- 1 7854) : : ( X 1 £) : 2-77 1315 
the  square  of  the  diameter  of  the  external  circumference  of 
the  pipe. 

in. 

V/’2'77 1315—1  ‘25  inches 

But  = -20736  &c.  thickness  required.  Ans. 


Quest.  31.  2 ..  4=o£’-116.  And 

sq.  ft.  sq.  ft. 

As  «£116  : c£10  : : l : 85-7143  the  area  of  the  semi-circle. 
Multiply  by  2 


Product  171*4286  area  of  the  whole  circle. 


sq.  feet  (Const,  dee.)  sq.  feet. 

But  17T4286~-7854=218-269,  square  of  the  diameter. 

sq«  feet 

Lastly,  <v/2l8-269= 14*7739  feet.  Ans. 
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(Di.)  (Area)  (Di.)  (Area) 

Quest.  32.  As  1 : -78539816  : : £ : -26179939* 

But  the  versed  sine  of -26179939  is  -36753395. 

Now  the  semichord  is  a mean  proportional  between  the 
segments  of  the  diameter  ; [Euclid,  iii.  35.].  Therefore 

2v/(l  - -36753395)  X -36753395=  96426162  chord  to  diameter  1. 

And 

(Di.)  (Di.)  (Chord)  (Chord) 

As  1 : 289  : : -96426162  : 278*6716  the  chord  required. 

* More  briefly  -7854-=-3=:-26i8  the  area,  nearly,  of  one  third  part  of  a 
circle  whose  diameter  is  Unity. 


sq.  ft.  sq.  inches  in. 

Quest.  33.  64-3=9259-2,  which  Xed  by  4=  1157-4  cubic  inches. 

cnb.  in.  oz.  ounces  cwt. 

And  1157-4  X 6^=7586-757=4-233  of  lead  in  the  cistern. 

cwt.  cwt.  s.  d. 

But,  As  19^  : 4-233  : : <^21  : £4  ..  11  ..24  nearly.  Ans. 

Quest.  34.  Because  in  any  sphere  the  square  of  the  diameter 
Xed  by  3-1416=the  Superficies,  and  the  cube  of  the  dia- 
meter Xed  by  -5236=the  Solidity,  it  follows  that  the 
Answer  is  6,  or  3T416-i--5236. 


For  if  x be  put  for  the  diameter  of  the  globe,  then 

By  the  Question. 

Divide  by  x2. 

Divide  by  -5236. 


x3X-5236=.r2X  31416 
x X -5236=1  x 31416 
3-1416 

~ -5236' 


=6.  Ans. 


in.  in.  sq. in. 

Quest.  35.  22|  X 224  = 506-25.  And 

in.  in.  sq.  in. 

(224  X 2)  X (224  X 2)  = 2025. 

sq. in.  sq. in.  bu.  bn. 

But,  As  506-25  : 2025  : : 3 : 12.  Ans. 


(Page  263.) 

Quest.  36.  The  diameter  of  the  inner  circle  being  42  inches, 
and  the  diameter  of  the  outer  circle  56-5  inches,  it  is 
in.  in.  (Const,  dec.)  sq.  in. 

(56-52  - 422)  X -7854=1121-7475  area  of  the  curb. 


t 
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sq.  ill. 

Now  1121*7475  = 7-?89  square  feet. 

Multiply  by  8d.  per  square  foot. 


Product  o£0  ..  5 ..  2±  Ans. 


ft.  ft.  sq.  ft. 

Quest.  37.  100  X 80  ±2=4000  area  of 

the  walk  proposed. 

And  if  x be  put  for  the  breadth  of 
the  walk,  it  will  be 


10P 


SO 


By  the  Question. 
Change  the  signs,  complete,  &c. 

Wherefore 


180x-x2=4000 

x = 90  ±64-03 12 

154-0312  ft.  and  25-9688  ft.  are 


the  2 values  of  x in  the  equation  ; but  the  first  being  inappli- 
cable, the  second  or  25-9688  ft.  is  the  Answer. 


ft.  ft.  sq.ft,  sq.ft.  sq.ft,  ft. 

Quest.  38.  \/ (262  — 102)=y/(676  — 100)=\/576=24  the  part 
left  standing. 

ft.  ft.  ft. 

And  24±26z=50  the  height  required. 


in.  in.  sq.  in. 

Quest.  39.  60  X 60  X -7854=2827-44  area  of  either  circular  side 

of  the  stone;  which,  divided  by  7=  403-92  each  man’s  share 
of  the  side. 

sq.  in.  sq.  in. 

Now  403-92±-7854=514-2856  square  of  the  diameter  for 
the  last  man. 


And 

inches 

.y/ 3600— (514-2856  X l)=55-5492  diameter  left  by  the  1st  man. 


^3600- (514-2856x2)  =50-7092  2d  man. 

y/3600- (514-2356x3) =45-3557  3d  man; 

y/3600— (514-2856  x 4) =39-2792  4th  man. 

y/3600- (514-2856  x5)=320715  5th  man. 

y/3600  — (514-2856  x 6) =22-6778  - - - 6th  man; 
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Wherefore 

inches  inches  inches  inches 

1st.  4450S  - 2nd.  4-84  - - 3rd.  5 3535  - 4th  6-0765  7 A 
5th.  7-2079  - 6th.  9-3935  - 7th.  22-6778  J An&< 

ft.  ft.  sq.  ft. 

Quest.  40.  16  £ X 16^=272^  area  of  the  old  Kiln. 

ft.  in. 

And  *f3  X272£  sq.  ft.=-v/816|  sq.  ft.  =28 ..  7.  Ans. 


in.  m.  in. 

Quest.  41.  3x  3x  3=  27  cubic  inches  in  a 3-inch  cube. 

Also  12  X 12  x 12=1728  cubic  inches  in  a 12-inch  cube, 
cub.  in.  cub.  in. 

But  172S-f-27=64  cubes.  Ans. 


Quest.  42.  1 acre=4S40  square  yards.  And 

sq.  yds.  sq.  yds. 

As  355  : 452  : : 4840  : 6162-4788  square  of  the  diam.  sought. 


But 


sq.  yds. 

^6162-4788 

2 


=39|-  yards. 


Ans. 

/ 


(c.)  (d.)  (Cir.)  ( Di .) 

Quest.  43.  As  22  : 7 : : 64  ft.  : 20-36  ft.  diameter  of  the  base  of 
the  Cone. 

Hence  the  radius  of  the  base  is  1018  ft.  nearly. 

And  ^/1  lb2-f-10  182  ft. =11 8-43  ft.  the  slant  side  of  the  cone, 
ft.  ft.  sq.  feet 

Again  * ^ ^ X — = 3789-76=421-08  square  yards. 

Multiply  by  8 d.  per  square  yard. 


Product  <£\4  ..  0 ..  8-64.  Ans. 


Quest.  44. 


in.  in.  in.  (Const,  dec.)  cub.  in. 

18|  X 18^  X 8 X -7854=2150-4252  in  the  Bushel. 


And  ^2150-425—7  5-^  78o4=19*1067  inches.  Ans. 

Otherwise. 


Vi 


in.  in.  in. 

18-5x18-5x8 


) =19*1067  inches  as  before.  Ans, 


7-5  in. 
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in.  in.  {Const,  dec.)  sq.  inches 

Quest.  45.  72x72x3- 1416=  16286-0544  surface  of  the  Balu 

Multiply  by  3^d.  per  sq.  inch. 


Product  *£237  ..  10 ..  1.  Ans. 


ft.  ft. 

4 _ l.q  ft. 

Quest.  46.  =1-25.  And 

2 

ft.  ft.  ft.  ft.  sq.  feet. 

(8  X 8)  — (1-25  X 1-25)  =62-4375  sqr.  of  the  altitude.  . 
sq.  feet  ft. 

Now  ^62-4375=7  9 the  perpendicular  height. 

. Again, 

ft.  ft.  ft.  ft.  ft.  ft.  sq.  ft. 

(4  X 4)-f-(l-5  X l-5)4~(4  x l'5)=24'25  sum  of  the  3 products. 
Multiply  by  -7854  constant  decimal. 

Product  19  04595  of  which  one-third  is 
sq.  feet  ft. 

6-34865 ; this  x e<1  by  7-9=50-154335  solid  feet  of  Marble. 

Multiply  by  12s.  per  solid  foot. 


Product  <£ 30 ..  1 ..  10^.  Ans. 


Quest.  47. 

As  1/3:  3/1 
1/  3:3/2 


(Page  264.) 
in.  in.  in. 

20  : 20^/ y= 13-867226  alt.  of  the  uppermost  part. 
20  : 20^/|.=  17-47 1606  do.  and  middle  part. 


Difference  3-604380  middle  part. 


in.  inches 

Lastly  20—17-471606=2-528394  - - - lowest  part, 
in.  in.  in. 

Consequently  2"528394,  3-60438,*  and  13*867226  respectively. 

Ans. 


* Differing  in  the  3d  place  of  decimals  from  Dr.  Button. 

2 i 
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ft.  ft.  ft. 

Quest.  48.  300  x 200  X 1 =60000  cubic  feet  of  earth. 

c ft.  ft.  ft.  ft.  ft.  ft.  * sq.  ft. 

And2J  (300x8) +(200x8)  | +4(8x8) =8256  area  of  the 
surface  of  the  ditch. 

cub.  feet  sq.  feet 

But  60000-i-8256=7f|-  feet.  Ans. 

* The  reason  will  be  apparent  on  construct  ing  the  figure. 


Quest.  49. 

Let  hbjg  (in  H D 

the  marginal  dia- 
gram) represent 
the  earth ; and 
let  hi  be  the  true 
horizon  of  the  G 
observer  at  a ; 
also  f,  d two 
points  in  the  vi- 
sual horizon,  and 
c the  earth’s  cen-  I F 

ter.  Then,  because  spherical  curve  surfaces  are  to  one  another 
as  their  altitudes,  f if  be  be  taken=^-  of  bg  : it  will  be 

As  ce  : cb  : : cb  : ca,  that  is,  As-|cb  : cb  : : cb  : |-cb. 

Consequently  ab=bg,  or  in  other  words,  the  altitude  of  the 
observer  above  the  earth’s  surface  is  equal  to  the  earth’s  dia- 
meter. ' Ans. 

Note. — Should  the  Student  find  any  difficulty  in  tracing  the  first 
proportion,  he  has  only  to  remember  that  cb  is  supposed  equal  to  cd, 
and  that  if  n be  connected  to  c and  e by  right  lines,  the  triangles  acd 
and  dce  are  equiangular ; hence,  As  ce  : cd  = cb  : : cd=cb  : ca. 

t Cor.  ii.  page  50.  vol.  ii. 

Quest.  50.  ^ in.  x +?in.  = 1^00  sq.  inch,  square  of  the  diameter 

of  the  wire. 

t 

cub.  in.  (Const,  dec.) 

And  172S+r5'Vs-  sq.  in.  x •785398=3520252  69329  inches. 

inches  yds.  miles  yds. 

Lastly,  3520252-69=97784-797=55  ..  984-797.  Ans. 


IN  MENSURATION. 
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oz. 

Quest.  51.  The  weight  of  a Cubic  inch  of  cast  iron  is  4-0509. 
oz.  oz.  in.  in. 

And  As  4-0509  : (16  x 34) : : 1 : the  solidity  of  the  ball. 

Hence  the  diameter  of  the  ball  is  5547  inches. 

Add  for  windage  -1  inch. 


Sum  5 647  inches.  Ans. 


Otherwise. 

The  diameter  of  a 241b.  shot,  in  the  Table,  is  5-5469  inches. 

To  which  add  inch  for  windage  -1 

Sum  and  Answer  5-6469  in.  as  before. 


Quest.  52. 


lb.  lb. 

As  9 : 1 
9 : 2 
9 : 3 
9 : 4 
9 : 6 
9 : 9 
9 : 12 
9 : 18 
9 : 24 
9 : 32 
9 : 36 
9 : 42 


in.  inches 

inches 

43  : 192303  diameter. 

1-9622  caliber. 

43 . 2-422S3 

2-4723 

43  : 2-77343  - 

2-8301  

43  : 3 05263  

3-1149  

43  : 3-49433  

3-5656  

43  : 4-00003  

4 0816  - - - - 

43  : 4-40263  

4-4924  

43  : 5-03973  

5 1425  

43  : 5-54693  

5-6601  - - - - 

43  : 6-10513  

6-2297  

43  : 6-34963  

6-4792  - - - - 

43  : 6-68443  

6-8208  

Whereby  the  Answer  is  obvious. 


(Page  265.) 


Quest.  53.  For  a ten-inch  Mortar  (the  process  for  the  other 
calibers  being  the  same.) 


Mortar  10  inches, 


windage  ^ of  10  inches =3-  inch, 
hollow  of  the  shell  T7^  of  10  in. =7  inches. 


And  10  in.— \ inch=9^  inches,  external  diameter  of  the  Shell. 


244 


PRACTICAL  QUESTIONS 


(Key  to  Vol.  II.  page  265.) 

Now  -f  Cu^e  °^lhe  external  diameter  is  95082S  inches. 
| cube  of  the  internal  diameter  is  343  000  inches. 


Difference  607-328  inches. 


<5  * 

64  X inches=85’476  lb.  weight  of  the  shell. 

(Int.  di-.)  cub.  in.t 

And  343  -f  57-3  = 5-9S6  lb.  of  gunpowder  requisite. 

Proceeding  in  the  same  manner  with  the  other  given  calibers, 
the  following  results  are  obtained. 

Caliber  Diameter  Weight  Powder 

in.  4-6  - - - in.  4o23  - - - lb.  8-320  - - - lb.  0 583 

5-8  5*703  - - - 16-677  - - - 1 168 

8-  - , - 7-867  - - - 43  764  3 065 

13- 12-783  - - - 187-791  13  151. 

* See  page  270,  vol.  ii.  of  the  Course. 
t Page  271  same  volume. 


Quest.  54.  Let  abc  represent  the  coni- 
cal glass,  f the  center  of  the  sphere,  and 
fd  a radius  at  right  angles  to  bc  the  slant 
side  of  the  cone ; if  a circle  be  described 
about  f at  the  distance  fd  it  will  represent 
the  globe  in  piano : h,  therefore,  is  the 
lowest  point  of  the  sphere,  and  chf  are  in 
the  same  straight  line,  which,  if  producer! 
to  g,  will  bisect  ab. 

By  the  Question  ag=2-5  inches,  and  gc=6  inches. 

But  ^/ag‘2-}-gc2=:ac  • that  is,  kc—ff  42-25=6-5  inches. 

Now,  ( because  of  similar  triangles ) it  is, 
in.  in.  in.  in. 

As  2-5  [ag]  : 6-5  [ac]  : : 2 [fd]  : 5-2  [fc]. 

Consequently  fg  = -8  inch,  and  gh=2-8  inches. 

Again,  [page  51.  vol.  ii.  Prob.  ix.)  the  solidity  of  the  segment 
in.  in.  . in.  in.  (Const,  dec.) 

immersed  is  l (4  x 3)  - (2  8x2)  j x 2-8  X 2 8 x -5236  = 26-272 

cubic  inches. 

cub.  in.  cub.  in.  pts. 

Lastly,  As  282  : 26-272  : : 8 : j-  of  a pint  nearly.  Ans. 


IN  MENSURATION. 
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Quest.  55.  Let  ro  be  the  surface  of  the 
water  round  the  ball,  the  cone  being  per- 
fectly upright  ; and  let  hki  be  a horizontal 
tangent  at  k to  the  sphere  immersed  ; tug 
a line  parallel  to  hi  from  g a point  of  con- 
tact of  the  globe  and  cone,  d the  center  ol 
the  sphere,  and  dg  a radius  at  right  angles 
to  bc  the  slant  side  of  the  glass.  Join  ab, 
an,  ai  ; and  from  c draw  ce  perpendicular 
to  ab  ; ce  passes  through  the  points  k,  d, 
and  bisects  ab  in  e. 


By  the  Question  ab=5  inches,  ec=6  inches,  and  dg  or  dk= 
2 inches ; also,  by  the  last  example,  the  slant  side  bc=65  inches, 
and  dc=5’2  inches.  But, 


in.  in.  in.  in. 

As  65  [bc]  : 6 [ec]  : : 5-2  [cd]  : 4*8  [gc]. 

Likewise 

in.  in.  in.  in. 

As  5*2  [cd]  : 4-8  [gc]  : : 4-8  [gc]  4-43077  [ac]. 

Consequently, 

By  subtraction  ck=3-2  inches,  and  «k=1-23077  inches. 

And 

in.  in.  in.  in.. 

As  6 [ce]  : 3-2  [ck]  : : 5 [ab]  : 2-666  [hi]. 

Now  the  ungula  no g above  the  level  ro  is  equal  to  the  cone 
abc  above  the  same  level ; wherefore,  if  o.  be  put  for  the  diameter 
in  inches,  and  r for  the  altitude  in  inches  of  a cone  equal  to  i 
the  given  cone  j also  s for  the  solidity  in  inches,  of  the  cone  abc; 
it  will  be 


hi2  X *7854  x «c 

3 


a2  x -7854  x r 


3 


:S. 


That  is,  substituting  numeral  values, 
in.  (Const,  dec.)  in.  in.  (Const,  dec.)  in. 

| (2-662  x -7854  x 4-43077)  - 1(2*9242  X -7854  X 3 509),*  or 

cub.  in.  cub.  in.  cub.  in. 

8-2487  — 7 *8543= -3944  the  content  of  the  cone  abc , or  of  the 
ungula  g no.  But, 

As  Cone  ohi  : Cone  abc  : : a k3  : am*. 

Hence  am  = -684  of  an  inch. 

(ax)  (am)  (bik) 

Lastly,  1-23077  in.  — -684  in.  =-54677  in.  Ans. 

* More  correctly  3-508821  inches. 
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Quest.  56.  Let  abc  (as  in  the  two  pre- 
ceding Examples)  represent  the  conical 
glass,  rao  the  level  of  the  water  before  the 
sphere  is  immersed,  and  fkg  its  surface 
after  the  ball  has  sunk ; also  let  u be  the 
center  of  the  sphere,  di  a radius  at  right 
angles  to  bc,  and  nbi  a line  parallel  to  fg  or 
ro  from  the  point  of  contact  i of  the  sphere 
and  glass. 


Then  oc=3-508821  inches.  [See  the  last  Question .] 
ro  =2924  and  ao  1462  inches. 


Also  the  solidity  of  the  cone  cro  is  7*854  cubic  inches.* 
Now,  As  ca  : ao  : : ib  : bu.  Or,  in  numbers. 


in.  in.  ( bi ) (5n) 

As  3,50S821  : L462  : : 1 : ’41666.  That  is,  bi  is  to  5 n in  the 
ratio  cf  unity  to  ’41666.  Again, 

As  d b : bi  : i b : bc.  Consequently, 

5c=2’4  inches,  and  by  addition,  dc=2-81666  inches. 

Hence,  ( still  considering  b\  as  unity,)  di  = 1-08333  inches,  ck  = 
39  inches;  and  kg  = 1-625  inches,  which  doubled  = 3-25 
inches=FG.  And 


(fg)  (Const,  dec. )(ck) 
3-252x -7854x3-9 

3 


inches 

= 10-78454  the  solidity  of  the  cone  cfg. 


Likewise  (2ni)3  X -5236=the  solidity  of  the  immersed  globe= 
(2£  in.)3  X -5236=5-325682  cubic  inches.  Now,  by  the  Question, 
the  solidity  of  the  sphere  immersed  is  equal  to  the  solid  content  of 
the  conical  frustum  FroG.  Wherefore,  by  subtracting  this  frustum 
from  the  cone  cfg  (above  found  to  be  10  78454  cubic  inches 
when  di  is  1 inch)  there  remain  5-45SS6  cubic  inches  for  the 
cone  cro;  but  it  is  known  to  contain  7-854  cubic  inches. 


By  proportion,  then, 

cub.  in.  cub.  in.  (sup.  cone  cfg)  (tr.  cone  cfg) 

As  5*45886  : 7-854  ::  10-78454  : 15-5163  cubic  inches,  the 
true  content  of  the  cone  cfg. 

Subtract  7-854  cub.  in.  (the  cone  cro). 


Remainder  7-6623  solidity  of  the  ball. 


in.  (Con.  dec.) 

* Because  equal  to  £ the  whole  cone  ABC;  that  is , equal  to  £(5ZX7854X 
(i  Alt.) 

S in.)iz7*854  cubic  inches. 


IN  MENSURATION. 
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7*6623 

Lastly  \f — inches=2*445981  inches.  Ans. 


(Cir.)  {mil.  Cir.)  ( n)  (mil.  Di .) 

Quest.  57.  As  31416  : 25000  : : 1 : 7957-74  the  diameter  of' 
the  earth.  And 


miles  miles  (Cir.)  (Arc.) 

As  25000  : 49-5933  : : 360°  : 0° ..  42'*85  the  angle  of  Oxford 
and  London,  at  the  center  of  the  Earth. 


Wherefore, 


As  Radius Log.  ar.  co.  —10-  

: Sec.  0° ..  42' ..  51" Log.  10  0000337 

::  3978*87  miles  (the  Earth's  radius)  - - - Log.  3*5997597 


: 3979*178  miles,  balloon's  dist.from  the 
Earth's  center  ---------- 


Log. 


3*5997934 


miles  miles  miles 

But  3979*178— 3978*87  = *308  or  542*08  yards.  Ans. 


Quest.  58.*  Construct  the  triangle 
abc  having  its  three  sides  respec- 
tively equal  to  the  sides  given  : 
namely,  ab  213  yards,  ac  424  yards, 
and  bc  262  yards.  Then  at  a make 
the  A.  cab  equal  to  the  observed 
Z.csb  29° ..  50' ; and  at  c make  the 
Z.  ace  equal  to  the  observed  Z.asb 
13°  ..20'. 

Through  the  three  points  aec.,  (e 
being  the  intersection  of  ae  and  ec) 
describe  a circle  ; and  join  eb.  If 
eb  be  produced,  it  will  cut  the  oppo- 
site circumference  in  s,  the  station  of  the  observer. 

Draw  ac,  and  cs  ; the  positions  are  Geometrically  determined. 


Trigonometrically. 

180°-43°  ..20'  (the  sum  of  the  Z. lcs  at  s)  = 1 36° ..  40'  z.aec; 
whence  ae,  ec,  Ap,  pc,  (p  being  the  point  in  which  a perp.  from 


* This  Question  produces  a figure  the  same  in  species  as  the  figure  arising 
from  the  25th  Example  of  Heights  and  Distances,  vol.  ii.  page  25.  And 
the  sides  here  are  respectively  to  the  sides  there,  as  212  to  2 65,  which  is 
evident  by  comparing  ab  given,  in  the  one,  with  ab,  in  the  other. 
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e cuts  ac  ;)  also  the  Z.le8  bca,  bac,  &c.  &c.  are  all  known.  [See 
Ex.  25.  page  25.  vol.  ii.] 

fAS=605-71  yards.  "I 

And,  by  resolution,  < bs=429  6S  yards.  > Ans. 

(cs= 524-24  yards,  j 


(Page  266.) 

Quest.  59.  Construct  a triangle  abc, 
having  its  three  sides  ab,  ac,  and  bc,  equal 
to  the  given  sides,  each  to  each  : and  at 
the  point  a make  the  Z.cae  equal  to  the 
observed  z.  bsc  22°  ..  30' : also  at  c make  A 
the  Z.  ace  equal  to  the  observed  Z.asb 
33° ..  45' ; and  from  b draw  a straight  line 
to  e,  the  point  of  intersection  of  ae  and 
CE. 

Then  through  the  three  points  aec, 
which  are  not  in  the  same  right  line,  de- 
scribe a circle ; and  produce  be  until  it 
meet  the  oppdsite  circumference  at  s,  the  station  of  the  observer. 
If  the  lines  sa  and  sc  be  drawn,  the  figure  is  Geometrically  deter- 
mined, and  the  distances  nearly  as  in  the  Answer  given. 

Trigonometrically. 

The  z.  aec  is  the  supplement  of  the  sum  of  the  z.’4'  at  s,  hence 
equal  to  123° ..  45'.  And, 

As  Sin.  1233..45'  Z.aec  : 12 furl,  ac  : : Sin. 22°  ..  30'  z.eac  : 
5 -523 furlongs  ec. 

: : Sin.  33°. .45'  Z.ace  : 80181  &c.  furlongs  ae. 

Bemitting  a perpendicular  from  v.  upon  ac,  and  proceeding  in 
all  respects  as  in  Example  26,*  page  25  of  the  second  volume  of 
the  Course,  the  Answer  is  found  as  below : 

AS  10-6545  furlongs  1 
bs  15  6277  furlongs  > Ans. 
cs  14-0121  furlongs  j 

m 

* The  present  Example  is  in  fact  in  all  the  angles  the  same  as  the 
Example  to  which  we  allude,  and  consequently  the  sides  here  will  be  to  the 
analogous  sides  there  in  the  ratio  of  1320  yards,  or  6 furlongs,  bc  here , to  400 
yards  bc  there  *.*  3-3  ; 1,  either  in  yards  or  in  furlongs. 


IN  MENSURATION. 
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dwt.  gr. 

Quest.  60.  5 ..  9^=129^  grains  of  standard  gold  in  a guinea. 


s.  s.  gr.  gr. 

Now,  As  21  : 20  : : 129£  : 123y  the  value  of  in  standard 
gold. 

But,  ^^3X^80000000  = 1353U2£7142857  the 
4.57*5  gr.  m an  oz.  avoir  a. 
weight  of  the  cube  in  ounces  Avoirdupois. 


oz.  oz.  cub.  ft.  cub.  ft. 

And,  As  17724f  : 135314285*7  &c.  : : 1 : 7634*523  the  soli- 
dity of  the  cube  in  feet. 

Lastly,  3/7634*523  ft.  = 19  69069  feet.  Ans.j 


v 

* See  the  First  Volume  of  the  Mathematics,  page  26. 
t By  reference  to  the  table  of  Specific  Gravity,  given  in  the  Second 
Volume  of  the  Course,  pace  231. 

t Here  we  differ  front  Dr.  Charles  Hutton  about  1 foot  in  the  side  of  the 
cube,  and  think  the  gold  would  occupy  at  least  one  thousand  one  hundred 
and  Jive  cubic  feet  more  than  the  space  allotted  it  by  the  Doctor. 


ft.  ft. 

20  I 22 

Quest.  61.  — — — —21  feet,  mean  breadth  of  the  ditch. 

* 2 

ft.  ft.  ft. 

And  21  x9x1000x1728=326592000  cubic  inches,  con- 
tent ot  the  ditch, 
cub.  inches  cub.  in. 

But  3265 92000 -r  282=  1 158127£f  gallons.  Ans. 


miles  miles 

Quest.  62.  As  79303  : 21603  : : Earth’s  solidity  : Moon’s  solid* ; 

And 

miles  miles 

As  79302  : 21602  : : Earth’s  surface  : Moon’s  surface. 

But 

79303  = 49867725700.  21603  = 1007769600. 

79302  = 62884900.  21602  = 4665600. 

Hence 

Solidity  of  the  Earth  : Solidity  of  the  Moon  : : 49|  : 1 7 
Surface  of  the  Earth  : Surface  of  the  Moon  : : 13£  : 1 ) ^ns* 
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PRACTICAL  QUESTIONS  IN  SPECIFIC 

GRAVITY. 


To  determine  the  Magnitude  of  a Body  by  its  Weight. 

Ex.  1.  As  2520  oz.  tabular  specific  gravity  of  common  Stone, 
: 1792  oz.  weight  of  the  given  block, 

: : 1728  cubic  inches  in  1 cubic  foot, 

: 1228-|  cubic  inches  in  the  block.  Ans. 

Ex.  2.  As  937  oz.  tabular  specific  gravity  of  Gunpowder, 

: 16  oz.  weight  of  the  quantity  given, 

: : 1728  cubic  inches  in  1 cubic  foot, 

: 29^  cubic  inches  nearly.  Ans. 

Ex.  3.  As  925  oz.  tabular  specific  gravity  of  Dry  Oak, 

: 35840  oz.  in  one  ton, 

: : 1 cubic  foot, 

: 38^-|-|  cubic  feet.  Ans. 

To  determine  the  Weight  of  a Body  by  its  Magnitude. 

ft.  ft.  ft. 

Ex.  1.  63  X 12  X 12=9072  cubic  feet  in  the  block. 

And 

As  1 cubic  foot, 

: 9072  cubic  feet, 

: : 2700  oz.  tabular  specific  gravity  of  Marble, 

: 24494400  oz.  in  the  block, =6 83‘4  tons.  Ans. 


Ex.  2.  As  1728  cubic  inches  in  1 cubic  foot, 

: 35^  cubic  inches  in  an  ale  pint, 

: : 937  oz.  tabular  specific  gravity  of  gunpowder, 

191  oz.  the  weight  required. 

ft.  ft.  ft. 

10  x 3 X 2^=75  solid  feet  of  oak  in  the  block. 


Ex.  3. 


IN  SPECIFIC  GRAVITY 
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And, 

As  1 cubic  foot, 

: 75  cubic  feet,  content  of  the  block, 

: : 925  oz.  tabular  specific  gravity  of  Oak, 

: 69375  oz.  =4335^  lb.  the  weight  required. 

***  The  last  six  Questions  are  found  at  the  23 1st  and  following  page  of 
the  second  volume  of  the  Course;  and  the  three  following,  with  only  a 
slight  variation  in  the  first,  in  pages  229  and  230. 


(Page  268.) 

To  ascertain  the  Specific  Gravity  of  a Body. 
lb.  lb.  lb. 

Ex.  1.  10  — 6£=3|-  difference  of  weight  in  water  and  air. 

And 

As  3^-  lb.  weight  lost  in  water, 

: 10  lb.  weight  in  air, 

: : 1000  oz.  specific  gravity  of  Water, 

2609  oz.  specific  gravity  required. 

lb.  lb.  lb. 

Ex.  2.  18+15=33  weight  of  the  aggregate  body  in  air. 

18  — 16=  2 lost  by  the  copper  in  water. 

Also  33—  6=27  lost  by  the  aggregate  mass  in  water. 
And  27  - 2=25  difference  of  loss. 

But,  As  251b.  : 151b.  : : 1000  oz.  : 600  oz.  Ans. 


(Page  269.) 

To  determine  the  Quantity  of  each  Ingredient  in  a Body  compounded 

of  Two  known  Ingredients. 

oz*  oz*  oz* 

Ex.  1.  9000—7320=1680  first  difference. 

8784-7320=1464  second  difference. 

9000  — 8784=  216  third  difference. 

* 

Also, 

8784x1680=14757120. 

9000x1464=13176000. 

7320 x 216=  1581120. 
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But, 

lb.  lb. 

As  14757120  : 112  ::  13176000  : 100  copper  7 . 
14757120:112::  1581120:  12  tin  j Ans 


Sum  and  Proof  112  lb. 


BALLS  AND  SHELLS. 


To  determine  the  Weight  of  an  Iron  Hall  of  known  Diameter. 
in.  in.  in.  cub.  inches 

Ex.  1.  6-7  x6  7 x 6-7=300-763  cube  of  the  diameter. 

And, 

lb.  X 300  7 63=42-2948  lb.  Ans. 


in.  in.  in.  cubic  inches 

Ex.  2.  5-54  X 5-54  X 5 54=  1 70  031464  cube  of  the  diameter. 

Now, 

lb.  ^ X 170031464=23-99  lb.  or  241b.  nearly.  Ans. 


(Page  270.) 

To  determine  the  Weight  of  a Leaden  Ball  of  known  Diameter . 
in.  in.  in.  cubic  inches. 

Ex.  1.  6-6x6  6x6-6=287-496  cube  of  the  diameter. 

But, 

lb.  ^x  287-496=61-606  lb.  Ans. 
in.  in.  in.  cub. inches 

Ex.  2.  53x5  3x5  3 = 148  877  cube  of  the  diameter. 

And, 

lb.  3. X 148-877=32 lb.  nearly.  Ans. 


To  ascertain  the  Diameter  of  an  Iron  Ball  of  known  Weight , 

lb.  lb.  cub.  in.  cub.  in. 

Ex.  1.  As  9 : 42  : : 64  : 298  66  cube  of  the  diameter. 
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But  .^298-66  in. =6-635  inches.  Ans.* 

Or,  by  the  Rule, 

3/42  x 6^4=6,6S5  the  diameter  in  inches,  as  before. 
lb.  lb.  cub. in.  cub. in. 

Ex.  2.  As  9 : 24  : : 64  : 170  66  cube  of  the  diameter. 


And  ^/l70-6'6  in. =5.54  inches.  Ans. 

That  is, 

3/24  x 7£lb.=  5-54  the  diameter  in  inches,  as  before . 


To  ascertain  the  Diameter  of  a Leaden  Ball  of  known  Weight. 
lb.  lb.  cub.  in.  cub.  in. 

Ex.  1.  As  T\  : 64  : : 1 : 298  66  cube  of  the  diameter. 

Now, 

^/29SJ-in.=  6-685  inches.  Ans. 
lb.  lb.  cub.  in.  cub.  in. 

Ex.  2.  As  T37  : 8 : : 1 : 37|  cube  of  the  diameter. 

Hence,  by  extraction  of  the  cube  root,  3-343  inches.  Ans. 


(Page  271.) 

To  determine  the  Weight  of  an  Iron  Shell  of  known  diameter  and 

thickness. 

in.  in.  in.  cub.  inches 

Ex.  1.  12-8  X 12  8 X 12  8=2097-152  the  outer  diameter  cubed. 

And  9 1 X 9-1  X 9-1=  753-571  the  internal  diamr.  cubed. 


Multiply  by 


1343  581  difference  of  the  cubes. 


Product  188*941  lb.  Ans. 
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t 

in.  in.  in.  cub.  inches 

Ex.  2.  9-8  x 9-8  X 9 8 = 941  192  the  outer  diameter  cubed. 
And  7 x 7 X 7 = 343-  the  inner  diameter  cubed. 


59S-192  difference  of  the  cubes. 
Multiply  by  ^ 

Product  84-12  lb.  Ans. 


To  determine  the  Quantity  of  Gunpowder  necessary  to  fill  a Shell  of 

knoxvn  Capacity. 

in.  in.  in.  cub.  inches 

Ex.  1.  9 1 x9-1  X 9- 1 = 753-571  cube  of  the  internal  diameter. 
Divide  by  57'3  cub.  inches — the  Quotient  is  1315  lb.  Ans. 


m.  in.  m. 


7x7x7 

Ex.  2.  — — — — =6  lb.  nearly.  Ans. 

O # ’j 


To  determine  the  Quantity  of  Powder  necessary  to  fill  a Rectangular 

Box  of  known  Dimensions. 


= 601b.  Ans. 
= 57-6  lb.  Ans. 


in.  in.  in. 

Ex.  1. 

15x12x10 

30 

in.  in.  in. 

Ex.  2. 

12  X 12  X 12 

30 

To  ascertain  the  Weight  of  Powder  sufficient  to  fill  a hollow  Cylinder 
of  known  Length  and  Diameter. 

in.  in.  in. 

Ex.  1.  (_1Q  x 1Q)  — 52-35  lb.  Ans. 

38-2 


(Page  272.) 

Ex.  2.  -5-rlrlb-  Ans. 


in.  m.  in. 


38-2 
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To  determine  the  Size  of  a Shell  that  will  just  contain  a given  Weight 

of  Powder . 

. ■ ■ i.  ■■  ...  • 

Ex.  1.  £/l3-£x  57-3=9-1  nearly,  the  diameter  in  inches.  Ans. 
Ex.  2.  1/6  x 57  3=7  nearly,  the  diameter  in  inches.  Ans. 

To  determine  the  Side  of  a Cubical  Box  that  will  just  hold  a specified 
Portion  of  Gunpowder  by  Weight. 

Ex.  1.  3/50x30=1 1-44,  the  side  required,  in  inches. 

Ex.  2.  ^/400  X 30=22-89  &c.  the  side  required,  in  inches. 


To  determine  the  Length  a given  Weight  of  Gunpowder  will  occupy 
of  a Cylinder  of  known  Diameter. 


Ex.  1. 


Ex.  2. 


lb.  cub.  in.  cub. inches. 

12x38-2  458-4  x9 

(6fx  6f)  in.  ~ 400  sq.in.  ~ 10'314  ln* the  lenoth  re(ld» 


lb.  cub. in. 

20  X 38-2 


cub. inches 
764 


(8  X 8)  in.  64  sq.  in. 


= 11^1  inches.  Ans. 


(Page  273.) 

To  ascertain  the  Number  of  Balls  in  a Triangular  Pile. 


Ex.  1. 

30x31x32  1 „ 

= 4960  balls. 

b 

Ans. 

Ex.  2. 

20  x 2 1 X 22 

‘ =1540  balls. 

6 

Ans. 

(Page  274.) 

To  ascertain  the  Number  of  Balls  in  a Square  Pile. 


30x31  x61 


= 9455  balls. 


Ans. 


Ex.  1. 


6 
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Ex.  2. 


20x21  x 41 
6 


= 2870  balls. 


Ans. 


To  ascertain  the  Number  of  Balls  in  a Rectangular  Pile. 

balls  balls 

Ex.  1.  46x3=138  thrice  the  number  of  shot  in  the  length  of 
the  base  of  the  pile.  And 

15—1  = 14  one  ball  less  than  the  number  of  shot  in  the 
breadth  of  the  base  of  the  pile. 

balls  balls 

n (138— 14)  X 15  X 16  , „ . 

But  v = 4960  balls.  Ans. 

6 

shot  shot 

Ex.  2.  59x3=177  thrice  the  number  of  balls  in  the  length  of 

the  base  of  the  pile.  And 

20—1=  19  one  shot  less  than  the  number  of  balls  in 
the  breadth  of  the  pile. 

shot  shot 

B„t  (177-19)x20x21  _ An, 

6 


To  ascertain  the  Number  of  Balls  in  an  Incomplete  Pile. 

Ex.  1.  ix  40x41  X 42=1 1480  shot,  for  the  complete  Pile. 
And  |xl9x 20x21=  1330  shot  wanting. 

Difference  10150  shot.  Ans. 


(Page  275.) 

Ex.  2.  | X 24  X 25  X 26=2600  shot,  for  the  complete  pile. 

And  £X  7 X 8x  9=  84  shot  wanting. 

Difference  2516  shot.  Ans. 


Ex.  3.  ^-X  24x25  X 49=4900  balls,  for  the  complete  pile. 
And  ^-X  7x  8x15=  140  balls  wanting. 


Difference  4760  balls.  Ans. 


SHOT  A NJ>  SHELLS. 


257 


(Key  to  Vol.  II.  page  275.) 
shot  shot  shot 

Ex.  4.  40—  11.— 29  in  the  top  row  of  either  side  of  the  pile. 

And 

20—11=  9 in  the  top  row  of  either  end  of  the  pile. 

Therefore  the  length  of  the  base  of  Defect  is  28  shot,  and 
the  breadth  8 shot. 

But,  (40  x3— 19)  X20  X21  x£=:7070  shot,  for  the  whole  pile. 
And  (28x3—  7)  X 8x  9x£=  924  shot  deficient. 

Difference  6146  shot.  Ans. 


DISTANCE  ESTIMATED  BY  THE  VELOCITY 

OF  SOUND. 

Ex.  1.  T3?mls.  X 12=J-|=2£  miles.  Ans. 

Or,  more  correctly, 
feet  feet  miles  yds. 

As  1"  : 12"  : : 1142  : 13704  = 2 ..  1048.  Ans. 

Ex.  2.  4"|  X S =37 seconds.  Ans. 

mile  mile 

Ex.  3.  As  4"§-  : 7"  : : 1 : 1^.  Ans. 
pulsat.  pulsat. 

Ex.  4.  As  70  : 6 : : 60"  : 5 "j-  time  of  the  sound  in  seconds. 

And 

mile  mile  mile  yds. 

As  4"f  : 5 "j.  : : 1 : 1^  = 1 ..  179-6.  Ans* 

More  correctly. 

The  time  being,  as  already  found,  5j-  seconds,  it  is 

* Differing  18'4  yards  from  Dr.  Hutton’s  Answer,  which  differs  3951  yards 
from  the  truth  by  Rule,  allowing  sound  to  travel  regularly  1142  feet  per  second. 
But  the  Student  will  bear  in  mind  that , owing  to  currents  of  air  and  other 
0ircumstanees}  the  velocity  of  sound  cannot  be  exactly  depended  on. 

2 L 
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feet  feet  mile  yds. 

As  1"  : 5"}  : : 1142  : 5873j=l  : 593}.  An*. 


(Page  276.) 


pulsat.  pulsat. 

Ex.  5.  As  75  : 5 : 60"  : 4"  time  of  the  sound  in  seconds. 

But, 

feet  feet 

1142  X4=4568=1522|- yards.  Ans. 
mile  miles 

Ex.  6.  As  4"f  : 33"  : : 1 : 7tL-.  Ans. 


PRACTICAL  QUESTIONS  IN  PHILOSOPHY. 

in.  in.  in.  (Const,  dec.) 

Quest.  1.  3 X 3 X 3 X *5236=14,1372  cub.  in.  cast  iron  in  the  ball. 
Multiply  by  *258  lb.  Avoirdupois. 


Product  3’6473976  lb.  Ans. 


in.  in.  cub.  in. 

Quest.  2.  5s  — 33  = 98  diff.  of  the  cubes  of  the  diameters. 

Now 

lb.  &x  98=  13*78125  lb.  Ans.* 

* By  which  it  appears  that  the  weight  of  the  Shell  is  more  than  \ lb.  above 
Dr.  Hutton’s  estimate. 


mile  miles 

Quest.  3.  As  4"|  : 17"  : : 1 : 3T\.  Ans. 

Quest.  4.  By  Question  62,  page  266  of  the  second  volume  of  the 
Course,  the  bulk  of  the  Earth  is  to  that  of  the 
Moon  as  49|  to  1. 


IN  PHILOSOPHY. 
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Therefore = 70-7,  to  1.  Ans. 

7 

Quest.  5.  Referring  to  the  Table  of  Specific  Gravity  in  vol.  ii. 
page  231, 

A cubic  foot  of  brass  weighs  8000  oz.  avoirdupois. 

A cubic  foot  of  marble 2700  oz. 

Difference  5300  oz. 

Multiply  by 

lb.  oz. 

Product  7950oz.=496 ..  14.  Ans„ 


ft.  ft.  ft. 

Quest.  6.*  63  X 12  X 12=9072  cubic  feet.  And 

As  1 cubic  foot, 

: 9072  cubic  feet, 

: : 2700  oz.  tabular  specific  gravity  of  Marble, 

: 24494400  oz.— 683-4  tons.  Ans. 

* The  present  Question  was  surely  a favourite,  for  this  is  the  third  time 
of  its  appearance  in  the  second  volume.  See  pages  232, 267,  and  276. 


Quest.  7.  It  is  evident,  since  the  momenta  must  be  equal,  that 
the  velocities  will  be  inversely  as  the  weights.  Hence 

lb.  lb.  ft.  ft. 

As  32  : 10000  : : 20  : 6250  per  second.  Ans. 


(Page  277.) 

Quest.  8.  Multiplying  the  velocities  respectively  by  the  weights, 
it  is 

(v)  (w) 

1000  X 1=1000  the  momentum  of  the  less  body. 

And  1x25=  25  the  momentum  of  the  greater  body. 

But  As  25  : 1000  : : 1 : 40. 

Wherefore  the  momentum  of  the  less  is  to  that  of  the  greater 
body  as  1 to  40.  Ans. 
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ft.  lb. 

Quest.  9.  100x20=2000  momentum  of  the  1st  body, 

(m) 

And  2000-r-S  lb.=250  feet  velocity  of  the  less  body  per 
second.  Ans. 

Or,  the  velocities  being  in  the  inverse  ratio  of  the  weights,  it  is> 
lb.  lb.  ft.  ft. 

As  8 : 20  : : 100  : 250  per  second,  as  before. 


lb.  lb.  (t>.)  (v.) 

Quest.  10.  As  60  : 100  : : 8 : 18^-  the  ratio  to  1,  the  velocity  of 
the  less  body  has  to  that  of  the  greater.  But  13j.  are  to  1 
as  40  to  3.  Ans. 

(Force)  lb.&c. 

Quest.  11.  48  -f-  8 = 6 velocity  of  the  greater  body. 

And  1 — 1=1  velocity  of  the  less  body. 

Hence  the  velocity  of  the  greater  is  to  the  velocity  of  the' 
less,  as  6 to  1.  Ans. 

min.  («.)  min.  («.) 

Quest.  12.  As  1 x 40  : 120  x l ::  1 : 3 the  ratio  of  the  space 
described  by  the  swifter,  to  that  described  by  the  slower 
body.  Ans. 

min.  (r.)  min.  (e.)  ft.  ft. 

Quest.  13.  As  1 X 1 : 12  X30 : : 5 : 1800  by  the  swifter  body. 

Subtract  5 by  the  slower  body. 

Difference  1795  feet.  Ans. 


Quest.  14.  It  is  manifest  that  if  the  bodies  had  moved  with  equal 
velocities,  the  slower  body  would  have  passed  over  5 x5= 
25  miles. 

miles  miles 

Now,  As  25  : 50  : : 1 : 2 the  ratio  of  the  time  of  the  slower 
body  to  that  of  the  faster.  Ans. 


Quest.  15.  It  will  be, 

in.  ft.  high  in.  ft.  high  hrs.  hrs.  min. 

As  2(18  X 104)  : 40  X 73  : : 13  : 10  ..  8f  Ans. 
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in.  in.  in. 

Quest.  16.  100—7^=92^  dist.  of  the  power  from  the  fulcrum. 

And 

in.  in.  lb.  lb. 

As  7*  : 92i  : : 168  (=4cwt.)  : 2072.  Ans. 


lb.  in.  lb. 

Quest.  17.  4x28=42  for  the  weight  in  the  palm. 

And  4 x 12=18  for  the  weight  at  the  elbow. 


Difference  24  lb.  Ans. 


in.  in.  in. 

Quest.  18.  70-i-2=35,  that  is,  the  ratio  of  the  distance  of  the 

power  to  that  of  the  weight,  from  the  fulcrum,  is  35  to  1. 

Now  9^  cwt.=10641b. 

And  1064  lb. -r-35=30*4  lb.  Ans. 

Quest.  1 9. 

in.  in.  lb.  lb. 

As  36  : 2 : : 10  : 
which  Xed  by  2 = 

4 lb.  balanced  at  the 
fulcrum : hence  8|4b. 
of  the  beam  remain 
unbalanced. 


in. 

But  8|Ib.  X 18  X 4=30  lb.  required  at  the  short  end  to  keep 
the  beam  in  equilibrio.  And 

lb.  lb.  lb. 

95  — 80=15  the  real  weight  to  be  balanced, 
lb.  lb.  in.  in.  lb. 

Now,  As  1 : 15  : : 2 : 30  the  dist.  of  1 from  the  fulcrum. 


2 

• 

15 

::  2 

: 15  - 

2 

3 

• 

• 

15 

::  2 

: 10  - 

- - - - 3 

4 

• 

• 

15 

: : 2 

: 4 - 

- - - - 4 

5 

• 

* 

15 

: : 2 

: 6 - 

5 

&c. 

&c. 

& c. 

in. 

in 

. in. 

in.  in. 

in.  in.  in. 

Hence  30,  15,  10,  7\,  6,  4f,  3f,  3|,  3,  &c.  Ans. 
ft.  ft.  lb.  lb. 

Quest.  20.  As  4 : 2*5  : : 200  : 125  for  the  shorter  end.  7 

4 : 1*5  : : 200  : 75  for  the  longer  end.  j "n8. 
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/IE  IE 

Quest.  21.  v'  40  X 90=60  lb.  the  true  weight  of  the  body. 

lb.  lb. 

But,  As  60  : 40  : : 3 : 2 the  proportion  required . 

ft.  ft.  ft. 

Quest.  22.  13—1  = 12  dist.  of  the  power  from  the  fulcrum,  1 

foot  occasioning  by  the  Question  a diff.  of  2101b.  in  the 
power  required. 

ft.  ft.  lb.  lb. 

Now,  As  1 : 12  : : 210  : 2520.  Ans. 


(Page  279.) 

Quest.  23.  Without  discussing  the  merits  of  this  Example,  it 
will  be, 

As  1 inch  (ef)  advanced  towards  the  fulcrum  by  the  weight, 
: 12  inches  (ag)  advanced  towards  the  same  by  the  power, 

: : 2 lb.  the  power, 

: 24  lb.  the  weight. 

Which  is  evident,  since  there  is  said  to  be  an  equilibrium  in  both 
situations. 

in.  in.  in.  in. 

Quest.  24.  As  50  : 30  : : 40  : 24=bd. 

And 

As  30  in.  : 40  in.  : : 3 : 4 : : P : q. 

Therefore  the  ratio  of  p to  a is  that  of  3 to  4 ; and  the  altitude 
bd,  24  inches.  Ans. 


ft.  ft.  ft. 

Quest.  25.  6-}-6=12=144  inches  the  diameter  of  the  circle. 

(JDi.)  ( Cite .)  ( Di .)  (Circumf.) 

And,  As  1 : 3-1416  : : 144in.  : 452'3904in.  orb.  of  the  power. 

Multiply  by  501b.  the  power. 

Product  and  Answer  22620  lb.  nearly. 


ft.  ft.  lb.  lb. 

Quest.  26.  As  20  : 30  : : 150  : 225.  Ans. 
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in.  in.  lb.  lb. 

Quest.  27.  As  2 : 12  : : 150  : 900.  Ans. 


Quest.  28. 

Let  bc  represent  the 
pillar  and  a p a perpen- 
dicular from  the  lowest 
point  of  the  base ; the  Z. 
Ape,  by  the  question,  is 
1 5°,  and  ac  30  feet : 
wherefore  it  is. 


As  Sin.  15°  Z.  Ape,  - - - - Log.  ar.  co.  — 10-5870038 
: Sin.  75°  Z.pAC,  - --  --  --  - Log.  9-9849438 
::  30  feet  ac, Log.  1-4771213 


: 111-96  feel  pc,  the  length  required  - Log.  2-0490689 
2 4 48  1 48 

Quest.  29.  _ x ft.  =— \/5 ft.  = 4-29325056 

5 5 5 5 25 

feet.  Ans.  See  page  198,  fyc.  vol.  ii.  of  the  Mathematics. 

1 1 12 

Quest.  30.  2><12\/4^-5ft.=12x/^ft.=yN/5ft.  = 5-3665632 
feet.  Ans.  See  the  second  vol.  of  the  Mathematics,  p.  199. 


(Page  280.) 


Quest.  31. 

For  the  rectangular  wall. 

771 

Because  FE*=Aay'—  [Prop.  xlv.  Statics],  and  that 

■ on 

As  Rad.  : Sin.  60°  : : 12  feet  : 10-391  feet  aq,  it  is 
4 90-782 

fe=10-391  y^ft.= irip  x v'' 15 ft. =5-365889  feet. 

15  15 


* The  thickness  of  the  wall. 
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And  for  the  triangular  wall. 

Ill 

Because  fe=aq\/  — [Prop.  xlv.  Stages],  and  that 
ag=  10-391  feet,  it  is  fe=10*39V*4  ft. =6*57 1845  feet.* 

* Dr.  Hutton’s  Answer  to  this  part  of  the  Question  is  evidently  wrong, 
in  as  much  as  12v/&r:6-57267  and  not  6*53667. 

Quest.  32.  Let  ha  be  the  surface  of 
the  water  and  ac  its  depth,  which  by 
the  Question  is  10  feet.  Also  let  fedc 
be  a perpendicular  section  of  the  wall, 
of  which  the  height  is  12  feet  and 
thickness  sought.  Take  cb  equal  to  ca 
10  feet,  and  draw  the  diagonal  ab;  the 
triangle  abc  represents  the  pressure  of 
the  water  against  ac.  [Corol.  3,  prop.  lxi. 

Hydrostatics .]  If  in  ca,  therefore,  c h 

be  assumed  equal  to  of  ca,  the  whole  B C g D 

pressure  of  the  triangle  abc  may  be  resolved  to  the  point  h.  But 
the  center  of  gravity  of  the  wall  is  the  intersection  of  the  diago- 
nals fd,  ec,  which  being  referred  to  a point  g in  the  base,  Dg=4cD. 
Consequently  putting  x for  cd  the  thickness  sought,  and  consi- 
dering d as  the  fulcrum,  the  weight  atg,  and  the  power  at  h,  it  is 

(A) f (n)  (Dg)  (ac)  (cb)  (m)  ( Ch ) 

12xxllxix  = 4 ( 1 0 ft.  X 10ft.)  x 7 x 3|ft.  = 1166f  feet. 

That  is, 

66x2  = 1166-6,  or  x2  = 17-6767. 

Hence  by  extracting  the  square  root  on  both  sides, 
x — 4-204374825  &c.  feet.  Ans. 


t Where  A represents  the  area  of  the  wall , n its  specific  gravity , and  m the 
specific  gravity  of  water. 


Quest.  33. 

If  fdc  represent  a perpendicular 
section  of  the  wall,  fc  by  the  Ques- 
tion is  12  feet : also  the  water  and  the 
point  h are  as  in  the  last  example ; 
but  in  this  instance  Dg=yDC  [Art. 
236,  page  199,  vol.  ii.]  Wherefore, 
putting  x=dc  the  thickness  required, 
it  is 
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( A ) (n)  ( Dg ) (ac)  (cb)  (m)  (CA) 

6x  x 1 1 X -|x  = -|(10  ft.  X 10  ft.)  X 7 X 3|  fl.  = 1 1 66f  feet. 

That  is, 

44x2=1166-6  feet,  and  x2=26-5151  feet. 

Hence,  by  extracting  the  square  root  on  both  sides, 
x =5*  1492865054  feet.  Ans.* 

It  is  evident  by  the  proposition  quoted,  that  the  thickness 
of  a triangular  wall  must  always  be  to  that  of  a rectangular  wall, 
cateris  paribus,  as  \/tV  • V \ >/'3  : \/'2  •.*  \/3  : \Z2  *.• 

17320508  : 14142136. 

* The  reader  is  requested  to  examine  attentively  the  15th  Problem  (as 
it  is  termed)  of  tiie  Promiscuous  Exercises  in  the  third  volume  of  the 
Course,  where  (after  noticing  a Question  proposed  by  Mr.  Burton,  of 
Salton,  in  1795,  and  answered  in  the  Ladies’  Diary  the  following  year  by 
Gentlemen  in  different  parts  of  the  kingdom,  one  of  whom  was  Dr.  O.  G. 
Gregory,)  the  Author  gives  a theorem  for  the  thickness  of  a triangular 
wall  to  support  a body  of  water  of  equal  height ; the  accuracy  of  whieh 
theorem  we  dispute. 

( Times ) (Time)  miles  miles 

As  -v/4  : -y/  1 v 2 : 1 : : 95000000  : 47500000.  An#. 

(Time)  (Times) 

As  l2  : 1062  : : i : 11236. 

Therefore  1 1236  tunes  as  hot.  Ans. 

952-4-4952=2-||^.|7— nearly.  Ans. 

lb.  lb.  S.  di.  S.  di. 

As  10  : 112::  1 : 1 T2. 

S.  di. 

But,  -v/ 11  2=3-3466401  semi-diameters  of  the  earth  from 
the  earth's  surface. 

Or, 

lb.  lb.  lb.  lb.  S.di. 

As  112  : 10  v 56  : 5 : : 1 : of  a semidiameter  of  the 

earth  from  the  earth’s  center. 


Quest.  34. 
Quest.  35. 

Quest.  36. 
Quest.  37. 


miles  miles 

Quest.  38.  7930-^-2=3965  the  semidiameter  of  the  earth. 


miles  miles  miles 

And  3965-f-50=40l5  distance  of  the  body  from  the  earth’s 
center.  It  will  therefore  be, 


39652  ’ 40 1 52  ' 15721225  ’ 16120225 
nearly.  Ans. 

2 M 


oz.  oz.  dr. 

16  : 15.  .9| 
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miles  miles 

Quest.  39.  As  2 1 603  : 7 9303  : : 1 : 49-5  the  ratio  of  bulk. 

Now  49  5 X 10  = 495  quantity  of  matter  in  the  earth. 

And  1 X 7 = 7 - - - ~ in  the  moon. 

Di.  Di. 

But,  As  495+7  : 495  : : 30  : 29]%}. 

Di.  Di.  Di. 

And  30  — 29|4|=|^.|=4ff  diameters  of  the  earth  from  the 
earth’s  center. 


Also 


Di.  Di.  Di. 

2M*  210t  41  =W7.669 


502  502  502 

of  the  earth.  Ans. 


miles  below  the  surface 


* That  is,  one  semidiameter  of  the  earth, 
f A fraction  equal  to  diameters,  as  above. 


(Page  281.) 

Quest.  40.  Put  x for  the  distance  of  the  point  sought,  in  dia- 
meters of  the  earth  from  the  earth  ; a for  the  quantity  of  matter 
in  our  own  globe ; and  b for  that  in  the  moon  ; also  let  d be  the 
mutual  distance  of  the  orbs  in  diameters  of  the  earth; 

Then,  As  10a  : 7b  : : x2  : d—  x)2. 

Whence  £=26-+.  Therefore  the  point  required  is  26-+  of 
the  earth’s  diameters  from  the  earth’s  center,  and  3-+ 
times  the  diameter  of  the  earth  from  the  center  of  the 
moon. 

Quest.  41.  As  1" ^ : 1 I "l2,  that  is.  As  1 : 121  : : 16+  feet  : 
1946+  feet.  Ans. 

Quest.  42.  As  l77!2  : 6^2,  that  is.  As  1 : 36  : : 16+ft.  : 579  ft. 
the  depth  of  the  6"  well. 

And  As  P7]2  : H)"P>  that  is.  As  1 : 100  : : 16+ft. : 1608-f- 
feet,  the  depth  of  the  10"  well. 

But  1 60S j ft. - 579  ft.  = 1 029^  feet  difference.  Ans. 

Quest.  43.  As  l77^2  : f9+l2,  that  is.  As  1 : 380-25  : : 16+  feet  : 
61 15^  feet.  Ans. 
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Quest.  44.  As  16^ ft. : 400  ft.  : : 1"  : 25",  hence  5"  nearly.  Ans. 


Quest.  45.  1"  2"  3"  &c.  scries  in  seconds. 

10-^ft.  64^-ft.  144|4't.  spaces  passed  through  at  the 

end  of  each  second. 


Also,  1"  2"  3"  &c.  series  in  seconds. 

16-jljft.  48-y  ft.  S0T^ft.  spaces  for  each  second. 

Likewise,  100ft.  — 80T^ft.  = 19T7Tft. 


But,  As  S0T\-ft.  : 19T\ft.  : : 3*  : -608S". 
Again,  3"-{--6088=3-60S8"  the  whole  time  of  falling. 
Lastly,  As  I7^  : 3'6088"^ : : 16-083ft. : 209  45594434752ft. 


Quest.  46.  If  x be  put  for  the  number  of  seconds  the  stone  is  in 
motion,  it  will  be  by  the  epiestion 

161l5:x2  + 1142x=1142ft.  X 10"=11420.  That  is, 

. 1142a:  11420  J . c , ni  nn  l 

■r  +1^083  =Tfr083.  0r>  reduced’  *3+71*=71a  nearly. 

Hence  x=8"-8876. 

But,  As  F12  : 8"-887612  : : 16TVft. : 1270  3865  ft.  Ans. 


(Cir.)  (2)i)  in.  in. 

Quest.  47.  As  3T4159  : 1 : : 193  : 19  6. 

And  19-6  in.  X 2=39-2  in.  or  more  correctly  39£  in.  Ans. 


(Page  282.) 

Quest.  48. 

As  I77”'2  : 2" 12  : : 39-g-in. : 1561  in.  length  of  a pendl.of  2""1 
T7!2:"^2::  391  in.:  9-jl  inches  -------  i"  > Ans. 

T712  : J7”1  : : 39^-in. : 2-^  inches 

in.  in.  (Sq.vib.per  m.) 

Quest.  49.  As  12  : 39-|  : : 3600  : 11737  5 sqr.  of  vibr.  per  min. 

And,  As  6 : 39^  : : 3600  : 23475*  sqr.  of  vibr.  per  min. 

Now  ^11737-5  = 108-33  vibr.  per  min.  by  a pendl.  of  1 foot. 
And  ^/23475  0=  153-21  vibr.  per  min.  by  a pendl.  of  1 foot. 
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vibr. 

Again,  15321  x60'=9192-6  vibrations  in  an  hour. 
And,  10S  33  x 60'=6499-8  vibrations  in  an  hour. 

Difference  26928.  Ans. 


in.  in.  ( Sq.vib.perm .) 

Quest.  50.  As  18  : 39^  : : 3600  : 7825  square  of  vibr.  per  min. 
But,  y/7s^5=85,4  vibrations  per  minute. 

And,  88-4-7-60=  1-473  vibrations  per  second. 

Also,  8 vib'.-J-l-473=5"-4  time  marked  by  the  pendulum. 

Now  putting  x for  the  time  of  the  fall  in  seconds,  there  arises 
the  following  equation  : 

1 6TVr2  + 1 1 42x=  1 1 42  ft.  x 5"-4 =6 1 67 . Th at  is, 
x2 -f- 7 lx= 383*44.  Whence  x=5"-04. 

But  1 6T^  ft.  x5"-04  X 5"-04  = 408-54  feet;  or  (by  keeping 
several  more  decimal  places  from  the  beginning  of  the 
operation)  412-61  feet.  Ans. 


Quest.  51.  As  Rad.  - - - Log.  ar.  co.  —10  0 

: Co.  Sin.  10°giv.  - Log.  9 9933515 

: : 20  feet, Log.  1-3010300 

: 19-696  feet Log.  1 -2943815 


Now-  20ft.  — 19-696 ft.  = -304 ft.  versed  Sine  of  10°  (to 20ft. Rad.) 
But,  As  y/ 16^  ft. : v/-304tt.  : : 32|.ft.  4-42 13  ft.  Ans. 


ft.  ft. 

Quest.  52.  As  16^  : 10  : rT"12  : -62176  square  of  the  time  in 
seconds  for  the  perpendicular  altitude. 

Now,  v/*62176,,=*78S52"  the  time  for  10  feet. 

And,  As  10ft.  : 100  ft.  : : -78852"  : 7"-8S52  the  time  reqd. 

100  x 2 

Also  ■ „ = 25*364  feet  per  second  velocity  acqd. 

7-8852  1 J 1 


3 


Ans. 


vib.  in. 

602  X 39i 

Quest.  53.  rr  = 88J-  inches,  the  distance  of  the 

(40x40)ot6. 

center  of  oscillation  from  the  axis  of  motion. 
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in.  in.  in.  in. 

And,  As  118  : 8S*  : : 30  : 22-36  the  length  of  the  chord  to 
radius  88  inches.  Referring  now  to  Prop,  lviii.  of  Statics,  [Se<r 
pp.  219,  220,  and  221,  vol.  i i.] 


a 

b 

c 


1 feet. 

1 lb. 

22-36  in. 


and  p = 500  lb. 


88  inches. 


Therefore, 

bl+8°P_  x c x y'  — =501  X 2?^n-  x 2-094=933-53  X 2-094  = 
bio  o 12  in. 

ci 

1954-81 182  feet  per  second , the  velocity  of  the  Ball.  And  — — 

= 1-863  ft.  x 2-094  = 3-9018199  feet,  the  velocity  icith  vehicle  the 
center  of  oscillation  passes  the  perpendicular. 


* The  fraction  is  omitted  as  of  comparatively  small  value,  but  this  omis- 
sion occasions  a little  deviation  in  the  Answer.  The  data  were  not  suffi- 
ciently clear  to  determine  correctly  the  center  of  gravity  which  might 
have  been  higher  than  the  center  of  oscillation,  and  hence  the  center  of 
gyration  not  precisely  88  inches. 


oz.  oz.  in. 

Quest.  54.  As  1000  : 925  : : 12  : 11TV  inches.  Ans. 

Quest.  55.  Because  the  area  of  a sphere  of  which  the  diameter 
is  1 foot=18-8496  inches,  [Prob.  vii.  page  49.  vol.  ii.]  it  is 

18-8496  x y = 113  0976  inches. 

And  jf  113-0976  = 10-6347  inches.  Now, 

As  1000  oz.  : 925  oz.  : : 10-6347  inches  : 9-9867  inches.  Ans. 


(Page  283.) 

Quest.  56.  Let  x3  be  solid  content  of  the  wood  in  inches. 

3000 

Then,  As  a:3 : (x3  — 3x2)  : : lOOOoz.  : (1000 ) oz.  thespe- 

JC 

cific  gravity  of  the  wood. 

Also,  As  x3 : (x3  — 4-j-g-j-x2) : : 1030  oz. : (1030 -^^)oz.  the  spe- 
cific gravity  of  the  same  wood.  Therefore  30x=1200, 
Or,  x=40.  But  (lOOO-1^)  oz.=925  oz. 
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Now  in  the  table  of  specific  gravity  925  oz.  correspond  to  Oak. 
And  it  is  evident  that  each  side  of  the  cube  is  40  inches,  q.  e.  i. 

oz.  oz.  oz. 

Quest.  57.  12  -^-(12  -7)=2 * 

And  14|--f-(14-j  — 9)=2tZt 

But,  As  2f-  : 2t7t  : : 145  : 132.  Ans. 


gr.  gr.  gr.  gr. 

Quest.  5S.  171-^(171-1 20)  =3f  glass. 

And  102-r(102-  79) =4£f  magnet. 

gr.  gr.  (Glass)  (Magnet) 

But,  As  3|  : 4|^  : : 10  : 13  nearly.  Ans. 


oz.  oz.  cub.  inches 

Quest.  59.  63-^-1036  = 6 08108  had  the  crown  been  gold. 

63+  5-85=10-76923-  - - silver. 


cub. in. 

By  alligation,  8-2245 


cub.  inches  cub. inches 
6-08108  7 2-54473  cubic  inches. 
10-76923^  2 14342  cubic  inches. 


4-68815  Sum 


cub. in.  cub. inches  cub. in. 

5428  gold. 

4572  silver, 
oz.  dwt.  gr. 

But  -5428 x 63oz.=34-1884oz. gold  =lb. 2..  10..  3..22igold. 
And -4572  X 63 oz.  =28-8036 oz. silver =lb. 2 ..  4..  16..  1 A: silver. 


By  division,  4 6S815  j I V434I } 1 


Note. — Although  this  solution  is  generally  considered  correct, 
yet  in  point  of  fact  it  is  erroneous;  for  an  alloy  of  gold  and  silver 
has  less  bulk  than  the  sum  of  the  bulks  of  the  two  metals  before  the 
alloy : and  consequently  Archimedes  was  deceived  when  he  thought 
he  had  discovered  the  true  method  of  examining  the  crown.  Inde- 
pendent, indeed,  of  the  above  circumstance,  much  depends  on  the 
temperature  of  the  atmosphere  and  water  at  the  time  of  observation. 


Quest.  60.  3841b.  X 12-^1-4921  oz.  = 30S1 6 cubic  inches  of 

glass  in  the  bottle. 

And  231  cubic  inches=l  gallon,  the  given  quant,  of  brandy. 
Also  124  0008  oz.= weight  of  the  brandy. 

The  bottle  and  brandy  therefore  weigh  1 70  0808  oz. 
-------  contain  261-816  cub.  in. 
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But  261*816x  '59542  oz.  = l 5589048272  oz.  the  weight  of 
an  equal  bulk  of  salt  water. 

Lastly,  170080S  oz.  — 155*89048272  oz.  = 14l903728oz.  Ans. 

cub. in. 

Quest.  61.  231  X 5 = 1 155  cubic  inches  of  brandy. 

And  1728-^-8  = 216  cubic  inches  of  oak  in  the  cask. 
Also  925  oz  -r*8  = 115*625  oz.  weight  of  the  wood. 

But  1371  cubic  inches=the  content  of  the  Ranker  and 
brandy. 

And  1371  x *59542  oz.  =816-32082 oz.  the  gravity  of  an  equal 
bulk  of  salt  water. 

Now  the  brandy  weighs  620  04  oz. ; hence  80*691  abso- 
lute oz.  are  necessary  to  sink  the  cask. 

Again, 

As  thewt.  of  lead  : the  wt.  of  salt  water  : : 1 1325  oz. : 1030oz. 

Consequently  l 5 ; 4 is  the  proportion  of  loss  of  weight 
lead  sustains  in  salt  water. 

But, 

oz.  oz.  oz.  oz.  oz. 

80*691 l of  80  691  : 80  691  ::  80  691  : 89*743.  Ant 

I 0*9  9 5 X4  * 

cub.  ft.  cub.  ft. 

Quest.  62.  As  1 : 50000  ::  1000  oz.  : 1395-^  tons.  Ans. 


(Page  284.) 

in. 

Quest.  63.  30x14-7-12=35  feet,  height  of  water. 

And  1000  oz.-J-l  222  (specif,  gr.  of  air)=818*i8  the  ratio 
to  1,  that  the  weight  of  water  bears  to  that  of  air  ; hence 

35  ft.  X 818*18=28318*1818  feet  = 5*458  miles  nearly, 
the  height  of  air.  Ans.* 

(See  art.  368,  page  243,  vol.  ii.) 

* Differing  from  Dr.  Hutton  more  than  348  feet  in  the  height  of  the  atmo- 
sphere, though  agreeing  with  him  in  the  water -barometer. 

ft.  ft. 

Quest.  64.  As  16-j-1^  • a . . 32-g-l  ~ *.  v of  mercury  per  second 
As  16-jJy  • b : • 3 2^  2 : vP-  of  water  per  second 
As  16TXT  : c : : 32^'  : v.Q  of  air  per  second 
where  «=30  inches,  5=35  feet,  and  e=5*5240  miles*. 
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Therefore 

The  velocity  of  quicksilver  is  12-681  ft.  per  second. 

The  velocity  of  water 47-447  ft.  per  second. 

The  velocity  of  air  - - - 1369-S  ft.  per  second. 

{See pages  233,  234,  and  235,  vol.  ii.) 
ft.  ft.  ft. 

Quest.  65.  10  — 1 =9  and  1 x 9 X 4=  36  but  36=  6- 
10-2=8  - - 2x8x4=  64  - - \/  64=  8* 
10-3=7-  -3x7x4=  84-  84=  9-16515 

10-4=6  - - 4x6x4=  96  - - </  96=  979796 
10-5=5-  -5x5x4=100-  -^/100=10- 
10-6=4-  -6x4x4=  96  - - 1/  96=  979796 
10-7=3-  -7x3x4=  84-  - 84=  9-16515 

10-8=2-  -8x2x4=  64-  - </  64=  S- 
10-9=1  - - 9x1x4=  36  - - 1/  36=  6- 

Put  b for  the  height  of  the  fluid  above  the  orifice,  in  inches ; 
tt=-03l4l6  of  a square  inch  the  area  of  the  orifice;  and  let 
g=\93  inches  the  descent  in  the  first  second,  of  a heavy  body 
falling  freely  at  the  surface  of  the  earth.  Then 

ax2</ gb~2a^/ gb;  which  taken  for  the  several  heights,  the 

result  is, 

cubic  inches 

3 0238  per  second  discharged  through  the  hole  9 feet  high. 


4- 2763  - --  --  --  --  --  8 feet  high. 

5- 2374  ----- 7 feet  high. 

6- 1884  - --  --  --  --  --  6 feet  high. 

6- 7613  - --  --  --  --  --  5 feet  high. 

7- 4067  - --  --  --  --  --  4 feet  high. 

8 0002  3 feet  high. 

85525  - --  --  --  --  --  2 feet  high. 

9 0713  - --  --  --  --  --  1 foot  high. 


Sum  58-5179  X 60"  X 10'-r-282  cub.  in.  = 124-5  gallons.  Ans.* 

* This  Answer  differs  about  i of  a gallon  from  the  Answer  given  with 
the  Question. 


(Page  285.) 

(Di.)  {Circumf.)  ( Di .)  ( Cir .) 

Quest.  66.  As  l : 3T416  ::  100  ft.  : 314T6  feet  the  circum- 
ference of  the  globe. 
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And  314*16  ft.  X 100  ft. =31 41 6 sq.  feet  the  surface  of  the  globe. 
This  x ed  by  144=4523904  square  inches  of  surface, 
ft.  ft.  ft.  (Const,  de .) 

Again,  100  x 100  X 100  X *5236=523600  cubic  feet  contained. 

cub.  ft.  cub.  ft.  oz.  oz. 

Now,  As  1 : 523600  : : If  : 639956  of  air  displaced. 

And,  As  9000  oz.  : 639956  oz.  : : 1 cub.  ft.  : 71*1062  cubic 
feet  of  copper  in  the  globe. 

But  71  1062  cubic  feet  = 7T1062  square  feet  12  inches  thick. 

sq.ft,  inches  thick  sq.ft. 

Therefore  (reciprocally)  31416  : 12  : : 71*1062  : *0271  of 
an  inch.  Ans.* 

* Which  is  nearly,  but  not  exactly,  Dr.  Hutton’s  Answer. 


( Di .)  (Circ.)  ( Di .)  (Circ.) 

Quest.  67.  As  1 : 3 1416  : : 100  ft.  : 31416  ft.  circumf.  of  the 
balloon. 

Also  314*16  ft.  X 100  ft. =31416  square  feet  of  surface. 

But  i f ^ — 2618  cubic  feet  of  copper  in  the  balloon. 
100x12 

c.  ft.  c.  ft.  oz.  oz. 

Now,  As  1 : 26- 18  : : 9000  : 235620  the  weight  of  copper  in 
the  balloon. 

ft.  ft.  ft.  (Const,  de) 

And  100  x 100  x 100  X 5236=523600  cubic  feet  in  the  sphere, 
c.  ft. , c.  ft. 

Also,  As  1 : (-j^y  of  If)  oz.  : : 523600  : 63995*6  oz.  of  inflam.  air. 
c.  ft.  cub.  ft. 

And,  As  1 : If  oz.  : : 523600  : 639956  oz.  of  atmosphe- 
ric air  displaced. 

But  235620  oz.  (vvt.  of  the  copp.)  -j-  63995*6  oz.  (wt.  of  the  gas) 
=299615*6  oz.  weight  of  the  inflated  balloon. 

Therefore 

639956  oz.-299615*6oz.=340340*4oz.=21271*281b.  Ans.* 
* Being  about  3 ^ lb.  less  than  given  in  the  Course. 

Quest.  68.  29f  inches  x 14=34*416  feet=413  inches,  the  height 
to  which  water  ought  to  rise  in  a Toricellian  tube. 

And  413  in. 4-30  in. =443  inches. 

2 N 
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Now  if  x represent  the  height  sought  in  inches,  it  will  be 
As  443  — x : 413  : : 36  : 36  — x. 

Therefore  x2  — 479x=  — 10S0  inches. 

Hence  x=239-5 +237-2345885=2-26541 15.  Ans. 

ft.  ft.  (Con.  de.)  (i  Alt.)  cub.  ft. 

Quest.  69.  8x8  x '7854  X 4=201 ’0624  cont.  of  the  Paraboloid. 

Also  30"9  inches  x 14=432-6  inches=36  feet  nearly  for  the 
altitude  of  water  in  vacuo. 

Likewise  5 fathoms  =30 ft.;  10  fath5.  =60  ft. ; 15 faths.=90ft. 
and  20  fath\  = 120  ft. 

ft.  ft.  ft.  cub.  feet  cub.  feet 
But,  As  36+  30  : 36  : : 201-0624  : 109-6704  at  5 fathoms. 

36+  60  : 36  : : 201-0624  : 75  3954  at  10  fathoms. 

36+  90  : 36  : : 201-0624  : 54-8352  at  15  fathoms. 

36+120  : 36  : : 201-0624  : 46*4.  at  20  fathoms. 


cub.  ft.  (Const,  dec.) 

Again,  109-6704-r-7854  = 139-6363  - - 5 fathoms. 
75*3984+*7854=  96-0000  - - 10  fathoms. 

54  8352 -7-7854=  69-8181  - - 15  fathoms. 
46-4000-^-7854=  59-0769  - - 20  fathoms. 

And  139-6363=5-90845  ft.  depth  of  air  within  at  5 fath. 

96  0000=4-89898  ft. lOfath. 

w 69-8181  =4-17786  ft. 15  fath. 

W 59  0769=4  15692  ft.  - - - - 20  fath. 

ft.  feet  feet 

But  8—5-90845=2-09154  height  of  water  within,  at  5 fathoms. 

8-4-89898=3-10101  10  fathoms. 

8-4-17786=3-82213  15  fathoms. 

8-415692=4-15692  - - 20  fathoms. 

Ans.*.. 


* Differing  the  tenth  part  of  an  inch  at  the  third  depth,  and  considerably 
less  at  the  other  depths,  from  the  altitude  found  by  Dr.  Hutton. 
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PRACTICAL  EXAMPLES  IN  FINDING 

FLUXIONS. 

Ex.  1.  The  fluxion  of  a being  0 ( page  289),  it  is 
axy-\-axy,  or  a{xy-^-xy).  Ans. 

, t 

Ex.  2.  The  fluxion  of  xyz  being  xyz-\-xyz-\-xyz,  it  is 

bxyz-\-bxyz-\-bxyz,  or  b{xyz-\-xyz-\-xyz).  Ans. 

Ex.  3.  cx  X ( ax—cy ) = acx2  — c2xy  ; but  the  fluxion  of  acx2  is 
2 acxx,  and  the  fluxion  of  c*xy  is  c^xy-^-c^xy. 

Therefore  2 acxx—  (c^xy+fixy)  =c(2«xx  — cxy  — cxy).  Ans. 

Ex.  4.  Ans.  inxm~Iyn x-^-nyn~ 1 xmy~(?nyx-{-nxy)xm~Iy7t^1 . 

Ex.  5.  Ans.  mxm~lyn  zrx-{-nyn"~1  xmzry-\-  rz7^"1  xmyvz. 

Ex.  6.  (x+y)  X (x— y)=x2— y2. 

Therefore  2xx  — 2 'yy.  Ans. 

Ex.  7.  Here  the  fluxion  of  x2  = 2xx 
Multiply  by  2a 

« 

Product  4 axx,  Ans. 


Ex.  8.  The  fluxion  of  x3  is  3x2x 
Multiply  by  2 


Product  6x2x.  Ans, 
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1 

Ex.  9.  The  fluxion  of  x4y  is  4 x3yx-\-  x4y 
Multiply  by  3 


Product  i2x3yx-{-3x4y.  Ans. 


2 1 2 

Ex.  10.  The  fluxion  of  xTy  is 

Multiply  by  4 


Product  2fx  ~*y4x-\-\bx'Jy3y.  Ans. 


Ex.  11.  The  fluxion  of  axzy  is  2axyx-\-ax<1y.  And 

JL  — I I 

the  fluxion  of  x'2-yi  is  4. x ~^y3x-\-3xsyi-'y.  Therefore 
_ 1 _ 1 

2a xyx -f-  a x^y — ^-x  zy3x  — 3 x^y2  y,  or 

{2axy—^^-)x-\-[axi  — 3^/xyl)y.  Ans. 

\/  x 

Ex.  12.  The  fluxion  of  4x4  is  16x3x. 

------  of  x^y  is  2xyx-\-x<1y.  And 

of  3byz  is  3bi/z-\-3byz.  Therefore 

(16x3  — 2xj i)x  -f-  (3 bz  — x^)y  -f-  3 byz.  Ans. 


Ex.  13. 

Ans. 

Ex.  14. 

4 

Ans. 

Ex.  15. 

Ans. 

Ex.  16. 

Ans. 

1 J.-n  . 

— X n X. 

n 


m,  • 

— X » X. 

n 


m ~m  + » . -7* 


Ex.  17.  Ans. 
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Ex.  18. 

Ex.  19. 
Ex.  20. 

Ex.  21. 
Ex.  22. 

Ex.  23. 
Ex.  24. 

Ex.  25. 

Ex.  26. 


Ex.  27. 
Ex.  28. 
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— I 


2 v 


Ans.  T#  = '-2—  = 
T l/x 

1 

Ans.  ix*x  =liy/xx. 


x 


l4xf 


—i 


•2-x 


X 


Ans.  ix  4x  = — = — 

V*  HVX 

Ans.  l-^x3x  = fl/  xx. 


-p-I 


Ans.  (a2-}-x2)  2 X 2xx  = 


xx 


— 1 


a2  -f-  *2 


— xx 


Ans.  -L(a2  — x2)  2x  — 2xx  = 

^/a2  — x2 

The  fluxion  of  2 rx  — x2  being  2rx  — 2xx,  or 

—2. 

2 (r  — x)  x,  it  is  £ (2rx  — x2)  2 X 2 (r  — x)  x,  or 

JrZflt , Ans. 

,y/2rx  — x2 


— 3 


xx 


Ans.  _ ~ («2  — x2)  2 X — 2xx  = — 

v/(a2-x2)3 

The  fluxion  of  ax— x2  being  ax  — 2xx,  or 

— 2 

(a  — 2x)x,  it  is -j (ax  — x2)  T X (a  — 2x)x,  or 


(“-ffjL.  Ans. 
3^/ax  — x2*2 


(Page  300.) 


2 ( i xx)  x i 2xx2 

Ans.  — : ~ — 1 • 

*/  a1  i x2  (a2±x2)^ 

Ans.  -|  (a2  — x2)Tx  — 2xx=  — 3x(a2  — x?)Tx. 
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Ex.  29. 


Ans. 


xz-{-xz 
2\/  xz 


Ex.  30.  The  fluxion  of  xz  — z2  being  xz-f-xz  — 2zz,  or 

— I 

(x  — 2z)z-\-zx,  it  is  ^(xz  — z2)  2 xzx-j-(x  — 2z)z,  that  is, 

,y+(i-2zjj  Ans. 

2-y/  xz  — z2 


Ex.  31. 


Ans. 


— x 
2 ax  2 


Ex.  32.  The  fluxion  of  the  numerator  drawn  into  the  denomi- 
nator is  3ax2x  (a-j-x)  = 3a2x2x-f-3ax3x.  And  the  fluxion  of 
the  denominator  drawn  into  the  numerator  is  ax3x. 


I 


Hence  (3Ag+2a*3)* 
a2  -j-2ax4“^2 


Ans. 


Ex.  33.  Here  the  fluxion  of  the  numerator  drawn  into  the  deno- 
minator is  mxmr~lynx.  And  the  fluxion  of  the  denominator 
drawn  into  the  numerator  is  nxmyn~ly. 


Hence 


7fi xm  lyvx  — nx'"yn~  ly  # 

fn 


Ans. 


Ex.  34.  The  fluxion  of  the  numerator  drawn  into  the  denomi- 
nator is  z(xy-\-xi/).  And  the  fluxion  of  the  denominator 
drawn  into  the  numerator  is  xyi. 

Therefore  2 Ans. 

z2 


C “*3  __ 

Ex.  35.  — = cx~z.  Consequently  — 2cx  x,  or — . Ans. 

XX  * X3 

Or,  without  the  negative  index ; 

The  fluxion  of  the  numerator  is  0,  which  drawn  into  the  de- 
nominator is  0;  and  the  fluxion  of  the  denominator  is  2xx, 
which  drawn  into  the  numerator  is  2 cxx : this  subtracted  from  0 

leaves  —2 cxx:  lastly  ~ ^crr_,  __ — as  before. 

x4  x3 
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Ex.  36.  In  this  Example  the  rectangle  under  the  denominator 
and  fluxion  of  the  numerator  is  3(a  — x)x  = 3ax  — 3xx  ; and 
the  rectangle  under  the  numerator  and  fluxion  of  the  deno- 
minator is  3xx.  Wherefore  Ans. 

(a  — x)2 


Ex.  37.  The  rectangle  under  the  denominator  and  fluxion  of 
the  numerator  is  (x-}-s)^=x,2-f-22: ; and  the  rectangle  under 
the  numerator  and  fluxion  of  the  denominator  is  %(x+z)= 
zx-\-zz. 


Therefore 


zx  — zx 


(x+z)2 


Ans. 


Ex.  38.  Here  the  fluxion  of  the  numerator  drawn  into  the  de- 
nominator is  2xz2x;  and  the  fluxion  of  the  denominator 
drawn  into  the  numerator  is  2x2zz.  Consequently 


2(xz2x  — x2zz)  xzx — x2z  * 

4 or  — —r — • Ans. 

O’*  1 J 


Ex.  39.  The  fluxion  of  x7  is  §-*  Tx.  And  the  fluxion  of  y*  is 

Wyy- 

Wherefore  yx...  ^ Ans. 

/ 

Otherwise. 


2 

— = x7y  7 of  which  the  fluxion  is 


3 

r 

— I —3 

fx  3y 


7 y h - 


T k 
x3yz 


y 


I 


2 I 3—1  2.  _I 

\yxx~\xy*y  _ '^x-^xy'y 

i 3 as  before. 

x7y3  y 

Ex.  40.  The  fluxion  of  axy1  is  <zxy2  -\-2axyy ; and  the  fluxion  of 
z is  z. 

Therefore  Ans 
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Ex.  41. 


=3(x2  — y2)  2 ; and  the  fluxion  of  x2  — y1  is 

-3 


vV-/) 

2xx—2yy.  Therefore  — (x2  -y*)  2 x2 (xx—yi/)  — 

-3(**-y,y) , Ans 


Otherwise. 


The  fluxion  of  3 is  0 ; and  the  fluxion  of  </x2  — y1  being 

"~JL 

■§(x2  — j/2)  2X2xx  — 2yy,  the  rectangle  under  the  numerator  and 

fluxion  of  the  denominator  is^i^ — . this  subtracted  from  0 

(x2-/)2  ’ 

leaves  — which,  divided  by  the  square  of  y^x2—  y1— 
(x2-/)2 

x2  — v2,  becomes  — as  before. 

(*-/>* 


Ex.  42.  Here  the  fluxion  of  the  quantity  is  ax,  which  divided 


(LX  x 

by  the  quantity  becomes  — = _.  Ans. 

ax  x 


Ex.  43.  In  this  Example  the  fluxion  of  the  quantity  is  x,  which 


divided  by  the  quantity  becomes 


x 


I -h* 


Ans. 


Ex.  44.  Ans. 


■n,  . - . 2xx  2x  x 

Ex.  45.  Ans.  — — 


x 


±x 

7j 


Ex.  46.  Ans.  iz  - if  _ A 

4-  2 


2 2 


Ex.  47.  Ans. 


m — I 

mx  x 


mx 


x 


l r 


X 
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q 

Ex.  48.  — — 2x-2,  of  which  the  fluxion  is  — 4x—3x  = — ~ 

x2  * 

2 - 

and  this  fluxion  divided  by — — — - — Ans. 


x 


Ex.  49.  The  fluxion  of 


l-|-x  . — 2x* 


is 


. _ - ^ y y 

becomes  — Ans. 
1 —x2 


1 — x (1  — x) 


, which  divided  by 


14-x 
1 —x 


Ex.  50.  The  fluxion  of  - — — is  ~XX — , which  divided  by  j — 

1-fx  (1+x)2  l+x 

becomes  —~x  Ans. 

1 —x2 

Ex.  51,  Ans:  cxjc  x hyp.  log.  of  c.  [See  Art.  25,  page  295,  vol.  ii. 
of  the  Mathematics .] 

Ex.  52.  Ans.  10*x  X (2-3025850929940456840179914  &c.the 
hyperbolic  logarithm  of  10.) 

Ex.  53.  Ans.  («-f-c)*.r  X hvp.  log.  of  ( a-\-c ). 

Ex.  54.  Ans.  100”/  x (*y+xy)  X (4-605170185988091368  &c. 
the  hyperbolic  logarithm  of  100.) 


Ex.  55.  The  fluxion  of  the  given  quantity  considering  only  the 
root  variable  is  zx*-1#,  and  the  fluxion  of  x*  considering 
only  the  exponent  variable  is  x2zxhyp.  log.  of  x.  The 
sum  of  these  two  fluxions  is 

zxz~1x-\-xzi  xhyp.  log.  of  x.  Ans. 

Ex.  56.  The  fluxion  of  ylox  considering  the  exponent  constant 
is  lOxy1  ox~  1i/>  and  the  fluxion  of y lox  regarding  the  root 
constant  is  10yIoxx  xhyp.  log.  ofy ; wherefore  10xylox_Iy 
-}-l0yIoxx  X hyp.  log.  ofy.  Ans. 

Ex.  57.  Ans.  x^’-fx'rx  hyp.  log.  of  x,  or 
(1-j-hyp.  log.  of  x)  xxx. 

Ex.  58.  The  fluxion  of  ( xy)x* , the  exponent  considered  constant, 
is  xz^y)*2-1  x (xy-f-^y),  and  the  fluxion  of  (xy)XI,  consi- 
dering the  root  constant,  is  (xy)xzx  (xz-J-xz)  x hyp.  log.  of 
(*?)•  Therefore  xz(xy)"”1  x (vy+*y)  + (xy)x*  X (xz+xz)  x 
hyp.  log.  of  (xy).  Ans. 
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Ex.  59.  A ns.  xy^xy. 

Ex.  60.  A ns.  xy*. 

For  xy-  — xyy,  of  which  the  fluxion  is  xyy-\-\yy-\-xyy~xyz 

+ 2x1/*. 

Ex.  61.  The  first  fluxion  of  xy  is  xy-\-xy,  of  which  the  fluxion 
is  xy-\-xi/-\-xy-\-xy=xy-\-2xy-\-xy.  Ans. 

Ex.  62.  The  first  fluxion  of  xy  being-  as  in  the  last  Example  xy 
-\-xy,  it  will  be  xy-\-xy-\-xy=z2xi/-\-xy.  Ans. 

Ex.  63.  The  first  fluxion  of  xn  is  nxn~'x,  and  the  fluxion  of  this 
fluxion  is  (n2  — rc)x"~2x2-|-rcx"”Ix.  Ans. 

Ex.  64.  The  first  fluxion  of  x"  being,  as  in  the  last  Example, 
nxn~  1x,  it  will  be  (n<2  — n)xn~zxxx  for  the  second  fluxion, 
and  [n3 -Sncl-\-2n)xn~3x3  for  the  third  fluxion,  x being 
constant.  Ans. 

Ex.  65.  The  first  fluxion  of  xy  is  xy-^xy,  of  which  the  fluxion 
is  xy-\-2xy-\-xy ; and  the  fluxion  of  this  fluxion  is  xy-\-xy 
-\-2xi/-\-2xy-\-xy-\-xyz=zxy-\-Sxy-\-Sxy-\-xy-  Ans. 


FLUENTS. 

(Page  303.) 

Ex.  8.  Ans.  y\ 

Ex.  9.  Ans.  — 1. 

z 

• I 

Ex.  10.  — \ — ay~ny,  of  which  the  fluent  is  Ans. 


V 

Ex.  11.  Ans.  |(a-l-x)5. 

, % 

Ex.  12.  Ans.  |(a4+y)2. 

Ex.  13.  Ans.  ^(a3+z3y. 

Ex.  14.  Ans.  (an+jn)*+*. 


y 


mn+  n 
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Ex.  15.  Ans.  Ka^+j/2)4. 

Ex.  16.  Ans.  (a2-j-22)T. 


Ex.  17.  Ans.  —2  */a—x. 


(Page  304.) 


When  a Compound  Root  is  multiplied  by  some  power  of  thefiow- 
ing  quantity  such  that,  of  this  factor  the  Index  plus  1 is  a multiple  of 
the  Index  of  the  unknown  quantity  under  the  vinculum. 


Ex.  1.  Put  z for  a-\-cx,  so  shall  x: 


2 — a 


; and  taking  the  fluxion 
c 

• 3 * 

on  both  sides,  x=—.  Consequently  x3x  = (- — -)  x - = 
c c c 

23  — 3az2  -j-  3 (flz  — a3  • tt  /i  3 • 4 

z.  Hence  {a-\-cxy'x3x  — z2  x 

c4 

z3  — 3rt22  -4-  3a2z  — a3  . . . , 

1 z,  an  expression  equivalent  to 


2 2 — 3as  2 -j-3a2z  J — a3 


2 


3az2z 


z,  which  is  equal  to  — jl 

c4  c4 


- “’A,  of  which  the  fluent  is  _ Saz{  6a*/* 
c4  c4  9c4  7c4  T 5c4 

a3z 

Now  substituting  a-\-cx  for  2,  this  fluent  becomes 


^{a-\-cxY  — ^a{a-\-cx)z  — a3{a-{-cx) 


• Ans. 


Ex.  2.  Assuming  2 = a-{-cx  as  in  the  last  Example,  xzx  = 
(^-a)  x - — LZ^ifLz.  Also  (a+cx)4x2x  = z4  x 


%2  — 2«z-{-«2.  . • , . . 24— 2r/z44-a224  • 

! — i-z  an  expression  equivalent  to i %, 

c3  c8 
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and  equal  to  - — - — ^,IZ  ^'\~a  z 2 . now  Qf  flLlxion  ^|le 

c J 

V f 

fluent  is  111. -il7*7  z . Substituting  therefore  a+ 

cx  for  2,  it  is T7(«+cx)  ^ -&«4-cx)*+fo2(a-H:x)T  Ans. 


Ex.  3.  Lety  represent  a-f-cx2,  then  x2=^ But  the  fluxion  of 

c 

this  equation  is  2xx=r^-  or  by  dividing  both  sides  by  2, 

c 

. y 

xx=^~:  therefore  (multiplying  the  first  side  by  x*,  and 
the  second  by  its  equivalent,)  x3x  = ^j~a)y.  Conse- 


quently d (a+cx*)'*=di/Z x ( Now 

el  c2 

7-  4 

of  this  fluxion  the  fluent  isT^  or,  (substituting 

u+rf,  for  y,)  Ans. 

c2 

Ex.  4.  If  x be  assumed  for  a-\-z,  and  their  fluxions  put  equal, 
it  will  be  x — z]  therefore  zz  = xx.  Consequently 

— i — I i . _ 3 

c(r/  — z)  Tsz  =cx  = cx2x,  of  which  the  fluent  is  -|cxT. 

3 

This,  by  substituting  a-\-z  for  x,  becomes  Ans.* 

* The  fluent  arising  from  a given  fluxion  often  requires  ( as  in  the  present 
Example ) a correction  to  make  it  cotemporaneous  with  the  fluxion.  [.See 
page  313,  vol.  ii.] 

Ex.  5.  Assuming  x—a-\-zn,  and  taking  the  fluxion  of  the  equa  - 
tion, x = nzr~lz  ; also  x — a — zn,  and  by  squaring  both 
sides,  x2  — 2flx-f-a2=22n.  Consequently  (x2  — 2ax-f-a2)x 

= nz3"-1  z,  and  («+2”)  ^cz3n~1z~x  Tx  (- ^~U.  ) 

n 1 

3 Jt  . — _r  . 

cx2x  — 2«cxx  4-  (flex  cx~*x  — 2acxzx  4-  (flex  zx 

X ex— — — 1 = , 

ns/  x n 
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5 .3 


of  which  the  fluent  3-—  X . Substituting 


n 


C c 5 3 

therefore  a- j-z"  for  x,  it  is  — X ^ 2 — |.a(a+=n) 2 -f* 

n *■ 

2a2(a-f  s")T  | Ans. 


Ex.  6.  Ans.  *g  + ^»x2S«-3«* 


15a4: 


Ex.  7.  Ans. 


a — xni 


Axn  . 8x2" 


— inaxz 


in  X 5 a 15a5 


which  reduced  is 


a — xn\ 2 X 30a2  -j-  24ax"  -j-  I6x2“ 

I05na3x2" . 

H'Vtera  Mere  are  several  Terms  involving  Two  or  more  variable 

Quantities. 

Ex.  3.  Ans.  xzy*. 

Ex.  4.  Ans.il. 

y 


— X 


Ex.  5.  Ans.  ax^y  2, 


(Page  305.) 

When  the  Fluxion  of  a Quantity  is  divided  by  the  Quantity. 
Ex.  4.  Ans.  The  hyp.  log.  of  a + *. 

Ex.  5.  Ans.  The  hyp.  log.  of  a -\-x3. 


(Page  309.) 

The  Comparison  of  Fluents. 

Ex.  4.  The  proposed  fluxion  is  found  to  agree  with  the  Is* 
Form  $ and  x4x  — xn~  1x  ; hence  n = 5. 

axs 


Therefore 


a 


->  or  -xs.  Ans. 
5 


5 
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Ex.  5.  This  fluxion  corresponds  with  the  2nd  Form, 

Wherein  x2  = xH,  and  n — 2. 

Also  in  — 1 = or  m = ^ . 

Therefore  2 XT3^  (10 +x2)T,  or 

(10-f-x2)T  Ans. 

Ex.  6.  There  being  numerous  typographical  errors  in  the 
fluxional  part  of  Mutton’s  Course,  it  is  imagined  the  pre- 

(IX 

sent  Example  was  misprinted.  If  the  fluent  of  — z 

(c2  -J-  x1)* 

be  really  required,  it  is  — X arc  to  tang. -a/ x,  or  — x 

c c 2c 


arc  to  cos. 


c2  — Xz 


„ , — j according  to  the  11  th  Form.* 

c2- \-xz  ° 


jr  / xn/ 

* in  the  11  tk  Form  tang,  ^/—should  be  tang,  y — , and  consequently  the 

Answer  to  this  Txample,  as  well  as  to  Fxamples  18  and  19,  and  to  all  others  by 
the  1 \t.ii  Form  are  in  part  incorrect.  See  Key,  page  295. 

Ex.  7.  In  this  Example  the  fluxion  agrees  with  the  3d  Form,  and 
x2=xre*~I  : hence  in— 3,  and  n=l. 


Consequently  j-X-jaX 


,-3 


ax3 


> or 


(a  — x)3  (a  — x)3 


Ans. 


(Page  310.) 

Ex.  8.  Here  the  fluxion  is  of  the  4 th  Form,  also  m 


— n — 2 


2^2 


x2)^X  -1  (c2  — X2) 

wherefore  the  fluent  of  ^ ; is  — v X - 


4 c2 


— c 


.2 


1 


1 


4 2x2  4* 


Ans. 


Ex.  9. 


4x‘ 

-1  3 

Ans.  — ; by  the  Ath  Form. 

6x3  4x2  J 


Ex.  10.  Ans.  x3j/2;  by  the  5th  Form. 
Ex.  11.  Ans.  xy1 ; by  the  5th  Form. 


3 


Ex.  12.  Ans.  1_  x hyp.  log.  of  x;  by  the  7th  Form. 


a 


Ex.  13.  Ans. 


Because  the  fluent  of 


a\  xhyp.  log.  of  3 — 2x  ; by  the  8 th  Form. 

ax  r.  —2x 

— — \a  x fluent  of 


3 — 2x 
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Ex.  14.*  Ans.  \ hyp.  log.  of— , by  the  9th  Form,  which  is 


2 — x 

likewise  misprinted,  and  ought  to  be 


x 1 a;’ 


a + xH 


* There  is  a typographical  error  in  the  denominator  of  this  Example  in  every 
edition  of  the  Course. 


Ex.  15.'f  The  given  Example,  when  corrected,  is  equal  to 
, a Form  agreeing  with  the  9th  in  the  Table; 


4-  X 


x lx 


therefore  the  hyp.  log.  of  — 


Ans. 


4 — x" 


t The  latter  part  of  this  Example  is  misprinted  in  the  Mathematics.  It 

2x~~Ix  . , 2x~l3zz 

ought  to  be instead  of 


! -3  .r 


1-3^ 


1 -|—  xz 

Ex.  16.  Ans.  -|  hyp.  log.  of  > by  the  1(M  FoRM,f  a being  1 

i " d “ 

and  n — 4. 

f Which  in  every  copy  we  have  seen  of  Hutton  is  misprinted.  It 


ought  to  be 


x- 


a — x 


Ex.  17.  Ans.  y x X hyp.  log.  of  by  the  10/4 

1 Oy  ^ v 2> — \f  x-* 

Form,  n being  5,  and  a in  the  form  — 2. 


2 2 

Ex.  IS.  Ans.  - x X arc  to  tan 

1 4y/  1 


n 2 1 v . l-x4 

Ur,  - x X arc  to  cos 


■ ^ l , 

, , > by  the  1 


by  the  11/4  Form. 


1 V 1 

That  is,  'File  arc  to  the  tang 

or,  half  the  arc  to  the  cosine  of 


1+*V 

iie  tangent  of  4;  ) 

a-x4.  r 


1 -j-x4 


by  redaction. 


X See  the  note  in  page  295  of  the  Key, 
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Ex.  19. 


a 2 ,x  * 

AtlS’  I X V2  X a,'C  t0  t3ng'  ; 

a 1 2—x5 

°' '■  T X V2  x a,c  10  C0S-  2+7  1 

And,  -t-  a*/ 2 X arc  to  tang.  , 


oi , -jJjj-  a 2 x arc  to  cos. 


2 — x5 


by  Form  II. 


by  reduction. 


2+x5 

* See  the  note  referred  to  in  the  last  Example. 


£x.  20.  Ans.  £ X hyp.  iog.  of  by  the  \2th  Form. 

and,  \ hyp.  log.  x~  -{-  1 -|-x4,  by  reduction. 

Ex.  21.  Changing  the  given  expression  to  its  equivalent 

— , the  Form  agrees  with  the 


a 

= = T X — 

A 1 


\/  — 4 -}-X2  ^ y/  — 4 -|-x2 

12 th  in  the  Table,  n being  2,  and  a—  — 4.  Therefore  a x 
hyp.  log.  of  x -j-\Ar2  — 4.  Ans. 

Note.  x°  is  always  equivalent  to  unity,  which  may  be  proved 
thus;  x°  = x1'1  = x1  X x-1  = — X — = - = 1. 

I X X 


Ex.  22.  Ans.  \ x arc  to  sin.  a2,  or  £ X arc  to  vers.  2x4,  by  the 
1 3th  Form  n being  4 and  a=  1. 

Ex.  23.  Ans.  a X arc  to  sin.  or  ia  X arc  to  vers.  4x2,  by  the 
1 3th  Form,  a in  the  Form  being  4 and  n= 2.  See  Example 
21  above,  or  Examples  6 and  13,  page  2b6. 


Ex.  24.  By  the  1 ith  Form,  n being  2,  and  a—  1,  the  fluent  is  the 


hyp.  log.  of 


1-  x/l  -x2 

i + v/T^2 


= 2 hyp.  log. 


1 — v/ 1 — 


Ex.  25. 


ax 


ax 


ax 


4.i 


flX 


— r 

4.1 


r 1 r / 3 / 3 /"  3 

y^ax2-!-*4  /y/ax2-fl  a 1 


I 
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i _i 

aTx  4 x 


. I 

x 4x 


r 


*s/  Q-  -|~X3 

12^/i  in  the  Table,  n being  and  a under  the  vinculum 
in  the  Table  =£  in  the  proposed  Example;  therefore 

3 f~~  3 

y\/ a X hyp.  log.  of  ^ x 5 -\-\/ a-1  +xT.  Ans. 
Otherwise, 

By  (he  14 th  Form.  The  given  fluxion  divided  by  x becomes 


3 

.2T 


a form  agreeing  with  the 


ax~lx 


— > of  which  the  fluent  is  ~j\/a  X hyp.  log. 


v'  «+x 


%-s/a 


r~  -3 

a/  a +x  T 

reducible  to  simpler  terms 


a-\-x  2'-\ -^/a 


Ex.  26.  Correcting  the  typographical  error  in  the  denominator, 
&c.  and  dividing  the  numerator  by  2,  the  fluxion  becomes 

r>  agreeing  with  the  15 th  Form.  Therefore  twice 


x~lx 


\/x2  — 1 

2 — x2 

the  arc  to  secant  x,  or  the  arc  to  cosine = — Ans. 


.T 


Ex.  27. 


(LX 


(Page  311.) 
ax 


1 I 

y/xT— «x2 

— I 


r 


which  is  equal  to 


\/ax 


x 4x 


( 3 

a/  — **  + « 1 


a/x2\/  — ax^-\-\ 

a form  agreeing  with  the  1 3th  of 


the  Table  ; therefore  ^*/ax  arc  to  sin.  Afa~1x*,\ 


or,  ~\/a  x arc  to  vers.  2a~rx^ 

Ex.  28.  Ans.  Circular  segment  to  diameter  2 and  versed  sine  x, 
by  the  1 6th  Form. 


Ex.  29.  Ans. 
Ex.  30.  Ans. 


a 


hyp.  log.  of  a 
3a2 


7 — , by  the  17 th  Form  , n being  1. 


twice  hyp.  log.  of  a 
Ex.  31.  Ans.  3ca,  by  the  18M  Form. 


~ — > by  the  \ lth  Form,  n being  2. 
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Ex.  32.  (14-x3)x:r  = (x+x4)x  = xi-f-x4x,  of  which  the  fluent 

by  the  ls£  Form  is  -^-r2-!--^5*  Or  if  the  given  fluxion 
be  (l 4-*'3) x2x  the  fluent  is  -§-x3-}-£x6.  Ans. 

Ex.  33.  (2-f  x4)x2x  = (2xT-f-x  2 )*  = 2x^x-j-x  2 x,  of  which  the 

5 13 

fluent  by  the  ls£  Form  is  •£x2-f-1Srx  2 . Ans. 


Ex.  34.  x*jry'a24-xs 


.2  _ 


x2x(a2  -j-  x2) 


a2x2x 


~ + 


X4X 


\ / a2-f-x2  y/a1  -f-  x2  \J a2  -j-  x2 

Multiplying  both  numerator  and  denominator  of  the  first 

part  by  x,  and  of  the  second  by  x3,  the  result  is  — — - 

-y/a2X2- f-X4 

+ - 


X7X 


rrr—  = X2i.y/tt2-|-X2. 


if  a2X6d-XS 

Thus  transformed,  the  quantity  without  the  vinculum  is  a 
constant  part  of  the  fluxion  of  the  highest  term  under  the 
vinculum;  namely  in  the  first  fluxion,  ^th  part;  and  in 
the  second,  -|th  part. 

Adding  therefore  to  the  numerator  in  the  one  instance  *th 
of,  and  in  the  other  -$.th  of,  the  fluxion  of  the  leading 
term  respectively  under  the  vinculum,  there  arise 


a2  X 


(4&2xx-1-x3x)  , 4-a2x5x+x7x 

V2  ^ ' and  T 


\/  a2x2-f-x4 


f a2x6-}-x8 


two  perfect  fluxions. 


Now  the  fluents  of  these  by  the  2rcdFoRM  are  -*«2y/ a2x2-f-x4  and 
i^/rt2x6-j-x8 ; the  former  equal  to  \(Px</a‘1- j-x2,  the  latter 
equal  to  ix3v/«2+x2.  But  from  the  former  there  must 

which  by  the  12 th 


be  deducted  the  fluent  of 


-£a2xx 


s/  a2x2  + x2 


Form  is  \az  x hyp.  log.  of  x-f-  \/ az-j-xz  ; and  from  the 

latter,  the  fluent  of  — ~ — - ■ — , an  expression  equivalent 
f a2x6  -J-  x8 

to  -4  — and  consequently  its  fluent  (see  the  fluent 


y/  a2-f’X'J 


just  found,)  |a2x(^xy/a2  + x 7 


laz 


X hyp.  log. 


x + *Ja%- j-x2.)  Therefore  ^az{xfaz-\-xz  — hyp.  log.  of 
x-fV «1+x2)-{-  ^ ( xx3*/a 1 -\-xz  — \az  {x*f  a2f-xz  — az  x 


fluents. 
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• _ » 

hyp.  log.  of  x-j-%/ a2-{-xz.)  | Or  (J-.r3  -\-\uzx)  X a1- \-x2 

— ^.a4  xhyp.  log.  of  a +x2).  Ans. 

To  find  Fluents  by  Infinite  Series. 

Eor  the  ascending  series. 
bx  bxz  . bx3  , bx 4 bxs  b x2  x2 

T+S+^  = uX(X+^+a> 


a — x)  bx  ( 1 —fi 


-p  ~ -f-  &c.)  Wherefore 

b 


cr 
bxx 


^ + “T  + &c0  of  which 

a — x a a a2  a a 

~6 


XSX 


X’4*’ 


X3X 


b ,x 


aJ  it 

-vS 


the  fluent  » -(-j  + ^ + 5^  + ^ +&c-)  Ans. 


And  for  the  descending  series. 

ab  a2b  u3b  a*b 
— x+a)  bx(  — b 


x‘ 


XJ 


bxx  . abx  a2bx 

Therefore = — bx — — 


x 
a3bx 


(fib  0 

A -TT&C- 


X* 

a4bx 


&c. 


a — x x i4  x 3 x ’ 

of  which  the  fluent  is  — bx,  — ab  x hyp.  log.  of  x,-\-a2bx~'i 
+£atyx"'2  + ja4bx~3  +&C.  Ans. 


Ex.  2. 


h bx  Ar2 
ct+x)bC--%-bX 


a a 


For  the  ascending  series. 

bx3  b x x5 

— — &c.  — — x (1  — — 


cr 


o' 


a 


a «- 


~T  ~ &c.) 


cr 

. Wherefore  ^—=~(x- 

a-j-r  a 

. b , x2, 

is  -x  (x  

a 2a 


xx  x2x  x3x 


a 

rS 


cr 


a 3 


xJ 


&c.)  of  which  the  fluent 


3a2  4a3  5 a4 


— &c.)  Ans. 


And  for  the  descending  series. 

a5b 


bx 


(b 

ab 

afib 

a3b 

a4b 

X 

X2 

X3 

x4  - 

X5 

bx 

abx 

cfibx 

cfibx 

— &c. 

X 

X2 

X3 

X4 

— &c.  Hence 


xv 


&c.  of  which  the  fluent  is 


b x hyp.  log.  of  x,-\-abx  ifi-^atbx  2-\-\aibx~2  + &c.  Ans. 
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3 3 3 3 3 . 

Ex.  3.  a-\-x)  — 3( 1 — 5x ~x2-\ — -x3 -x4  -f-  &c. 

(I  a * nr  nr  n* 


a 


o' 


UJ 


3 3.33 

Therefore x-j — ;rx* ?x2x-4 — tX3x  — &c. 

a a2  " 3 '• 4 


a’ 


3 3 3 3 

And  consequently x-j x2  — -x3  — -x4  — &c.  Ans. 

CL  2a  3(1  4 (L 


Ex.  4.  1-fx  — x2)  1—  x2+2x4(l  — x-\-xz—  2x3-f-5x4  — 7x5-f&c. 
Wherefore  x — xx-\-x2x  — 2x3r-f-5x4x  — 7x5x-f-&c. 


x2  . x3  x4 


And  x — — -f- - — — -f-  xs  — £x6  + &c.  Ans* 


Ex.  5.  a2-\-x2)b(— — — jx2 -f-“~xx4  — ~x6  +-^-x8 ^-xI0-{-&c. 

va2  a 4 a6  a8  a10  a12 

,,,,  bx  bx2x  bx4x  bx6x  , bx*x  b lfl  • . 0 

Whence 1 --4-—.. — xI0x+  &c. 


a 


a * 


cr 


a° 


a10  a 12 


That  is. 


bx  bx3  bxi  bx7  ix9.  ix11  bx13  o 

S = ^"3^+5^_^+^_TU47+l3?4~&C'  AnS‘ 

, . . 2x2  2x3  2x4  2x5  2x6 

Ex.  6.  a+x)  a 2+x 2 (a  — x-| — — | r — -} ^ — &c. 


a a ■ 


a 3 a 4 


aJ 


. . . . 2x2x  2x3x  2x4i  2x5x  . , 

And  ax  — xx  A 5 — ; — h &c.  whence 


a 


a • 


a3 


a' 


T . 2x3  2x4  2xf  2x6  , 2x7  . 

z=ax— lx2  4-  — — — — „ -4-  - — r 4 — &c.  Ans. 

3a  4 a2  5 a3  6a4  7 a3 

Ex.  7.  2=4(a+x)2*  Ans. 


Ex.  8.  ^a2+x2==a+— - — -f 


2a  8a3  ^ 16a5 


&c.  therefore 


x2.r  x4x 


. JL  X * A . . . . 

2 ax  + — , x-&c=z,  and 

a 4a3  8a5 


2ax  4 


3x3 


• c 7 

4-  — — 7 — &c.  = 2.  Alls. 


9a  20a3  54a5 


x 

Ex.  9.  s/a2  — x2  —a—  — 


5xs 


2a  Sa3  16a5  128a7 


— &c.  therefore 
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4 ax  — 

2x2x 

x4x 

a 

' Ya? 

4 ax  — 

2x3 

X5 

3a 

10a3 

&c.  &c.  = z.  Alls. 


Ex.  10. 


5 a 


5a  lOx  4 Ox3  SOx5 


&c.  whence 


yx2-a2  X a a>  a* 

lOxx  40xsx  S0xsx  „ . . , 

5ax~1x - ; &c.=«.  Ana 


5axhyp.log.  ofx  — 


a a3  a 3 

5xz  10x4  80x6 

a a3  6as 


— &c.  = z.  Ans. 


F.x.  11.  ^A?-?  = a - — - 


5x3 


2ax  — 


3a 2 9 ai  8 la8 

2x3x  2x6x 


— &c.  wherefore 


3a2  9as 


&c.  =z  j consequently 


2ax  — — &c.  = s.  Ans. 

6a2  63as 


2x7 


Ex.  12. 


3 ax 


3x 
— — x 


a 


Likewise 


*Jax  — xx  1 ax  — xx 

a \/  a 2a2  8 a?  1 6 a2 


y ax  — xx  V x x 


3 2 

x' 


x 


&.C. 


-1  . 2 -2  . 

Hence,  xlylns  by  3x,  it  will  be  3 y ax  Tx—  6a2x  2x  — 

_ , L ~5  . 1_  “7 

24a2x  — 48a2x  2x  — &c.  = *. 

Therefore  Gy^ax^-j-  12azx  2-j-16a~x  2-J-19-ja2x  2 &c, 

= s.  Ans. 


Ex.  13.  ^/x3+x4+xs  — x -f  — + — +■  &c-  therefore 

o y 

Q . 2x2x  4rX3X  . . 

2xx  + — &c.  = z ; and 

3 9 

2x3  x4 

x2 -f  — + g-+&c.  = z.  Ans. 
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2a " Sas 

r X . „ .5.  . 7 

5x2x  5xzx  5x^x 

~\/  a 8^/  a3  a5 

1 Oiifx2  _ x2  5x^ 

3 ^/7i  28  </  a3 


) 

7 

XT 

&c.  wherefore 

1 6a* 

— &c.  = z ; and  con- 

- &c.  Ans. 


(Page  314.) 


The  Correction  of  Fluents. 


Ex.  2.  Because  z~5xr,  it  follows  that  z=^-x2.  Putting,  there- 
fore, z=0,  and  a—x,  it  is  0 =-|a2,  and  by  subtraction  z— 0 


5x2  — 5a2 


2 


that  is,  s = |-(x2  — o2).  Ans. 


Otherwise, 

z being  unconditionally  equal  to  -|x2,  it  will  be  conditionally 
z=|x2-f-c,  and  by  substituting  0 and  a agreeably  to  the  condi- 
tions, c=  — -|a2 ; writing,  therefore,  this  value  of  c for  c,  it  is  z= 
•|x2  — as  before. 


. 3. 

Ex.  3.  Since  z=3x\/ a+r,  manifestly  z=2(a-\-x)2.  Wherefore 

substituting  0 both  for  x and  z,  there  arises  0=2(a-f-0)^= 

2y/a3.  Consequently  the  correct  fluents  are  z=2(«-|-x)^ 
-2\ /a3.  Ans. 

Or, 

3_ 

Putting  c for  the  correction,  z=2  {a-\-x)2  -j-c  ; that  is,  (writ- 

3. 

ing  0 both  for  z and  x,)  0=2(«-f-0)3-l-c;  hence  c=  — 2\/as, 

3 

and  the  correct  fluents  are  as  before  z—2{a-\-x)2  — 2\/a3.  Ans. 

Ex.  4.  Here  z=2axhyp.  log.  of  (a-f-x),  and  by  substituting  0 
both  for  x and  z,  agreeably  to  the  conditions  given,  it  is  z — 
0=2«xhyp.  log.  of  (a+0),  wherefore  the  correct  fluents 
are  z=2a  x (hyp.  log.  of  (a+x)  — hyp.  log.  of  a)  = 2a  X hyp. 

log.  . Ans. 


a 
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2 xz  1 

Ex.  5.  By  thellM*  Form  z=-  x arc  to  tang , or_x  arc  to 

a a a 


cosine 


a2  — x* 


a^fi-x^ 


If,  therefore,  0 be  substituted  both  for  x and 

2 


z,  there  will  arise  in  the  first  instance,  0=  - xarc  to  tang,  of 

a 

i — 1 . 2 1 

0 2a  , that  is  - x 0 ; and  in  the  second  instance,  0 = -x  arc 

a 


a 


to  cos. 


a‘ 


0 1 


a2  -J-0  a 


= -X  arc  to  cos.  1.  Consequently  the  correct 


fluents  according  to  the  Table  are 


i —i 


X arc  to  tang.  xza  . 

1 , . a2—x2  . . 

_X  (arc  to  cos — arc  to  cos.  1.) 

.a  az-\-x 2 


■Ans. 


Or  by  Infinite  Series. 

2x  xz  x4  x6  . x3  x10  ...  . 

*=  X(l- I h &c.)  and 

az  a2  ^ a4  a6  a8  al°  1 ' 

-J-  &c. 


2x 

a2 


2x 3 2xs 

3a4  5a® 


2x  7 2x  9 

+ 


2x 1 


7 a3  ' 9 al°  11  a12 

^ . 0 0 

But  substituting  0 both  for  x and  z,  it  is  0 = — — -+- 


— &c.  signifying  that  — 0,  or  that  the  fluents  re- 
quire  no  correction. 


* We  have  taken  the  llth  form  throughout  as  it  is  printed  in  Hutton ; 
suggesting  that  the  reader  will  easily  accommodate  our  answers  to  any 

change  in  that  form.  Thus,  when  \/ xa~l  is  changed  to  \/ x na~1,  as  it 

ought  to  be,  will  Xx  in  the  1st  and  7th  lines  of  this  page  become  x,  and 
examples  6,  18,  aud  19,  in  the  comparison  of  fluents  be  accordingly  ad- 
justed in  the  tangent  value  of  each  fluent.  It  is  the  business  of  the  Key  to 
shew  how  the  fluents  of  proposed  fluxions  are  found  by  the  Table,  not 
to  construct  or  alter  the  Forms. 
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MAXIMA  ET  MINIMA. 


Ex.  1.  Put  .r  for  one  of  the  parts  of  the  given  line  or  quan- 
tity, so  shall  a — x be  the  other  part.  Now  the  rectangle 
under  x and  a — x is  ax—  a'2,  of  which  the  fluxion  is  ax  — 2xx, 
by  the  question  a maximum,  and  consequently  a — 2x  = 0. 
Hence  x—^u.  Ans. 


Ex.  2.  If  x and  y represent  the  two  parts,  it  is  evident  that  x 
= — y,  and  vice  versa,  y=  — x,  according  as  x increases  or  de- 
creases, the  fluxion  of  both  parts  being  simultaneous  and  equal. 
But  by  the  question  xmyn  is  a maximum;  therefore  mxm~Iyn  = 


nyn  1 x”*;  and.  As  xm  : yn  : : mxn~ 1 : : nyn~T  : : 
consequently  my—nx , and,  As  x : y : : m : n. 


mxm  nyn 

x ' y 
Ans.* 


in  # n 
x y 


* Signifying  that  either  part  must  be  to  the  other  as  the  power  of  the 
former  to  the  power  of  the  latter.  Whereby  it  is  evident  that  x—am-± 
(m+w)  and  yzzan—  m+ri). 


Ex.  3.  Let  x,  y,  and  z be  assumed  for  the  three  parts,  then  xyz 
by  the  question  is  a maximum  : and  because  xyz  is  a maximum, 
x y is  a maximum  ; and  for  the  same  reason  xz  is  a maximum. 
But  x — y,  therefore,  x =y  ; and  x = z,  consequently,  x = 2. 
Hence  x=y=z.  Ans. 

Ex.  4.  If  x,  y,  z be  assumed,  xy*z3  is,  by  the  question  a maxi- 
mum ; And  taking  xy1  a maximum  xy^  — ^xyy—Q,  hence y=<2x: 
Again,  taking  xz3  a maximum,  xz3  — 3xziz=0,  consequently 
s=3.r.  Wherefore  x=^a,  y=±a,  and  z~\a.  Ans. 

Corollary.  Into  whatever  number  of  parts  a be  divided,  the  divi- 
sions will  be  in  the  direct  ratio  of  the  powers. 

Ex.  5.  Put  x for  the  value  of  the  fraction  sought,  then  by 
the  question  xn  — xn  is  a maximum,  and  for  that  reason  mxm~1  = 
Now  because  m must  be  to  n in  the  ratio  of  1 to  some 
number  whether  integral  or  fractional,  if  m be  assumed  as  unity, 
whilst  n represents  the  number  to  which  I has  the  same  ratio  as 
m to  n,  it  will  be  1 =nxn’~t,  and  by  transposition,  &c.  # = ; 

wherefore  is  the  fraction  required. 

Ex.  6.  Because  the  fluxions  of  the  two  parts  must  be  at 
all  times  equal,  the  one  negative  and  the  other  positive,  if 
x and  y be  assumed,  it  will  be  x = — y,  and  — x — y.  But 
by  the  question  2j:2-{-j^-}-3j/2  is  a minimum,  therefore  (taking 
the  fluxion  and  rejecting  the  fluxional  letters,)  4x  -f - y — x — 
Q>y,  that  is,  3x  — 5 y,  is  a minimum.  Now  x -f- y being  equal 
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to  SO,  there  may  be  substituted  SO  — x for  y,  or  SO—  y for  x. 
Consequently  3x=400  — 5x  ; or  240  — Sy= by.  Hence  x = 50, 

and  y=30.  Ans. 


Ex.  7.  Let  abc  be  the  triangle, 
and  draw  de  parallel  to  bc,  and  ef 
parallel  to  ab.  Also  put  a for  ab 
the  perpendicular,  b for  BCthe  base, 
and  x for  bd  the  altitude  of  the  rect- 
angle sought.  Then  ad  = a — x. 

-r.  * , , , (ba  — bx 

but.  As  a : b : : (a  — x)  : ) = 

a J 

bax  — bxz  b , 

de;  therefore =— X (ax  — 

a a 

x2)=the  area  of  the  rectangle  required.  Now  the  fluxion  of  ax  — 
x2=ax— 2xx= 0,  by  the  question  ; hence  x=.\a,  or  the  rectangle 
will  have  half  the  altitude  of  the  triangle,  q.  e.  i. 


Ex.  S.  In  the  quadrant  abc,  draw  fd 
parallel  to  cb  ; de  parallel  to  ac,  and 
join  cd.  Also  put  r for  the  radius  cd, 
and  x for  ce.  ed=\/x2  — x2,  and  cex 
ED=area  of  the  rectangle=xv/;  2 — x2 ; of 

7^  X *2  X 

which  the  fluxion  is — . - - • Whence 

yV2  — X2 

r2  = 2x2,  or  x = Ty/ \ = r x ’70710678 
Si  c.  Ans. 


A 


4 


\ 


Ex.  9.  Ans.  When  the  sides  about 
the  right  angle  are  equal,  and  the  hy- 
pothenuse  a tangent  to  the  circle  at  the 
middle  point  of  the  arc.  See  the  an- 
nexed diagram,  where  abc  represents 
the  quadrant,  f the  middle  point  of 
the  arc,  de  a tangent  to  the  circle  at 
r,  and  dbe  the  triangle  required. 
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Ex.  10.  Ans.  For  the  triangle. 

When  the  isoceles  sides  are  tan- 
gents to  the  curve,  and  the  alti- 
tude of  the  triangle  double  the 
length  of  the  subtangent. 

For  the  rectangle.  When  the  al- 
titude is  half  (lie  altitude  of  the 
circumscribing  triangle  ; which  is 
evident  by  Ex.  7,  in  maxima  and 
minima.  See  the  figure  in  the  E A p D p B F 
margin,  where  acb  is  the  semi-ellipse  ; cd  half  the  transverse 
diameter;  et  and  ft  tangents  to  the  curve  at  the  points  t,  t; 
st  the  subtangent  equal  to  half  of  td  ; ab  the  conjugate  diame- 
ter produced  both  ways  to  meet  the  tangents  tf  and  te  in  the 
points  f and  e ; etf  the  required  triangle ; and  tppt  the  in- 
scribed rectangle. 


(Page  319.) 

Ex.  11.  Ans.  The  triangle  and  rectangle  will  be  precisely  as  in 
the  semi-ellipse  in  Ex.  10. 

Ex.  12.  Ans.  The  same  limitations  as  given  in  the  Answer  to 
the  last  two  Questions. 

Ex.  13. 

Put  a for  bc,  the  altitude  of  the 
cone ; 

h for  ad,  the  diameter  of  the 
base ; 

x for  fg—dh,  the  diameter  of 
the  cylinder ; 

and  m for  ^ = *7854  the 

4 

area  of  a circle  whose  dia- 
meter is  1. 

Then, 

As  l2  : x2  : : m : wx2=  the  area  of  the  circle  fsgr. 

Again,  because  the  triangle  a df  is  similar  to  the  triangle  acb. 
It  is,  As  ib  : a : : {^b-±x)  : df=  (^Z~  ; which  multiplied  by 


T 
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the  area  of  the  cylindrical  base, 

the  solidity  of  the  cylinder  and 
2abmxx  — 3 amx^x 

=0,  or  x =jb ; 


_ 


ambx 2 — amx3 


mx 

a maximum 


Therefore 
and  df=^a.  Hence  the 


diameter  of  the  greatest  cylinder  that  can  be  inscribed  in  any 
cone  is  4 of  the  diameter  of  the  base  of  the  cone,  and  the  alti- 
tude of  the  cylinder  the  altitude  of  the  cone.  Which  was  re- 
quired. 


M 


Ex.  14.  By  Example  1.  in  max- 
ima it  is  evident  that  the  base  of 
the  cistern  must  be  a square, 
therefore  put  x for  the  side  of  the 
base,  op;  and  y for  the  altitude 
of  the  cistern,  om.  Then4x=the 
periphery  of  the  base,  x2=area  of 
the  base,  and  4x3/=internal  superficies  of  the  sides  of  the  cistern. 
Also  the  solidity  is  x2j/,  which  put=a  the  quantity  of  water  given. 
Now  since  xqy=a,  and-4xy  the  internal  superficies  of  the  sides,  it 
4 7j  ci  4tci 

follows  that  - x — = y = 4 xy  = — = the  internal  superficies 


O 


x 


1 


X 


of  the  sides.  Therefore  x2  -j = the  whole  part  to  be  covered 

x 

with  lead  and  a minimum.  But  the  fluxion  of  x2-}-4 ax~1  is  2xx 
— 4ax~2x=0.  Hence  2x3=4 a,  or  x3=2a,  and  x=^/2 a.  Again, 
since  x*y=a,  and  x3=2a,  it  follows  that,  2x<1y—x3,  or  2y=zx ; 
consequently  the  internal  side  of  the  base  must  be  double  the 
altitude,  q.  e.  i. 


Ex.  15.  For  one  quart  ale  measure  in 
cubic  inches  put  a,  and  let  .r  represent  the 
diameter  of  the  tankard,  cd,  or  ab  ; y the 
depth,  ac,  or  bd.  Moreover  put  w=3T416 
the  circumference  of  a circle  of  which  the 
diameter  is  unity.  Then,  As  1 : m : : x : xm,  the  circumference 
of  the  base  : consequently  xym  is  the  concave  superficies  of  the 

wix2 

cylinder.  Again  the  area  of  the  base  = which  drawn  into 

4 

luyp'v 

the  altitude 3/,  gives— = the  solidity  = a.  Hence,  (as  in  the 

1 . , . 4«  ?nx2  , „ 

last  example.) 1 — = the  quantity  of  silver  a minimum. 

x 4 
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Ill  T. 1?  \fl  V* 

But  the  fluxion  of  4 ax~l-\-intxz  is  ~ — — 0.  Therefore 

2 x2 

mx5=8a,  and  x=2 1/—  • New  — being  equal  to  a,  and  mx* 

v m 4 ° 1 

equal  to  8a,  it  follows  that,  2/nx‘2i/—?nx3  ; or,  dividing  by  mx2,  2 y 
=x  ; that  is,  half  the  diameter  of  the  base  is  equal  the  altitude. 
But  a = 704  cubic  inches  ; wherefore  j/=2-8205  inches,  and  x= 
3 641  inches,  q.  e.  i. 


c 


Ex.  16.  Let  the  axis  of  the  parabola 
be  ns  parallel  to  ac,  and  let  rm  be  the  or- 
dinate or  base.  Also  put  a for  ab  ; b for 
ac  ; and  x for  bw.  Then,  As  a : b : : x : 
a~1bx=ns;  iikewiser/z  x rn=m  x 

A 


— a — x x x = ax  — x2 


■nm  I 

Therefore  rm  — 


2 y'rzx— x2.  But  every  parabola  is  4 of  a 
parallelogram  of  the  same  base  and  alti- 
tude, consequently  4 xrmxns=  area  of 

bx  4 bx 

the  parabola  = 4 x — X 2 ^ ax  — x2  = \/ ax  — x2;  of  w hich 

(L 


the  fluxion  is  3axQx  — 4x3x=0.  Hence  x—^a3  rm— abX\Z-|, 
and  ns=j-  of  ac.  Ans. 


Ex.  17.  Let  ml  represent  the  less, 
and  be  the  greater  axis  of  the  ellipse  ; 
and  let  ev  be  parallel  to  ac  the  axis  of 
the  cone,  meeting  bd  the  diameter  of 
the  base  in  v.  Also  let  the  diameters 
ef  and  pn  be  parallel  to  bd,  and  such 
that  pn  may  pass  through  o the  center 
of  the  ellipse  considered  as  variable  by 
the  motion  of  e on  the  line  ad.  If  a be 
now  put  for  the  axis  of  the  cone,  b for 
the  radius  of  the  cone’s  base,  and  x for 
cv,  then  will  /»-}--r=BC-j-ci>=Bx  And, 

As  b : a : : b—x  : — — — = ev.  Where- 

b 


fore  (Euc.  B.  1.  Prop,  xlvii.)  be  = ^/a2  x b — x~*2  -j-  JP-  x b -j-  x 2- 
Moreover  because  of  the  similar  triangles  bef  and  bo p,  ebd 
and  Eon,  and  that  ob=oe=4be,  on=b;  likewise  op—x.  But 
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o p x on  — ol2  = bx  ; that  is  ml  = 2 *fbx\  therefore  be  x ml  = 

4bx  x «2  X b — A ' 4"  X />-{-A2 
b 

Now  the  area  of  an  ellipse  being  in  the  constant  ratio  of  the 
rectangle  of  its  two  diameters  [Cor.  2.  Theor.  iii.  of  the  Ellipse, 
Conic  Sections .],  that  is,  in  the  ratio  of -78539816339744830961 56 
60845819875721049292349843776455243736148076954101  &c. 
to  1 ; and  the  area  being  at  the  last  given  expression  a maximum, 
the  expression  itself  is  a maximum : for  which  reason  its  fluxion 
b4x-\-4b3xx-\-3flx*x-\-a'2b*x—  4a^bvx-\-3a^x^x—0.  Consequently  x 2 

-4 bxx(a*-b*)__-bz  m.  v _25x  a*-b2±  b^a4-  ]4a*b2+b4 

3 «2+352  3 ’ * 3a2-f3F  3F+35^  ' 

by  which  the  ellipse  is  determined. 

If,  however,  a4—  l4a2b2-^-b4  be,  as  it  sometimes  may,  negative, 
the  solution  (since  the  root  of  a negative  quantity  is  impossible) 
in  that  case  fails.  To  determine  the  limit,  suppose  that  a4  — 
14 azb2  -f-54=0,  or,  which  is  the  same,  put  a4  -j~  b4  = \4a2b2  ; 

then  a-rr^Xy/ 48+7,  and  a=bx  2-\-\/3;  consequently,  As 
a : b : : (2-f-v/^)  : 1.  Hence  if  the  ratio  of  the  altitude  of  the 
cone  to  half  the  diameter  of  the  base,  be  not  greater  than  that  of 
to  1,  that  is,  if  the  angle  adb  be  not  greater  than  75°, 
the  fluxion  of  the  ellipse  cannot  be  equal  to  0,  for  the  area 
would  constantly  increase  as  e approaches  to  d,  and  be  greatest 
when  e is  at  r>. 

Again,  if  the  ellipse  do  not  increase  continually  from  the  vertex 
to  the  base  of  the  cone,  as  in  the  case  when  the  angle  adc  is  not 
greater  than  75°,  the  elliptical  area  will  increase  till  it  arrives  at  a 
certain  point  determinable,  afterwards  decrease,  and  again  in- 
crease till  it  coincides  with  the  base  of  the  cone.  [See  Sbnpson’s 
Fluxions,  where  it  is  proved  that,  unless  the  angle  which  the  slant  side 
makes  with  the  axis  of  the  cone  be  less  than  11°  *57',  the  greatest 
ellipse  ivill  be  less  than  the  base  of  the  cone.~\ 


Ex.  18.  The  fluxion  of  the  hyp.  log.  of  xx  (See  Art.  6S,  pa^e 
327,  and  Ex.  57,  page  300,  vol.  ii.)  is  a-f-r  (hyp.  log.  of  x.)  which 
by  the  question  is  a maximum,  and  therefore  equal  to  0;  hence 
the  hyp.  log.  of  x=  — 1.  Now  the  number  answering  to  any 


hyperbolic  logarithm  s,* 


*2 


(see  page  328,  vol.  ii.)  is  1 -f-  s -|-  - [. 

2 


* 


Let  z be  denoted  by 


l+w 


,that  is  by  1-f  ». 


1 
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z z 

2^4  &C* ’ consecluently  writing 

this  equation,  x~  1 -14-1 L _i ^ — . 

2 2*3  ^2*3*4 

series  summed  = 0*367878  &c.  Ans. 


— 1 for  s,  there  arises 
'2^5+&c-vvhich 


THE  METHOD  OF  TANGENTS. 

(Page  320.) 


Ex.  2.  ax  — x 2 being  equal  toy2,  their  fluxions  ax—2xx  and  2 yy 


are  equal,  therefore  - = — = — — — 

y a — 2x  ^a~x’ 

the  subtangent.  Ans. 


or  — = 

y 


r 


ra  — x 


Ex.  3.  ax  being  equal  toy2,  their  fluxions  ax  and  2 'yy  are  equal, 

. x 2 y . yx  2 yz  2 ax  n . . , 

hence  — = — > and  — = = = 2x ; that  is,  the  sub- 

y a y a a 

tangent  is  double  its  corresponding  absciss,  a.  e.  i. 


Ex.  4.  The  equation  being  c2(ax  — x2)=a2j/2,  the  fluxion  of  the 
one  side  is  equal  to  the  fluxion  of  the  other;  wherefore 

~ jq  TJX 

c*xax  — 2xx  = 2a1  yy,  or  - = — • Consequently  — 

™ V c2(a  — 2x)  y 

2 a2^2  a2j/2  c2(ax  — x2)  ax  —x2  , . ^ 

c2 (a— 2x)  c2(4a— x)  c2(-§a  — x ) •2-a  — 37 

was  required. 


Ex.  5.  The  equation  of  the  curve  being  ^(ax-^x^—a^y2,  it 

follows  that,  c2(ax-j-2xx)=2a2wv ; hence  ~ — -0- f — - = 

y c2(|a+x) 

ax-j~^z 

= the  subtangent.  Wherefore  the  point  through 

which  the  tangent  must  pass  being  determined,  the  tangent 
may  be  drawn,  q.  e„f. 
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az 

Ex.  6.  Because  xy=al>  it  is  manifest  that  .r  = — =0? y~l.  Now 

, - ^2  y ^ 2. 

taking  the  fluxion  of  this  equation,  x — --  and  - — ■> 

8 H f y r 

VX  — ^2. 

consequently  i—— — — =the  value  of  the  sub-tangent,  which 

y y 

being  a negative  quantity,  indicates  that  the  tangent  and 
vertex  will  be  on  different  sides  of  the  ordinate,  but  the  sub- 
tangent equal  to  the  absciss,  q.  e.  i. 


THE  LENGTH  OF  CURVE  LINES. 


(Page  323.) 
yn 

Ex.  2.  x = being  a general  expression  for  the  parabola, 

CL 

nvll~  * 2/  , — 

x—  — — and  because  z—*Jyz-\-xz,  it  is  evident  that, 

nn — I > 


a" 

r 


yz  + 


nz  y zn  2 yz ^ 


a zn~z  ~ ' ’ a 

fluent  in  an  infinite  series  is  y -f- 


■=WI  + 


nzyz n ^ 


2«-  2 J 


of  which  the 


nzy 


2«— r 


+ 


n6y6n-s 


An  — 3 x Sa4”~4  6n-r  5 X 16a6n“6 


2n  — 1 x 2a in-* 

— &c.=  2.  Ans. 


k/  If® 

Ex.  3.  Because  ax2=y3,  it  follows  that  x = — > and  is 

I 

————— 

• Wherefore  z(=^/^2-j-i2  as  m f/*e  /as*  example)  — 

Vy2  4-  Now  the  fluent  of  this  fluxion  is 

4 a 2*/ a 

, 

1 which  corrected  by  taking  j/=0,  becomes 
27a^  27a"* 

8a 


27 


Ans. 
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Ex.  4.  Let  the  semi-transverse  axis  of  the  ellipse  be  represented 
by  «,  and  the  semi -conjugate  by  b,  then  the  equation  of  the 


• cl2  v2 

curve  is  — = 2 ax ■ 
b2 


-a2.  Hence  x—a-^^d1  — ff..— ajz 

bz 


and  i = 

b by/P-y* 

t 


Ji 


alyzyz 


b2(bz  — y2) 


Again,  i (=.v/jf2+y20  = 
. Now  converting 


a2  y2 


2 „,2 


azy 


b^  — bzy2 

to  an  infinite  series,  the  last  fluxion  becomes  y x 

b 4 — Z>2^2 

/ __  azyz  azy*  _ azy6_  &c .=y-_  J2Ly*y+(± 1 i 

ft4  ) w4v—  4-— 1 — ) y6y4-&c.  Wherefore  z=y 

Sb8 U y 2/>8  ^4/>10^16612'^  y 


a*y3  , y . \ x __•?!_ 

664  V ^ 464'  1064 


a’2  a4  a6  . 
^ + 2/7  + 86?  * 


r 


14/>6 


-{-  &c.  Ans. 


Ex.  5.  If  a and  b respectively  be  assumed,  as  in  the  last  Ex- 
ample, for  the  semi -transverse  and  semi-c©njugate  axes  of 

the  hyperbola,  the  equation  of  the  curve  will  be  = 2 ax 


a*/  62  fi-y1  , • 

-fx2  ; hence  a:  = - “«>  and  x = 


*yy 


Pro- 


Wbl+f 

ceeding,  therefore,  in  all  respects  as  in  the  last  Example, 

«V 

z—y  H 


664 
&c.  Ans. 


1064  bz  -16*  ^ 1 46®  bz^2b*  ^ 8b6 


QUADRATURES. 

(Page  325.) 

Ex.  3.  Extracting  the  (m-fn)M  root  on  both  sides,  the  general 

m »i 

equation  becomes  a7'1'4'”  z ”!+"  ; and  putting  for yz  there 


QUADRATURES. 


305 


(Key  to  Vol.  II.  page  325.) 

nt  n 

arises  tv  =am+“  z m+nz.  Wherefore  to  (the  fluent  or  area)  is 


“TT+i 


x z"+‘  = _ >«  + « times  the 

I 1 viA-'in  m+c2n 

m+-»  ~r  1 ‘ 

rectangle  under  the  absciss  and  ordinate.  Ans. 


Cor.  1.  When  m=n,  the  figure  is  the  common  parabola,  and 
the  area=-|zy.  (=jxy.) 

Cor.  2.  When  m= 0,  the  figure  is  a right  angled  isoceles  tri- 
angle', and  its  area  = ^zy.  { — \xy.) 


Ex.  4.  Let  a represent  the  transverse  axis,  and  c the  conjugate, 


so  shall  y—  — ^/ax—x2,  and  w = - x x (ax~x2)z.  Now  the 
a a 

fluxion  of  w is  the  fluxion  of  the  area  bounded  by  the  curve, 
absciss,  and  ordinate,  to  any  portion  of  the  elliptic  curve 
having  the  transverse  diameter  a for  its  axis,  x for  its  absciss, 

and  y for  its  ordinate.  But  x (ax  — x2)i  [see  Ex.  2.  page 
324,  vol.  ii.]  is  the  fluxion  of  the  corresponding  area  of  a 
circle  of  which  the  diameter  is  a.  Again,  the  fluent  of 


lor4 


x (ax  — x2)^  is  x a/ ax  X (-  — — — . 

3 5 a 2S  a2  2L6a3  2112a4 


, 2 x 

X XaJ  ax  X ( 

V V -2  Kr,  Q 


X ‘ 


&c.)  And  the  fluent  of  w is  v 

a.  3 5 a 28a1 

— See.)  Consecpiently  the  area  of  any  segment  of  an  ellipse 
is,  to  the  area  of  the  corresponding  segment  of  the  circum- 
scribing circle,  as  the  less  axis  of  the  ellipse  is  to  the  dia- 
meter of  that  circle ; and  the  wholes  in  the  same  ratio. 

Q..  E.  D. 

Ex.  5.  Let  u in  the  annex- 
ed figure  be  the  vertex  of  an 
hyperbola,  cd  a tangent  to  the 
curve  at  the  point  d,  bc  the 
semi-transverse  axis,  and  ab 
one  of  the  abscisses  to  the  or- 
dinate ad.  Also  put  a for  bc,  ^ 
b for  the  semi-conjugate  axis 
ot  the  hyperbola,  x for  the  subtangent  ac,  and^y  for  the  ordinate 

ad.  Then  by  the  property  of  the  curve,  y = ~ */ x 

a v 
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cx 


Wherefore  iv,  that  is,  yx  = — ^/x2  — a2  the  fluxion  of  the  hy- 


perbolic area,  of  which  the  correct  fluent  or  area  is 

a.  e.  i. 


cx\/x- 


■aJ 


Q 


a 


iac  X hyp.  log. 


x -f\/  X' 


■a* 


a 


Ex.  6.  Let  AiBic  be  an  hy- 
perbola, de  and  ef  the  asymp- 
totes, b the  vertex,  and  gbik 
the  required  space  between  the 
curve  and  asymptote.  Also  put 
a for  ek,  x for  gk,  and  y for 
ik.  Then  by  the  property  of 
a7- 

the  curve,  y== . 

fl-f-x 

Now  if  a be  considered  u- 
nity,  the  value  of  y is  - > 


and  yx  = - 


l+x 


= the  fluxion  ® 


H 


x 


of  the  area  sought.  But^— : — = x — xx-|-x2x  — x3x4-x4x  — &c.  in 

1 -j-x 

an  infinite  series,  and  the  fluent  of  this  fluxion  is  x — Lx2-{-^-x3  — 
— &c.  the  area  gbik.  a.  e.  i. 


Ex.  7.  Let  the  curve  be  aoc, 
the  asymptotes  pq,  qc,  and  the 
area  of  quadrature  ccqro. 
Then  by  the  given  equation,  y 

m + n 

(In  n — ‘ 

— — a n x » , conse- 

l/xm 

m + n — m 

quently  yx  = a~~x~x.  Now 
of  this  fluxion  the  fluent  is 


m-j-tt  n — m 

Cl  n X n 


wi-f-n  v — m 

na~n~  X~ 


the  cor- 

— m)  n—m 
rect  area  when  x is  0 and 


n greater  than  m.  But  if  n be  less  than  m when  x is  0,  the  area 
is  infinite,  because  the  index  of  x being  negative,  x (that  is,  0) 

?it  + n 

descends  to  the  denominator,  and  na~V~  a finite  quantity  is  di- 
vided by  0. 

In  this  case,  however,  die  area  a pro  will  be  finite,  and  its 
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TO  -f*  It  —TO 

fluxion  = -flTiTi;  of  which  the  fluent  (reduced,  and  its 

m+ii  n — to 

signs  changed)  is  nU  " X , evidently  wanting  no  correction 

m — n 

because  vanishing  when  x is  infinite,  q.  e.  i. 

SXr'  This  example  may  he  seen  at  some  length , and  treated  in  a different  man- 
ner, in  Vince’s  excellent  treatise  on  Fluxions,  4th  edit.  p.  70. 


Ex.  2. 


THE  SURFACES  OF  SOLIDS. 

(Page  326.) 

1 . For  an  Oblong  Spheroid. 


Let  fcadg  be  a semi-spheroid  generated 
by  the  rotation  of  the  quarter  ellipse  hfca 
about  the  semi-transverse  axis  ha  ; and 
let  cbd  be  a plane  parallel  to  the  base  of  the 
semi -spheroid  meeting  the  transverse  axis  in 
any  point  b.  If  a be  put  for  ah,  b for  fh,  x 
for  bh,  y for  bc,  z for  fc,  and  s for  the  su- 
perficies generated  by  fc,  it  will  be,  by  the 

b 


c 

\ 'M'jlNwi?? 

B 

\ 

/ r iiilillll 

n\WW 

! Miiiiim W 

b 

— bxx 


property  of  the  ellipse, y = - J a2  — x2.  Hence  y = 


r 


and  -f-  y2  = \/ x2  ~f~ 


62x2x2 


a2(a2  — x2) 


x\ / a 4 — (a2  — 62)  x2 


Now 


ay/  a2  — x2 

substituting  e for  (a2-62)^  the  eccentricity  of  the  ellipse,  the 

Xy/  a4 


last  fluxion  becomes 


ay/  a2 


e2x2 


■x* 


exy/  a4e-2  — x- 
ay/  a2  — x2 


.Consequently 


s,  that  is,  C2cyi  or  %v/x2-f^2,  = 2}cex</a4e~2  ~x2 


a< 


> of  which  the 


fluentf  expressed  in  an  infinite  series  is  2 bcx  (1  — 


2 -r2 


eLx 


4r4 


e*x 


e6x6 


6a4  40a8 


1 \ 2a'  : ~ &C*  infinitum.) 


Unity!1*  6 C the  circumference  °f  the  circle  of  which  the  diameter  is 

t Which  might  also  be  expressed  in  finite  terms. 
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2.  For  an  Oblate  Spheroid. 

Because  ah  (see  the  last  figure)  is  in  an  oblate  spheroid  less 
than  fh,  y/ ux  — b1  is  an  imaginary  value,  the  square  root  of  a 
negative  quantity  being  impossible.  In  this  case,  therefore,  put 

erny//;2  — a2,  and  take  m : a : : a : e,  so  shall  ?;<=a2e—  I.  Hence 

‘2bcexx/aie~ 2 4-x4  2bcxiV m24-x2  C2bc  . — — 

*= — — = — = — X + *2,  of 

a2  in  m 

which  the  fluent  is  irf-f-x^-fbcm  X hyp.  log.  t 

m m 


Ex.  3.  If  a denote  the  parameter  of  the  axis,  the  equation  of 
the  generating  curve  will  be  ax=y<1;  hence  x = — , and  x= 


2yi/ 


a 


Consequently  v/i2+i'2  = y/4  a~ly2y2  f-y2  __ 


^ and  2cyz  = x (4y2+ft2)T,  of  which  the 
a a 


fluent  is  \ 0r,  (when  corrected  by  taking y=0,) 

6a 


c \/  4j/2  -J-a2| 2 
6a 


— £a2c.  Ans. 


Ex.  4.  Put  a for  the  semi-transverse  axis  of  the  generating 
hyperbola,  b for  the  semi-conjugate,  and  x for  the  dis- 
tance from  the  center  of  any  ordinate  to  the  curve.  Then, 

by  the  property  of  the  hyperbola,  y — -y/x*  — az  ; hence 

CL 


y — 


hli  ■ and  = V x(**-a4> 

a-fx—a2  «y/x2— a2 


Consequently  2<yi  = sW-»‘  + ^ X(x^-a0  . of  which 

a2 


the  fluent  (assuming  n2  = — ) is  ^cx — — 6crcX 

a2-j-62 


n 


hyp.  log.  of  x-f-y/x2  - n2.  Lastly,  correcting  this  fluent  by 
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putting  x=a, 
x ltyp.  log.  of 
X hyp.  log.  of 


bcx 


the  true  fluent  is  ( — - a/x2  — nz  — bzc)  — ben 

n 


x-j-y/x2  — nz  .bcx  r 


(a2  -}-  bn)  a. 
a 


nz  .bcx  ' nz  , . . 

— = ( Jxz  — b c)  — ben 

-I  n v lx 


az-\-bn 


n 


5n3 


2x  8x3  16x5  128x 


— &c.) 

7 ' 


THE  SOLIDITY  OF  BODIES. 

(Page  327.) 

Ex.  2.  Let  ab  be  the 
transverse  and  cd  the  conju- 
gate axis  of  the  generating 
ellipse  ; also  let  fhg  be  a 
plane  at  right  angles  to,  and 
cutting  the  transverse  axis 
in  any  point  h.  Then  if  the 
greater  axis  of  the  solid  be 
represented  by  a,  the  less  by 
b,  ah  by  x,  and  hg  byy,  it 
will  be,  by  the  property  of  the  ellipse.  As  a2  : bz  : : x(a  — x)  : yz, 
b ^ 

whence  yz  = — (ax  — x2),  and  cyzx — a~zbzc  (axx-\-xzx),  of 

a2 

which  the  fluent  is  a~zbzc  (£ax2  — j-x3)  the  content  of  the  seg- 
ment bgf.  Now  when  h coincides  with  b,  x is  equal  to  a,  and 
a~z bz c [±axz  — \x3)  is  the  fluent  of  the  whole  spheroid,  which, 
by  substituting  a for  x,  becomes  a~zbzc  [\a3 — ^a3)  = ^abzc  — 
4 abzc  = -g abzc. 

Corollary  1.  When  ab=cd,  the  solid  is  a sphere,  and  its 
content  truly  expressed  by  £ a3c . 

Corollary  2.  A sphere  and  spheroid,  whether  oblong  or 
oblate,  are  each  J-  of  the  solidity  of  the  circumscribing  cylinder, 
for  \abzc  being  the  content  of  a cylinder  of  which  the  diameter 
of  the  base  is  b,  and  altitude  a,  it  is  evident  that,  As  £ : £ : : : 

1 : : content  of  a sphere  or  spheroid  : the  content  of  the  circum- 
scribing cylinder. 

Ex.  3.  The  equation  of  the  generating  curve  being  am~nxn=ym f 

m—n  n 2 m— zn  2 n 

it  follows  that  y=u  m x • Hence  cyzx=ca~*  x~^Tx,  of 


C 
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2" 

lm~ 2H  3-  m Tl 

which  the  fluent  is  ca  « X 


2”+-» 
mx  >» 

2»-(-w 


7n 


(2n  -f-  m) 


2 m— zh 

- — ca  x 


ca 


2m— in  fflT 

X 


2* 


air 


hi  -f-  wi 


X x « — cj/2  X 7 


2/i-j-ai 


. Ans. 


Coe.  1.  If  wi=  2,  and  »=1,  the  solid  is  the  common  parabo- 
loid, and  equal  to  A its  circumscribing  cylinder. 

Cor.  2.  If  m—n,  the  curve  is  changed  to  a straight  line, 
and  the  solid  generated  is  a cone,  equal  to  its  circumscribing 
cylinder. 


c?  “ 

Ex.  4.  Because  the  equation  of  the  curve  is  — (ax-f-x2)  = y 2,  it 

(X 


follows  that,  cyzx 


b 2 c 


a‘ 


(axx-f-x2x)  of  which  the  fluent  is 


bzc 


— — (4;ax2-f-jX3).  The  content  required. 


OF  LOGARITHMS. 

(Page  329.) 

Ex.  2.  The  fluxion  of  — — is  -,  which  divided  by  -T_  becomes 

b b J b 


x . 1 

— x X 


a-\-x  a- |-x 

x xx 


1 x , x2 

:*X( T + 


'«  a-1 


a- 


x- 


a‘ 


x5 


+ 77  “ 77+&C-) 


a 


a1 


a (i‘ 


x2x  x3x  x4x 

— H : &c.  of  which  the  fluent  is 


a- 


a‘ 


a- 


h + + _ h + h ~ h + &c- the  ,ogarMm  reid- 


Ex.  3.  The  fluxion  of  a — x is  — x,  which  divided  by  a — x be- 


X X2  X3  X4 


-x  . -1  1 „ „ 

comes =x  x =x  x ( &c.) 

a — x a — x a a2  a3  a4  a5 


x xx  x2x  .r3x  x4x 


— &c.  of  which  the  fluent  is— 


a a" 


a- 


a « 


a- 


X' 


X ■ 


x- 


a 2 a*  3a3  4a4  5a 

required. 


j — &c.  in  infinitum,  Me  logarithm 


ft  I n 
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Ex.  4. 


Taking 


a-}-x 
a— • jr 


= 3,  the  value  of  a is  2x  : wherefore  — = 

a 


1 

2’ 


1 

4 


a constant  factor  in  every  succeeding  term  of 


the  series.  Likewise  2m  = 2 for  hyperbolic  logarithms,  and 
*8685889638065036553022578  &c.  for  common  logarithms. 


Dividing  2m,  therefore,  by  2,  the  quotients  successively  by 
4,  and  afterwards  collecting  the  whole  of  the  lsf  quotient,  -j  of 
the  2nd  quotient,  i of  the  3rd  quotient,  j-  of  the  4 th  quotient, 
£ of  the  5th  quotient,  ^ of  the  6th  quotient,  -jJj  of  the  &c. 
there  arise 


In  the  one  instance. 

I— 

•083333333333 

•0125 

•002232142857 

•000434027777 

•000088778409 

•000018780048 

•000004069010 

•000000897582 

•000000200773 

•000000045413 

•000000010366 

•000000002384 

•000000000551 

•000000000128 


1 0986 12288631  = the 
hyp.  log.  of  3,  true  to  10  deci- 
mal places. 


In  the  ether  instance. 

•434294481903 

•036191206825 

•005428681023 

•000969407325 

•000188495868 

•000038555973 

•000008156071 

•000001767148 

•000000389812 

•000000087194 

*000000019722 

•000000004501 

•000000001035 

•000000000239 

•000000000055* 


•477121254700  = the 
com.  log.  of  3,  true  to  10  de- 
cimal places. 


* Here  6 are  carried  from  the  preceding  column  (which  is  omitted  for 
the  sake  of  uniformity,)  making  the  amount  of  this  column  70. 

Fx  5 A ns  J Tlle  com.  log.  of  5 is  0-698970004336018804786  &c. 
' \ The  hyp.  log.  of  5 is  1 6094379127  &c. 

Ex  6 A ns  I Thecom.log.  of  11  is  1 0413926851582250407  &c. 

I The  hyp.  log.  of  1 1 is  2-397895273016  &c. 
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POINTS  OF  INFLEXION. 


Ex.  2.  It  is  imagined  the 
= u*f ax  -f-  xx  being 

and  y = — Ans. 
y 16- 


given  equation  was  misprinted,  ay 
intended;  in  which  case  x = ia. 


Ex.  3.  Ans 


v = 


a 


■v/vVt-i  + U/*-!)' 


3 


Ex.  4.  Put  a for  pf,  6 for  ei=af,  x for  fd,  and  y for  de.  Then 
x1={a-{-y)'1  x (bz  — y2)  Xy~2.  Whence  j/3  -\-3ayz  =2ab2 , an 
equation  in  which  y is  determinable.  Now  if  q be  assumed 
as  the  value  of  y in  this  cubic  equation,  the  value  of  x is 

i i 

(a2b2q~2  -\-2ab2(y- -\-b2  — a1  — 2aq  — q1)2  ; and  if  a=b,  then 

I 

j/=ay/3  — a,  and  x=(a*q~2-\-2a’iqT  ~ 2aq  — q2)  2.  Ans. 


RADIUS  OF  CURVATURE. 

(Page  333.) 


c2x  (a  — 2x) 


Ex.  2.  Here  y = — * /ax  — x2  ; hence  y — 

a 2a?y 

(ac  +2 ex)  x ^ _ a^y1-  — c2 12  _ acx1 

2 a^/ax  — x2  aty  4(ax  — x2)f 


_ j-r — | — — \/c2xz(a  — 2x)2 

Wherefore  + *•  = = - x 

■/a’c- X (a*-c*)  _ whence  jt  fo)lows  that 


ax  — x2 


43 


a2c2  +4(ax  — x2)  x (a2  — t,“)|’3C 


-xy 

vuture  required. 


2a4c 


radius  of  cur- 


RADIUS  OF  CURVATURE. 
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Ex.  3.  In  this  Example  y = - ax-^x1 ; and  y = 

a 


(a-f-2x)c2x 

2azy 


= (ac+2cJ)”  also  — y = 


acx2 


2a-)/ ax- j-x3 


4 (ax  + x2)x 


Consequently  y/y2  -j-  xz  = \!  \ + 

1 J ^ 4a2(ax+x2)  ' 


1-2 


* v/c3(a+2x)-|-4a2(ax+x2)_  x fa-c  -}-(a2  -\-cn ) X 4(ax-f-x2) 
4a2(ax-f-x2)  2 a ax-\-xz 


=i.  Wherefore  — = “*<"  + (“1+^)  x4(OT+r>)|l  </((. 

2a4c 

-xy 

radius  of  curvature  required . 


Ex.  4. 

Let  abc  be  a 
cycloid,  bf.df  its 
generating  cir- 
cle, and  ac  the 
right  line  on 
which  the  circle 
rolls.  Also  let 
ad  be  equal  to 
dc,  and  db  a di- 
ameter of  the 
circle,  at  right 
angles  to  ac. 

Assume  in  the 
curve  any  point 
h,  of  which  the 
center  and  ra- 
dius of  curvature  are  required;  and  draw  the  ordinate  hg.  If 
from  e the  point  of  intersection  of  this  ordinate  and  the  gene- 
rating circle,  a right  line  be  drawn  to  d,  ed  shall  equal  half  the 
radius  of  curvature  at  the  point  h,  and  the  center  k shall  be  in  a 
straight  line  parallel  to  ed,  and  passing  through  h;  that  is,  hi 
shall  be  half  of  hk.  For,  put  a for  the  radius  of  the  generating 
circle,  x for  the  absciss  bg,  y for  the  ordinate  gh,  and  w for  the 
arc  be.  Then  by  the  property  of  a circle  ge=v/2 ax  — x2  ; and 
y=w  4-  y'g ax  — xq  by  the  property  of  a cycloid.  Consequently 

2 s 
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ax  — xx  • ax 

y=iv  -\ — v , JNow  iu  = — ^ . :: , wherefore  y 


s/  2ax  — xz 


x/2ax  — xi 


2ax  ~ x «• 

— — = — y 2a  — x ; hence  y}  considering  x constant,  is 

s/  2 ax  — x 1 x 

— axz 


These  values  of  y and  y being  substituted  in  the 

x s/2 ax—x'1 

' , r (^+y3)xv/^+r  (1  — y2)\/~i  — yz 

general  expression  tor  r = — — — 

~xi  -y 


the  value  of  r is  2s/  4a2  — 2av*  Ans. 


Cor.  1.  When  x = 0,  the  radius  of  curvature  is  4 times  the 
radius  of  the  generating  circle. 

Cor.  2.  When  x=2a,  the  radius  of  curvature  vanishes. 

Hence  l is  the  center,  and  lb  the  radius  of  curvature  to  the  point 
b ; and  if  h be  assumed  as  any  other  point  in  the  curve,  (gh  being 
the  ordinate  and  Bg  the  absciss,)  hi  is  equal  and  parallel  to  fd, 
and  kh(=2ih)  = the  radius  of  curvature  from  the  center  k,  to  the 
curve  at  h. 

* This  expression  is  equal  to  2 \Zd2—cLx  by  considering  a ~ |d,  and  re- 
cognizing in  d the  diameter  of  the  generating  circle. 


INVOLUTE  AND  EVOLUTE  CURVES. 

(Page  272.) 


Ex.  2.  Let  abc  be  half  the 
curve  of  a common  cycloid,  and 
ade  its  evolute,  d being  the  cen- 
ter, and  db  the  radius  of  curva- 
ture to  the  point  b ; also  let  urn 
and  fd  be  parallel  to  ag  the  line 
on  which  the  generating  circle 
of  the  given  curve  rolls,  whilst  od 
and  Br  are  at  right  angles  to  that 
line.  By  the  property  of  the  cy- 
cloid the  arc  abc=2cg.  If,  there- 
fore, a be  put  for  abc,  x for  \v,  y 
for  bv,  and  z for  ab,  then  bc=« 
z,  cm=la—y,  and,  As  az  : \a  : : < 
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2 az  — ?z 


y = 


2 a 


■)  and  y — 


az  — zz 


a 


. Now  y = \/^: 


. • zz  (2az  — zz)  . z\/2az  — zz 

xz,  hence  xz  = — ^ x — _ ’ 


a- 


a 


— xz,  o\'yz  — zz  — 
and  (considering  z 


constant,)  x ——7  _ ; hence  = \/2az  — zz  = db=da. 

ay/2az  — zz  x 

But  when  a and  z are  equal,  by  the  coincidence  of  edb  with 
egc,  ade  also  coincides  with,  and  is  equal  to  cge;  and  ge=ah 
= g c—Jlci.  Therefore,  because  it  is  plain  that.  As  ae2  : ad2  : : 
ah  : af,  it  follows  that,  the  evolute  ade  is  a semi-cycloid  equal 
and  similar  to  the  involute  abc,  but  in  a contrary  direction. 
Consequently  the  evolute  of  the  common  Cycloid  is  a pair  of  conti- 
guous semi-cycloids  in  contrary  directions,  the  generating  circles  of 
both  involute  and  evolute  being  equal,  and  rolling  on  parallel  lines, 
of  which  the  distance  is  a diameter  of  either  circle.  Q.  e.  d. 
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(Key  to  Vol.  III.  page  52.) 

Ex.  1.  36-r  3 = 12  side  of  the  equilateral  triangle. 

36-f-  4 = 9 side  of  the  square  of  equal  perimeter. 
3fi-r-  6=  6--------  - hexagon. 

36-j-12  = 3--------  - dodecagon. 

Also  12  2 x 04330127=  62*3538288  area  of  theeq.lat.  triang. 
And  92  X 10000000=  81*0000000  area  of  the  square. 

So  6 2 X 2*5980762=  93*5307432  area  of  the  hexagon. 
And  32  X 1 1*1961524=100*7653716  area  of  the  dodecagon. 
Lastly!^?'  X *07958  =103*1356800  area  of  the  circle. 


Ex.  2.  Because  a triangle  whose  sides  are  3,  4,  5,  is  right  angled, 
it  follows  that, 

3 X 4=3  x 2=6*0000  is  the  area  of  the  right  angled  triangle. 


Now?±i±£ 

3 


= 4 is  the  side  of  the  equilateral  triangle  of 


equal  perimeter. 

But  42  X 0*4330127  = 6*9282032  the  area  of  the  equilateral 
triangle.  Therefore  *9282032  is  the  required  difference . 


Ex.  3.  By  Theor.  v.  Elem.  of  Isoperimetry  (see  page  36,  vol.  iii.) 
the  angle  contained  by  the  sides  8 and  1 1 is  a right  angle 
therefore  44  is  the  area  required.  And  ,y/82-}-J  l2=,y/185  = 
13*6014705  the  length  of  the  third  side.  a.  e.  i. 
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Ex.  4.  12^ 2 X 4)7958=1 1-45952  the  area  of  the  circle. 

But  ( Th cor . xi.  paqe  36.  vol.  iii.)  it  will  be, 

As  [%:  15,  v 4:5:  : 11-45952  : 143244  the  area  of  the 
polygon. 

Whereby  the  Answer  is  obvious. 


(Page  53.) 

Ex.  5.  By  Theor.  xxiii.  page  44,  vol.  iii.  the  parallelopiped  re- 
quired is  a cube  ; therefore  18-i-3=6=the  length  of- the 
side  of  the  cube.  Consequently  6 x 6 x 6=216  is  an  expres- 
sion for  both  the  surface  and  solidity,  q.  e.  r. 

Ex.  6.  It  is  evident  by  Theor.  xxiii.  Isoperimetry,  and  by  the 
last  Example  that,  the  square  prism  proposed  is  a cube ; 
therefore  546 -^-6  = 91  = the  surface  of  any  one  of  the  sides. 
But  ^ 91  = 9’539392  = the  side  of  the  cube:  consequently 

9 539392  = S63-0S466942 11 58924288  is  the  solidity  re- 
quired. 

Ex.  7.  The  surface  of  the  cylinder  being  a minimum,  the  species 
{Theor.  xxvii.  Isoperimetry)  is  the  Archimedean.  But  a cylin- 
der circumscribing  a sphere,  is  to  the  sphere  as  3 : 2;  there- 
fore 113’097312  is  the  solidity  of  the  sphere  circumscribed, 
of  which  the  diameter  is  6.  Consequently  the  surface  of 
the  cylinder,  is  expressed  by  the  same  figures  as  its  solidity 
namely,  by  169  645968  &c.  q.  e.  i. 

Ex.  8.  Because,  by  the  question,  the  solidity  is  a maximum,  the 
slant  side  [Theor.  xxxiii.)  is  triple  the  radius  of  the  base  ; 
and  consequently  the  whole  surface  of  the  cone  quadruple 
the  area  of  the  base.  But  201  061952  — 4 = 50  265488, 
which  divided  by  -78539=64  the  square  of  the  diameter  of 
the  base  of  the  cone.  Hence  the  radius  of  the  base  is  4 ; 
the  length  of  the  slant  side  12  ; and  the  altitude  ^/128  = 
1T31370S5,  ot  which  | part  is  3-77123617,  which  x int 
50-265488  [the  area  of  the  base)  = 189-56302643830096.  Ans. 

Ex.  9.  Since  the  capacity  of  the  pyramid,  given  in  species,  is  a 
maximum,  it  is  evident  [Theor.  xxxv.)  that,  the  length  of  the 
slant  side  is  triple  the  radius  of  a circle  inscribed  in  the  base  ; 
and  [Theor.  i.  Cor.  2.)  that,  the  base  is  equilateral.  Now  the 
side  of  an  equilateral  triangle  circumscribing  a circle  whose 
diameter  is  d,  is  to  that  diameter,  as  d\/3  to  d.  Consequently 
the  areas  are  as  1 -2990381  to  -7854.  But  [Theor.  xxxiv.)  the 
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ratio  of  the  surfaces  of  the  bases  of  a right  cone  and  its  cir- 
cumscribing pyramid,  is  the  ratio  of  the  surfaces  total . 

Therefore 

As  T2990381  : -7854  : : 43-30127  : 26T8  the  surface  of  the 
inscribed  cone.  Hence,  as  in  the  last  example,  it  will  be, 
26T8~4=6,545=the  area  of  the  cone’s  base,  which  di- 
vided by  '78539  = 8 33343  the  square  of  the  diameter  of 
the  base  of  the  cone.  Hence  the  radius  is  1-443  See.  Also 
the  slant  side  of  the  cone  (and  of  the  triangle)  is  4'33.  More- 


over, the  altitude  is  sf 4'33"  — T443  =\/ 18-7489  — 20S2249 

= 16-66666  = 4-08248.  Again  2 886  (the  diameter  of 

the  circle  inscribed  in  the  base,)  X T7320508  (the  square 
root  of  3)  = 4-9986986  = the  side  of  the  equilateral  triangle 
forming  the  base,  and  therefore  the  area  of  the  base  of  the 
pyramid  = 10-782  nearly. 


Lastly, 


10-782  x 4 08248 
3 


= 14-67243  See.  the 


capacity  sought. 


( Di .)  ( Di .)  ( Di .)  (Const,  dec.) 

Ex.  10.  For  the  sphere.  20  X 20  X 20  X -5236  = 4188-8  the 
solidity  of  the  sphere. 

For  the  cone.  As  4 : 9 : : 4188*8  : 9424"8  the  solidity 
of  the  cone. 

And  For,  the  cylinder.  As  2 : 3 : : 418S-S  : 6283-2  the 
solidity  of  the  cylinder,  q.  e.  i. 


Ex.  11.  The  surface  28*274337  (of  the  sphere,)  divided  by 
3 141593=8-1  = the  square  of  the  diameter  of  the  sphere  ; 
therefore  the  diameter  is  = 2-846.  But  2S-274337  X 2-846 
X -g- = 13-410518  the  solidity  of  the  sphere.  Now  ( Theor . 
xxxvi.  Isoperimetry,  vol.  iii.)  it  will  be.  As  28-274337  : 35  : : 
13*410518  : 16-6  the  solidity  of  the  irregular  polyedron  cir- 
cumscribed about  the  sphere. 

Ex.  12.  For  the  spha'e.  The  solidity  (500)  of  the  sphere  di- 
vided by  -5236  gives  954-927  &c.  for  the  cube  of  the  dia- 
meter of  the  sphere,  hence  the  diameter  is  9-84744.  But 
the  content  of  any  sphere  divided  by  T.  of  the  diameter  ^ives 
the  surface;  therefore  500-^-1-64124  = 304-6477  the  sur- 
face of  the  sphere. 

For  the  cylinder.  As  3 : 2 : : 500  : 333-t-  the  solidity  of  the 
inscribed  sphere  (Theor.  xxvi.  def.  page  45,  vol.  iii.).  And 
333^  -5236  = 636-618  = the  cube  of  the  diameter, 

whence  the  diameter=86025.  And  74  0035*  X -7854  X 6 = 
348-7340934  the  surface  of  the  cylinder. 

* The  square  of  8*6025. 
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Lastly,  for  the  cone.  As  9 : 4 : : 500  : 222-|-  the  solidity  of  the 
inscribed  sphere  ; and  222^-  + *5236  = 424*412  the  cube  of 
the  diameter,  from  which  the  diameter  is  obtained  7*515. 
But  222^+7*515  X £=177*423  nearly =the  surface  of  the 
sphere ; consequently  it  will  be.  As  4:9::  177*423  : 
399*2017  THE  SURFACE  OF  THE  EQUILATERAL  CONE.  Now 

7*515  X +3=13*016361762  the  diameter  of  the  base,  and 
length  of  the  slant  line.  Which  ivere  to  be  determined. 


Ex.  13.  For  the  circumscribing  cylinder. 

Because,  As  1*000  : 3*1415926535  &c. 
so  is  the  diameter  of  a circle,  to  the  cir- 
cumference ; and  that,  radius  X j.  cir- 
cumference = the  area  = ‘7B539S1634 
nearly;  and  because  (it  is  proved  page 
49,  vol.  ii.)  that,  the  superficies  of  the 
sphere  is  equal  to  the  curve  surface  of  its 
circumscribing cylinder=diameter  X cir- 
cumference = 3 1415926535  = 4 times 
the  area  ot’  the  base=4  times  the  area  of 
a great  circle  of  the  sphere,  it  follows  that  the  whole  area  of  the 
cylinder  abcd  is  equal  to  4 great  circles  -J-  the  circle  csdh  + the 
opposite  circle  arbg  ; that  is,  equal  to  6 great  circles  of  the  in- 
scribed sphere.  Therefore  the  cylinder’s  convex  and  whole 
surface  are,  respectively  as  4 and  6,  to  the  surface  of  the  inscribed 
sphere,  whose  superficies  is  4. 


For  the  circumscribing  equilateral 
cone.  Because,  when  mn  = 1,  then  in  = 

+3,  (since,  As  Rad.  (mn)  : 1 : : Tang. 

60°  (Z.  imn)  : \/ 3,  and  the  doubles  in 
the  same  ratio),  it  is  evident  that  the  cir- 
cumference iolp=  3*1415926535897  X 
+ 3 ; and,  ik  being  by  the  question 
equal  to  il,  the  convex  surface  of  the 
cone  is  truly  expressed  bv  i+3  X 3*1415 
92653589?  x +3=^x3*1415926535  x 
+3  X s/3  = ix3*l  415926535x3=  1*  P 

X 3*1415  &c . = 4* 7 1 238S9S025 . But  die  area  of  the  circle  iolp  (or, 
the  area  of  the  cone's  base  to  rad.  |+3)  is  +3  x +3  X *7853981633 
&c.=3X  *78539  &c.  =2*356194490125  ; which  is  to  the  convex 
surface  of  the  cone  as  1 to  2 ; or,  as  3 to  6.  Lastly,  the  surface 
of  a globe,  whose  diameter  is  unity,  being,  as  above,  3*141592 
6535=the  surface  of  the  sphere  inscribed  in  the  equilateral  cone 
ikl,  it  is.  As  3*1415926535  : 4*7123889025  : : 4 : 6.  And,  As 
3*1415926535  : 4*7 123889025 +2*356 194490125  : : 4 : 9. 

Which  was  to  be  shown. 
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Ex.  14.  Since,  in  the  last  example,  the  surfaces,  of  a sphere,  its 
circumscribing  cylinder,  and  circumscribing  equilateral  cone 
are  demonstrated  to  be  in  the  ratio  of  the  numbers  4,  6,  and 
9,  it  is  plain,  by  Theor.  xxxvi.  Isoperimetry,  that  their  soli- 
dities are  in  the  same  ratio.  Which  was  required  to  be 
proved . 


ANALYTICAL  PLANE  TRIGONOMETRY. 


(Pag'e  76.) 

Ex.  7.  Because  sin.  18°=co.  sin.  72° the  side  of  a decagon 
inscribed  in  a circle=4v/i  — b ^ die  sur(^  be  reduced  to 
simpler  terms  by  xlying  the  denominator  of  4 by  4,  and  the 
numerator  of  the  surd  by  4 in  the  form  of  the  square  root 
( = 16,)  there  arises  iy/|.=:i-x/8:¥o=|N/20=:|.v/4v/5=|x2 
x x/5=±x/5 ; therefore  | + |\/5,  which  x ci 

by  the  rad.  = rad.  X ( — $-\~i\/5)  = } ra(b  X (—  5).  And 

so  for  sin.  54°=co.  sin.  36°  of  which  the  equation  is 
&c.  Q.  E.  D. 

Ex.  8.  If  p and  q be  any  two  arcs  whatever,  since  sin.  (p-{-q)  = 
sin.  (p—  q)+2  cos.  p X sin.  q,  it  is  evident  that  when  p = 60°, 
then  cos.  p=cos.  60°  = half  the  radius  = and  the  sin. 
(60lJ-f-Q)  = sin.  Q-f-sin.  (60°—  q).  q.  e.  d. 

Ex.  9.  First.  Let  a,  and  60°—  a,  be  the  two  arcs,  then  \ their 
difif.  is  a — 30.  But,  As  sin.  (a  — 30°)  : sin.  a — sin.  (603  — a) 
= sin.  a X cos.  30°  — sin.  30°  X cos.  a : : sin.  a — sin.  60°  x 
cos.  a -j-  sin.  a X cos.  60°  =sin.  a X cos.  30°  — sin.  30°  X 
cos.  a : sin.  a — sin.  60°  X cos.  a = -|\/3  X sin.  a — 4 cos.  a : 

sin.  a — 4\/3xcos.  a v 1 : */3. 

Next.  Let  a and  90°— a be  the  two  arcs  ; then  4 their  dif- 

» ference  is  a — 45°.  But, 

As  sin.  (a  — 45°)  : sin.  a — sin.  (90  — a)  = sin.  a X cos.  45°  — 
sin.  45°  X cos.  a : : sin.  a — cos.  a = — — : 1 *. * 1 : y/2.  q.e.p, 

V * 
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Ex.  10.  Let  abc  be  any 
arc  whatever,  bisected  in  the 
point  b ; then  ad  is  the  sine 
of  the  arc  abc,  and  dc  is  its 
versed  sine.  But  the  angle 
adc  is  a right  angle,  and  the 
square  aefd,  together  with 
the  square  cdgh,  equal  to 
the  square  aekc  ( Euc . i.  47) 
Now  ac  the  chord  of  the  arc 
abc  is  bisected  at  l,  and  al 
(=lc)  is  the  sine  of  the  arc  ab 
= bc  = -L  abc,  therefore  &c. 
Q.  E.  D. 


I 


Ex.  11.  If  af  be  any  arc 
whatever,  and  afd  its  double, 
then  is  ag  the  sine  of  the  mean 
arc,  ad  twice  the  sine  of  the 
mean  arc,  ac  the  versed  sine  of 
double  the  arc  af,  and  ab  the 
rad.  of  the  circle.  But,  As  ab  : ^ 
ag  : : ad  : ac,  that  is,  As  rad. 

: sin.  mean  arc.  : : twice  sin.  mean  arc  : vers.  sin.  double  arc;  or, 
putting  a for  the  radius,  b for  the  sine  of  the  arc  af,  and  c for 
the  half  of  ac,  it  will  be.  As  a ■ : b : : 2b  : 2c,  wherefore  \a  : b :: 
b : 2c.  Hence  Cf  the  sine  of  an  arc,”  & c.  q.  e.  d. 


Otherwise.  Let  ab  be  an  arc 
of  a circle,  abc  its  double,  and  agc 
the  chord  of  the  double  arc ; then 
dca  being  an  angle  in  a semicircle 
is  a right  angle,  and  agc  is  a mean 
proportional  between  the  diame-  ^ 
ter  ad  and  the  segment  of  the. 
base  ap.  (Eucl.  vi.  8.)  But  4ag2 
(=4  sin2,  of  the  arc  ab)  = agc2= 
ad  x ap  = 2ae  x ap.  That  is,  ag2 
=|aeXap.  Wherefore  ag  (=sin. 
arc  ab,)  is  a mean  proportional  be- 
tween half  the  radius  and  ap  (the  versed  sine  of  double  the  arc.) 


Q.  e.  d. 
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Ex.  12.  Let  bac  be  any  angle  what- 
ever, ab  its  secant,  and  cb  its  tangent. 

In  ba  take  bd  equal  to  bc,  and  join  cd; 
then  parallel  to  dc  draw  ae,  and  pro- 
duce bc  to  e.  Because  bd  and  bc  are 
equal,  their  opposite  angles  are  equal : 
but  the  angle  bdc  is  evidently  equal 
to  bac  together  with  half  its  comple- 
ment ; therefore  the  angle  bea  is  equal 
to  the  angle  bac  together  with  half  its 
complement.  Whence  it  follows,  that 
the  angle  cae  is  half  the  complement  of  bac.  Now  ce  is  the 
tangent  of  the  angle  cae,  and  equal  to  ad  : wherefore  eb  is  equal 
to  ab  ; that  is,  the  secant  of  bac  is  equal  to  the  tangent  of  the 
same  angle,  together  with  the  tangent  of  half  its  complement. 

Q.  E.  D. 

***  This  problem  may  likewise  be  demonstrated  by  the  alge- 
braical expressions  given  in  the  in.  chap,  of  Hutton’s  3d  volume, 
or  in  Woodhouse’s  elegant  Treatise  on  Plane  and  Spherical  Tri- 
gonometry, Cambridge,  1813. 


B 


Ex.  13.  Let  abc  be  the  tri- 
angle, whereof  bc  is  the  base  ; 
and  since  by  the  hypothesis  ab  is 
unequal  to  ac,  ad  may  be  sup- 
posed equal  to  ab.  Join  bd,  and 
from  a draw  ae  at  right  angles 
to  bd.  Then,  because  abd  is  iso- 
celes,  and  the  vertical  z at  a 
the  same  in  the  two  triangles  abd 
and  abc,  it  is  evident  that  the 
sum  of  the  angles  at  the  base  of  the  one  triangle  is  equal  to  that 
of  those  at  the  base  of  the  other  ; and  that  the  Zabd  is  half  the 
sum  of  the  Zles  abc,  acb  ; but  the  Z cbd  is  the  excess  ol  the  Z 
abc  above  that  half  sum,  consequently  equal  to  half  their  differ- 
ence. Now,  As  bc  : dc  (the  difference  of  the  sides)  : : sin.  z 
adb  ( = Z abd)  : sin.  Z dbc. 

Again,  for  the  second  Theorem 
of  the  Example.  Let  abc  be  the 
given  triangle,  and  produce  cb  in- 
definitely; also  make  bd=ab.  Join 
ad,  and  from  b draw  be  perpen- 
dicular to  ad,  and  bf  parallel 
to  ac.  Then  it  is  manifest  that 
the  Z BDA  = Z DAB  = ±-  Z ABC. 

It  is  likewise  evident  that  the  Z 
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the  angles  at  the  base  of  the  triangle  abc,  therefore  the  z abe 
equal  to  half  the  sum  of  Zles  bac,  acb  ; and  ebf  being  the  excess 
of  the  greater  above  that  half  sum,  is  equal  to  half  their  dif- 
ference. But,  As  ac  : cd  (sum  of  the  sides)  : : co.  sin.  Z dbe  : 
co.  sin.  ebf.  Which  runs  to  be  proved. 


Ex.  14.  Because  the  three 
arcs  constitute  an  entire  cir- 
cumference, and  are  to  one  an- 
other as  1,  2,  4,  it  follows  that 
their  chords  (see  the  accompa- 
nying figure,  wherein  the  three 
chords  are  db,  ba,  and  ad)  are  q 

177-9, 142-76, 79-24.  This  ques- 
tion may  likewise  be  solved  by  the  common  rules  of  Trigono- 
metry, since  it  only  requires  a triangle  of  which  the  perimeter 
shall  be  400,  and  the  angles  25°-f,  51°f,  and  102°£  ; for  the  sines 
of  the  angles  being  as  the  sides  which  subtend  them,  it  is  evident 
that  ad=79-239  &c.  bd  =177-924  &c.  and  ab  = 142-736.  Which 
xvas  required  to  be  shown. 


Ex.  15.  Because  (page  57,  vol.  iii.)  “ The  sides  of  plane  triangles 
are  proportional  to  the  sines  of  their  opposite  angles,  and  vice 
versa,”  the  sides  must  also  be  as  17, 15,  and  8.  But  160  di- 
vided into  three  parts  in  that  ratio,  gives  68,  60,  and  32  for 
the  sides  of  the  triangle.  Consequently  the  angles  are 
89° ..  58',  61° ..  57',  and  28° ..  5'.  Which  was  required. 


Ex.  16.  The  greater  logarithm  = 2-5378191 

The  less  logarithm  = 2-2407293 


The  difference  of  the  log5,  is  0 2970898 

Adding  10  to  the  index*  of  this  difference,  the  result  is  the  log. 
tangent  of  63° ..  13',  from  which  when  45°  have  been  taken, 
the  remainder  is  18°..  13',  of  which  the  log.tang.  = 9-5173353. 
And  the  log.  co.  tang,  of  18°  ..40'  (half  the  given  angle)  = 
10-4712979,  of  which  the  sum  (abating  10  in  the  index  for 
the  10  added  to  the  first  difference)  is  9-9886332. =log. 
tang,  of  44°  ..  15',  therefore  115°..  35'  and  27°  ..  5'  are  the 
angles  required.  ( See  vol.  iii.  page  70.) 

* it  will  be  observed,  that  in  many  of  our  Solutions  we  scrupulously  follow 
Dr.  Hutton's  Rules,  whereas  in  others  we  abbreviate  the  operation  by  means  not 
mentioned  in  the  Course.  Jn  this  Example  the  addition  of  10  to  the  index  of 
the  log-,  difference  and  the  subsequent  abatement  of  10  in  the  log.  sum  of  the  tan- 
gent and  co-tangent  might  be  avoided,  and  less  liability  to  error  ensue,  if  the  log. 
tangents,  fyc.  to  radius  1,  were  used,  for  this  use  see  various  parts  of  the  Key. 
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Ex.  17.  The  fractions  + + B 

being  to  one  another  as  the 
numbers  20,  15,  and  12,  if 
these  be  assumed  as  the  sides 
of  the  triangle,  the  angles  by 
the  second  formula  (page  56, 
vol.  iii.)  are,  a=36°  ..  43',  since 

400+2w5  1 14  _.gQi6gg_naturai  COi  sin<  36° ..  43'. 


C 


2 x 15  x 20 
b = 940..  56',  because 


144+225-400 


2 x 12  x 15 


= — -0861 11=  nat.co.  sin. 


94° ..  56'.  and  c = 48° ..  21'  since 


144+400  — 225 


= -664563= 


2 x 12x20 

nat.  co.  sin.  4S°  ..  21',  nearly.  But  by  formula  xxxiv.  sin.  4 z.  a = 

_)  — =-  = -3149073=sin.  1S°..21/..3S/J 

be  v 


therefore  a =36° 


300 
42' ..  46". 


And  sin.  \ A B = 1^= -736925 


ac 


180 


= sin.  47°  ..28'..  1",  therefore  b = 94° .. 56' ..  2",  consequently  c 
= 48°  ..21'..  12".  q.e.1. 

Ex.  18.  Let  ab  be  the  secant  of 
60°  and  cd  the  tangent  of  45° ; and 
join  ce.  Then  because  dac  is  an 
angle  of  45°,  and  acd  a right  angle, 
the  angle  cda  is  likewise  45°,  and  cd 
= Ac  = Rad.  Again  because  eac  is 
an  angle  of  60°  and  ae=  ac,  the  tri- 
angle aec  is  equilateral,  and  ce  = Ra- 
dius. But  the  angle  at  b=30°,  and 
the  angle  bce  = com  pi.  60°  = 30°; 
therefore  EB=EC=Rad.  = DC.  Now  ae 
= eb,  that  is,  ab  = twice  dc.  More- 
over it  is  manifest  that  the  square  of 
ad  (that  is,  of  the  secant  of  45°)  =2/2, 
and  ab  (=2r=secant  of  60°)  multiplied  by  cd  (=r=tang.  45°) 
=2r2.  Wherefore  ad  is  a mean  proportional  between  cd  and 
AB.  q.  e.  d. 


Cdr1  This  problem  (like  most  of  the  others  which  we  prove  geomeiricalliy)  ad- 
mits of  easy  demonstration  by  means  of  the  algebraic  expressions  for  the  secant , 
ta  ngent,  fyc.  Whoever  desires  to  see  these  subjects  treated  in  a manner  as  perspi- 
c uous  as  elegant,  is  referred  to  IVoodhouse’s  Trigonometry , v2nd  edition. 
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Ex.  19.  Because  the  rectangle  of  the  sines  of  any  two  arcs  is 
equal  to  the  rectangle  of  half  the  radius  and  the  difference 
of  the  co-sines  of  the  sum  and  difference  of  the  two  arcs=* 
sum  of  the  chords  X 4 difference  of  the  chords  of  the  two 
arcs=i-«/,  (where  s is  the  sum  and  d the  difference  of  the 
chords,)  it  follows  that  4 times  the  rectangle  of  the  sines  of 
the  two  arcs  =sd.  But  the  difference  of  the  squares  of  the 
chords  is  equal  to  a rectangle  under  the  sum  and  difference 
of  those  chords  = sd  ; therefore  “ 4 times  the  rectangle 

&C.”  Q.  E.  D. 

Otherwise. 

Let  a and  b represent  any  two  unequal  arcs,  whereof  a is  the 
greater  ; then,  since  sin.  (p+q)  X sin.  (p  — Q)=sin2.  p — sin2.Q, 
put  p -}-  q.  for  a,  and  p — a for  b,  so  shall  p:=l(a  + b),  and 
q = | (a  — b)  ; and  sin.  a.  X sin.  b = sin2,  i (a  -j-  b)  — sin2.  \ 
(a-b). 

Consequently  4 (sin.  a X sin.  b.)  =4  X sin2.  |(a  -}-  b)  — 4 X sin2. 
•|(a  — b)  = chord2  of  |(a  + b) — chord2  of  ^(a-b).  Which 
was  to  be  proved . 


Ex.  20. 

iis-b)’  (£s-c) 


A/ 


be 


V 


(45  ~ a ) ’ (t5  c) 


ac 


/{is  a)’(is  b)  / 

V 7 = V 

ab 


5+6+7 

6 - 5+6+7 

-7 

2 

/ * 

6 X 2 

6x7 

Also, 

15+6+7 

5+6+7 
-5  x - ‘ - 

7 

> 2 

2 

5x7 

And, 

(5+6+7 

r 5+6+7 
-5  X — +- 

-6 

2 

2 

— \/  7" 


5x6 


— -s/f  • 


Now*  10+log.  of  =9-5774504  =log.  sin.  22°..  12'..  27". 
10+log.  of  y/ ■/-$-= 9-6795 106  =log.  sin.  28°..  33'..  42". 
10+log.  of  y/f  =9 -80 10299  = log.  sin.  39°..  13'..  51". 

Wherefore, 

Z_  a = 2(22°  ..  12' ..  27")  = 44° ..  24' ..  54"  4 
Z.  b = 2(28° ..  33' ..  42")  = 57°  ..  7' ..  24"  V Ans. 
And  zlc  = 2(39°..  13' ..51")  = 78°. .27'..  42") 


* See  page  74,  vol.  iii. 
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Ex.  21.  Let  abc  be 

a semi-circle,  bd  the 

tangent  of  the  arc  be, 

and  ec  its  co-tangent. 

rp,  , rail .2 

I hen  because  a 

tang  A 


B 


D 


tang. 

= co-tang.,  if  x be  put  for  the  length  of  the  tangent  (bd)  and  a 

for  the  radius  of  the  circle,  then — = the  co.  tangent  (ec).  But 

x 


a 2 

by  the  question  4a=x-\ that  is,  x2  — 4ax=  — a2.  Hence  x2 

x ’ 

— 4ax-j-4«2=:3a2 ; and  x =z2a±.\/3a*=2a±a\/3.  Now  when 
radius  is  unity  this  equation  becomes  x=2  + \/3:=3-732050S 
or  -2679492,  of  which  the  logarithms  are  -5719475  and 

— 1-4280525=: the  log.  tangents*  of  75°  and  15°,  either  of  which 
is  the  arc  required. 


* To  radius  1.  If  10  be  added  to  the  index , the  log.  sum  will  be  the  common 
log.  tangent. 


Ex.  22.  Let  abc  be  a qua- 
drant of  a circle,  of  which  the 
center  is  d ; and  let  the  radii 
da  and  dc  be  produced  in- 
definitely towards  f and  g. 

Then  in  dg  take  d k equal  to 
a,  and  in  df  take  d l equal  to 
d/c.  Join  kl,  so  shall  kl,  if  it 
cut  or  touch  the  quadrant, 
indicate  two  arcs  either  of 
which  will  answer  the  condi- 
tions. A r,  therefore,  is  an 

arc  of  which  the  sine  added  to  the  cosine  is  equal  to  a,  that  is, 
equal  to  d&  ; which  is  evident,  since  T>q  is  equal  to  the  sine,  and 
qr=qk,  equal  to  the  cosine.  Or,  ax,  is  the  arc,  in  which  case  ov=. 
Di  is  the  sine,  and  vi=ik,  the  cosine;  together  equal  to  d k=za. 

By  which  it  is  manifest,  that  the  limits  of  possibility  are 
double  the  sine  of  45°  on  the  one  hand,  and  the  sine  of  90°  on 
the  other;  for  when  a exceeds  the  former  limit,  and  is  equal  to 
ds,  then  s t neither  cuts  nor  touches  the  quadrant  ; and  when  a 
falls  short  of  the  latter  limit  and  is  equal  to  d n,  the  line  nm  can- 
not meet  the  curve.  Consequently  dc  is  the  least,  and  de  the 
greatest  possible  value  of  a.  q.  e.  i. 
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Ex.  23.  If  ab  represent  tlie  arc 
sought,  af  its  tangent,  cf  its  se- 
cant, apd  de  its  co-tangent,  then 
by  the  question  cf=de.  But  the 
rad .* 

co -tang.  = , and  sec. 


tang. 


-v/ rad?  + tang*  Putting,  there- 
fore, x for  af  (the  tangent  of  the 

. rad.* 

arc  required)  the  equation  is 

x 

=y/rad .*  + x *,  that  is,  (if  radius  be 
unity,)  l=x2+x4,  whence,  by  completing  the  square  of  this 
quadratic,  x4+x2+i-=i-,  and  x2  = — consequently  x= 
+ — ’786151  of  which  the  log.  is  -S955060=log.  tan- 

gent of  38° ..  10' ..  21" ..  42///=the  arc  ab.  a.  e.  i. 


RESOLUTION  OF  SPHERICAL  TRIANGLES. 

(Page  108.) 

Ex.  2.  Tang,  c = tang,  a X co.  sin.  B=log.  tang,  a + log.  co.  sin. 
b-  10.  = 10-6851 149+9-9469372- 10-  = 10-6320521  = log. 
tangent  of  76° ..  52'=the  side  c.  And  sin.  /;=sin.  a X sin.  b 
=log.  sin.  a + log.  sin.  b—  10  = 9-9909338+9-6680265—  10 
= 9-6589603=log.  sin.  of  27°  ..  8'=the  side  b.  And  tang,  c 
=co.  tang,  b— co.  sin.  a = log.  cot.  b — log.  co.  sin.  a+10= 
10-2789107-9-3058189  + 10=  10  9730918  = log.  tang,  of 
83° ..  56'=  the  angle  c.  Ans. 

Ex.  3.  Tang.  « = tang.  i-f- co.  sin.  c=  log.  tang.  1 17° ..  34'  — log. 
co.  sin.  of  31°-5T,  + 10=  10-2822906 - 9-9291289+10- = 
10-3531617  = the  log.  tang,  of  66°  ..5'  or  113°..  55',  which 
last=«=the  hypothenuse.  And  cos.  b = co.  sin.  ixsin.  c = 
log.  cos.  117° ..  34'  + log.sin.  31° ..  51',— 10.  = 9-6653749  + 
9-7223848-  10.  = 9-3877597  = log.  co.  sin.  cf  75°  ..  52',  or 
104°  ..  8',  whereof  the  latter  = b,  the  third  angle  of  the  tri- 
angle. 

Again,  tang.  c=sin.  b X tang.  c=log.  sin.  1 17°  ..  34'+log.  tang. 
31°  ..  51'  - 10.  = 9-9476655  + 9-7932560  - 10.  = tang. 
28° ..  5T  = c,  the  third  and  last  side  sought. 
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Ex.  4.  Co.  sin.  a = co.  sin.  b X co.  sin.  c=log.  co.  sin.  27°  ..  6'  + 
log.  co.  sin.  76°  ..52'-  10.  = 9*949493$  +9  3564426- 10= 
9-3059364  = log.  co.  sin.  78° ..  20'=a=hypothendse.  Also, 
Tang  B=tang.  6-j- sin.  c=log.  tang.  27  . .6'  — log.  sin.  76  ..52 
+ 10=9-7090374- 9-9884894+  10=^9  7205480=log.  tang. 
27°..  44'  = the  angle  b.  And,  tang.  c=tang.  c -7- sin.  b.= 
log.  tang.  76° ..  52'— log.  sin.  27°  ..  6'  + 10.  = 10-632046S  — 
9 6585312  + 10  =10  9735156  = log.  tang.  83°..  56  = the 
angle  c.  Which  was  to  be  done. 

Ex.  5.  Sin.  a=sin.  6-7-sin.  b, hence,  — T82718S7=log.  sin.  6. 

— T8710735=!og.  sin.  b. 


log.  difF.  — 1-9561  l52  = log.sin.ofan  Z. 
of  64°..  40+  or  of  its  supplement  =«  = tlie  hypothenuse.  And 

Sin.c=tang. 6+tang.B,  hence  — 1 9574850=log.  tang.  b. 

0 0455626  = !og.  tang.  b. 


log.  difF.  — 1 9ll9224=log. sin.ofanz. 
af  54°. .44  , or  of  its  supplement =the  side  c.  Lastly, 

Sin.  c=co.  sin.  b+co.  sin.  b,  hence,  — l-8255109  = !og.  cos.  b. 

— 1 8697037  = log.  co.  si n.  b. 


log.  difF.  — L9558072=log.  sin.  of  an  Z. 
of  64°. .35',  or  of  its  supplement=the  angle  c. 

Ex.  6.  Given  b = 48°,  c=64°..35',  and  a a right  ang’e.  Now 
co.  sin.  a = cot.  b X cot.  c.  But 
Log.  cot.  48°  ..  0'  is  -1-9544374 

Log.  cot.  64  ..  35  is  —1  6768686 


Log.  cos.  64  ..  40  \—a,  is  — 1 6313060  log.  sum. 

And  cos.  b = cos.  b + sin.  c.  Therefore 

Log.  cos.  48^  is  —1-8255109 

Log.  cos.  64°  ..  35'  is  -1  9557890 

Log.  cos.  42°  ..  12' =6,  is  - 1-8697219  log.  difF. 

Likewise  cos.  c = cos.  c + sin.  b.  Hence, 

Log.  cos.  64°  ..  35'  being  —1-6326576 
Log.  sin.  48'  ..  0'  being  — 1 -8710735 

\ 

Log.  cos.  54  ..  44  =c,  is  — 1-7615841  log.  sum. 

Therefore  a=640..  40'+  6=42°..  12',  and  c=54°..  44'  \n. 

2 v 
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Ex.  7.  Taking  the  qucidrantal  side  a as  radius ; 115°..  20'  the 
supplement  of  the  Z. a,  as  hvpothenuse  ; and  42°. .12'  the 
Z.c  as  a side  ; it  will  be  (changing  like  for  unlike  in  the 
determinations,)  by  Table  i.  page  102, 


Sin.  c = 


sin.  42°  ..  12' 
sin.  1 15°  ..  20' 


Cos.  b — 


tang.  42°  ..  12' 
tang.  1 15°  ..  20'  * 


And  Cos.  b = 


cos.  115°  ..  20' 
cos.  42°..  12'* 


By  Logarithms. 

Log.  sin.  42°  ..  12'  = -1  8271887 

Log.  ar.  co.  of  sin.  115°  ..  20'  = 0 0439114 

Log.  sum  — 1 87 1 1001* 
Add  10  to  the  index  10*  

Sin.  c=sin.  48°  ..  0'  ..  13  "i.  Log.  9-8711001 

* — 1’8711001  is  the  log.  sin.  48°  ..  0'..  13"£  to  radius  1. 

And  for  the  cos.  b it  is, 

Tang.  42°..  12' Log.- 1 -9574850 

Tang.  115°  ..  20'  - - - Log.  ar.  co.— L6752372 

Cos.  b-cos.  115°  ..  25'  ..  14"£  Log.-  1 -6327222 

Lastly  for  the  cos.  a it  will  be, 

Cos.  115°  ..  20' Log.-  1-6313258 

Cos.  42°  ..  12'  - - - - Log.  ar.  co.  01 302963 

Cos.  b—cos.  125°  ..  16'  ..  53"  Log.-  1-7616221 

Wherefore  b = 125°  ..  16'  ..  53"  ^ 

b — 115°  ..  25' ..  14"£  > Which  were  required, 
c — 48°..  0'..  13"§) 
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Ex.  9.  Given  c = 1 14° ..  30',  a = 56° ..  40',  and  c=l25°  ..  20'. 
Hence  it  is  by  logarithms,  (using  the  common  indices,) 

As  Sin.  114°  ..30'  (c)  - Log.  ar.  co.  -10-0409771 

: Sin.  125°  ..  20'  (c) Log.  9-9115844 

: : Sin.  56°  ..  40'  (a) Log.  9-9219401 


: Sin.  48°  ..  30'  (a) Log.  9-8745016 


Co.  tang.  \ 


And 

Tang.  \ diff.  of  a and  c X sin.  4 sum  of  a and  c. 
Sin.  \ diff.  of  a and  c. 


But  \ diff.  of  a and  c=380 ..  25',  4 sum  of  a and  c=85°..  35', 
and  4 did’,  of  a and  c=28°  ..  55' ; wherefore  . 

-j-  Log.  tang.  3S° ..  25'  = 9-8993082 

Log.  sin.  S5° ..  35'  = 9-9987084 

- Log.  sin.  28° ..  55'  ar.co.=  - 10-3255703 

o 


Log.  sum  - --  --  --  --  102135869  = Log.  co. 
tang.  31° .. 27'L  which  Z.  doubled  = 62°..  55'  = z.b.  But 

As  Sin.  48°  ..30'  (a)  - - Log.  ar.  co.  -10-1255439 

: Sin.  56® ..  40'  (a) Log.  9-9219401 

::  Sin.  62°  ..55'  (») Log.  9-9495585 


: Sin.  83°..  19'  (b) Log.  9-9970425 

Whereby  the  Answer  is  obvious. 


Ex.  10.  Given  a=48°  ..  30'  c=  125° ..  20',  and  c (it  was  intended) 
to  be  given)  = 114° ..  30'.  Therefore  it  will  be 

As  Sin.  125° ..  20'  (c)  - - Log.  ar.  co.  — 10-0884156 

: Sin.  114°. .30'  (c)  -----  - Log.  9*9590229 

: : Sin.  48°  ..30'  (a) Log.  9-8745016 

: Sin.  56°  ..  40'  (a)  -----  - Log.  9-9219401 


And  Tang.  4 b = 


Tang.  A diff.  of  a and  c X sin.  4 sum  of  a and  c. 
Sin.  4 diff.  a and  c. 


But  \ diff.  of  a and  c=28° ..  55',  \ sum  of  a and  c=86°..55', 
and  \ diff.  of  a and  c=38°..25'.  Consequently  it  is 
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+ Log.  tang.  28°..55'=9*7422609 
4-  Log.  sin.  86°..55'=9-9993640 

19-741624  9 

Subtract  log. sin.  38°..25'=  9-7933543 


Log.  tang.  41° ..  36'  = 9 9482706  diff 
Multiply  by  2 


Product  83° ..  12'  = the  side  b. 


Again,  As  Sin.  (a)  56°. .40'  Log.  ar.  co.  —100779768 

: Sin.  (a)  48°  ..30' Log.  9-8744561 

: : Sin.  (b)  83° ..  12' Log.  9 9969342 


: Sin.  (b)  62°  .,55' Log.  9-9493671 


Ex.  11.  Given  c=ll4°..30',  a=56°..40',  and  b=62°..54'. 

Now, 

_ _ . Co.  tang,  4 b X sin.  I diff.  of  a and  c. 

Tang,  i diff.  of  a and  c = 2 

Sin.  4 sum  ot  a and  c. 


And 

Co. tang.  4 b X co.  sin.  4 diff. of  aandc. 
Co.  sin.  4 sum  of  a and  c. 

But  4b  =31°. .27',  4 diff  °f  a an(^  c=2 8°. .55',  and  4 sum  of  a 
and  c=85°  ..  35'.  Therefore  it  is 


Tang.  4 sum  of  a and  c = 


-f-  Log.  co.  tang.  31°.. 27  = 10-2132480  7 
+ Log.  sin.  28°. .55'=  9 6844297  } 

19-8976777 


- Log.  sin.  85°  ..35'= 9-9987084 

Log.  tang.  38° ..  24'  = 9-8989693  diff. 

And, 


-f-  Log.  co.  tang.  4 b=31°  ..  27'=  10-21 32480  7 
4- Log.  co.  sin.  28°  ..55'=  9-9421688} 

20-1554168 


— Log.  co.  sin.  85°..  35'=  -----  8-8865418 

Log.  tang.  86° ..  55'  = 1L2688750  diff 


Consequently  a=4S°..  30',  and  c=125°.. 20'. 
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Lastly,  As  Sin.  (a)  48°. .30'  Log.  ar.  co.  — 101255439 

: Sin.  (a)  36°..  40' Log.  9 9219401 

: : Sin.  (b)  62° ..  54' Log.  9-9494938 


: Sin.  {b)  83° ..  15'  Log.  9 9969778 


Ex.  12.  Given  c 125° ..  20',  b 83° ..  12',  and  a 48° ..  30'. 

Ans.  a = 56°  ..  40'  4 

c = 114°..  30'  > Which  ivere  required. 
and  b = 62° ..  54' ) 


\ 


Ex.  13.  Given  a = 48°  ..31',  b=62°..56',  and  c=125° ..  20'. 

a = 56°..  40' 4 
b = 83°  ..  12'  V Ans. 
c = 114°  ..  30' j 


Ex.  14.  Given  a = 50° ..  12',  c = 58° ..  8',  and  a = 62° ..  42'. 

Wherefore  it  will  be, 

As  Sin.  (a)  50°  ..12' Log.  ar.  co.  - 10  1 144385 

: Sin.  ( a ) 62°  ..42' Log.  9-9487147 

: : Sin.  (c)  58°..  8' Log.  9 9290504 


Sin.  (c)  79°.. 11',  or  its  suppl.  100°..49',  Log.  9-9922036 


Now,  co.  tang.  b = 


Tang.  \ difF.  a and  c X sin. 


\ sum  a and  c 


Sin.  i diff.  a and  c 


But  4 diff.  a aivd  c = 3°  ..  58',  sum  a and  c 
and  \ diff.  a and  c = 8° ..  15'. 


70°  ..  56  4 


Consequently 

A i,  j log.  tang.  3°  ..  58'  = 88409977 
1 J°g-  s'»-  ^0°  - 56'^  = 9-9755175 

18-8165152 

and  subtract  log.  sin.  8° ..  15'  = 9 1568296 


Log.  co.  tang.  65° ..  26'  = 9-6596856  diff. 
Multiply  by  2 


Product  = z.b  = 130°..  52',  or,  by  taking  the 
other  value  of  c (=100° ..  49'),  = 156°..  17'-  hence,  by 

common  analogy, 
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As  Sin.  (a)  50° ..  12'  Log.  ar.  co.  — 10  1 144385 
: Sin.  (a)  62° ..  42'  - - - - Log.  9 9487147 
: : Sin.  (b)  130°  ..52' Log.  9-87S6563 


: Sin.  (b)  119° Log.  9-9418095, 

Or  taking  b = 156°  ..  17',  b is  152° ..  17'.  Ans. 


Ex.  15.  Because  [Theor.  v.  Spherical  Trigonometry.) 


As  360° : 1"  : : surface  of  the  earth  : area  required,  it  will 

be,  putting  a = 3'14159  &c.  and  d—  7957-75  the  diameter 
given. 


As  1296000" : 1"  : 


ad2 

IT 


: area  required;  that  is. 


ad 2 

2x1296000 


ad2 


2592000 


- = area  of  the  triangle  measured  on  the  ©’s  surface. 


Now,  d=  7957*75,  whereof  the  log.  is  3-9007903 

Multiply  by  2 


Product  7-801 5S06= log.  d 9 

And,  a=3141592,  whereof  the  log.  is  -4971500 


Sum  8-2987306=log.  ad* 
Lastly,  the  log.  of  2592000  is  - - - 6-4136350 

Difference  1-8S50956  = log.  of 
the  area  = 76-75299  square  miles  and  upwards.  Ans. 

C E 

Ex.  16.  First  for  the 
plane  angle  between  the  base 
and  each  face.  Since  by  the 
properties  of  a hexagon 
each  side  of  the  base=ra- 
dius,  and  because  by  the 
question,  the  altitude  is  A D B 

double  each  side  of  the  base,  that  is,  double  the  radius;  it  will  be 

As  Sin.  90°  - - - Log.  ar.  co.  —10  0000000 

; 1 (=cb) ' - - - Log.  0-0000000 

: : Sin.  60°  (z.dbc)-  - - - - Log.  9-9375306 


: cd  *8660254 


Log.- 1-9375306 
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And,  As  2 (ce) Log.  ar.  co.  - 1 6989700 

: Rad.  (ce) Log.  10-0000000 

: : -8660254  (cd)  -------  Log.  — 1-9375306 


: Co.  tang.  66°.. 35' ..  11"4  Z.cde  - Log.  9-6365006 


Next,  for  the  plane  angle  between  each 
pair  of  lateral  faces.  Because  cd  is  double 
of  ad  or  of  db,  it  will  be. 

As  2 (cd)  - Log.  ar.  co.  —1-6989700 
: i (AD) - - - - - Log.  0-0000000 
: : Rad.  (cd)  - - - Log.  10-0000000 

: Co. tang.  63°..26,..5"|  ? 9.6989700 
Z.  cad  - - - - Log.  3 

But  if  de  and  df  be  drawn  at  right  angles  to  ac  and  cb,  the 
angle  fde  is  the  measure  of  the  inclination  of  the  plane  cdb  to 
the  plane  cda.  Now  it  is  evident  that,  fde  is  bisected  by  the 
straight  line  cd  ; consequently  the  angle  cde  is  half  the  measure 
of  the  angle  required.  Again  the  two  triangles  edc  and  dac  are 
similar,  and  the  angle  cad=  Z.cde.  Wherefore  the  angle  cde= 

63°  ..26' ..  5"|  and  the  whole  angle  fde=126°  ..  52' ..  11"£. 

And  since  the  magnitude  of  a trilateral  solid  angle  is  measured 
by  the  excess  of  the  sum  of  the  three  angles  made  by  its  bound- 
ing planes  above  2 right  angles,  it  follows  that,  As  360°  : 

J 2(660..35,..11"4)  + 1260..52'..11/,L-  180°  j : : 1000  : 222-34143 

either  solid  angle  at  the  base  of  the  pyramid.  And  for  the  solid 
angle  at  the  vertex,  since  its  measure  is  the  excess  of  the  sum  of 
the  angles  of  inclination  of  the  several  planes  forming  it,  above 
double  the  number  of  those  planes  multiplying  90°,  when  from  * 
the  product  4 right  angles  have  been  taken  ; it  follows  that. 

As  360°  : * 6(126°  ..52'..  11"')  — 720°)  ^ : : 1000:  114-4976S5 
the  solid  angle  at  the  vertex  of  the  pyramid. 


C 


The  plane  angles  agree  with  Dr.  Hutton’s  answer , but  the  solid 
angles  disagree. 


I 
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GEODESIC  OPERATIONS,  AND  THE  FIGURE 

OF  THE  EARTH. 

Ex.  1.  The  arc  of  a great  circle  passing  through  the  two  dis- 
tant objects  will  cut  the  horizon,  and  give  two  similar  right 
angled  spherical  triangles  for  solution.  Now  the  hypothe- 
nuses  of  these  will  be  in  the  ratio  of  their  perpendiculars, 
that  is,  in  the  ratio  of  1"  to  25'  ..47"  v 1 : 1547.  Hence, 
(the  sum  of  the  hypothenuses  being  66° ..  30' ..  39",)  the 
hypothenuse  of  the  greater  triangle  is  66°..  28' ..  4 "4.  and  of 
the  less,  2'  ..34"4.  Therefore,  [ Case  1.  Right  angled  spheri- 
cal triangles. 1 

As  Cos.  0° ..  25' ..  47"  --  Log.  a r.  co.  - 10  0000122 

: Cos.  66° ..  28' ..  4"| - Log.  9 601 2600 

: : Radius  or  sin.  90°  -------  Log.  10- 


: Sin.  66°. . 28'..  1"  67 Log.  9-6012722 

o 


But  TT^T  x (66°  ..  28' ..  1"*67)  = 0°..  2'..34"-7 

Add  66°  ..28'..  l"-67 

Sum  and  Answer*  66° ..  307 ..  36"  37 


* Which  we  submit  to  be  more  than  half  a second  nearer  the  true  hori- 
zontal angle,  than  is  the  Answer  given  by  Dr.  Hutton. 

Otherwise,  f 

First  taking  the  trouble  to  correct  the  formula  which  in  its 
present  state  is  imperfect,  it  becomes 

Log.  sin.  4 c = 4 1 20  -J-  log.  sin.  4 (c  + h — W)  + log.  sin.  4(c+ 

//  — /<)  — log.  cos.  //  — log.  cos.  h.  | 

Then  c = 66°  ..  30'  ..  39" 
h = 25'  ..  47" 

//=  -1" 

Wherefore  4 (c-f-A  — //)=  33°  ..  28'  ..  13"|,  and 
4 ( c — | — A'  — h )=  33°  ..  2' ..  25"4- 

t The  reader,  if  he  desires  it,  will  find  the  figure,  and  other  particulars,  in 
Woodhouse' s Trigonometry,  2nd  edition. 
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Consequently  it  is 

Radius  square*  - Log.  20*  

Sin.  33°  ..28'..  13"£ Log.  9-7415504 

Sin.  33°..  2' ..25"* Log.  9-7365801 

Co.  Sin.-  - - - —1"  - - Log. ar. co.  — 10-  

Co.  Sin.  - - 25'. .47"  - - Log. ar. co.  — 10  0000122 


Divide  by  2 19-4781427  log.  sum. 


Sin.  33°..  15'..  18"- 19 Log.  9-7390713  half  sum. 

Multiply  by  2 


Product  66°  .30'  ,.36"-38  z.  required,  agreeing  to  the  part 
of  a second  with  the  angle  before  found. 

* If  the  log.  sints  to  Radius  1 be  used,  the  operation  ibill  he — 

Log.  sin.  33°  ..  28'  ..  13"£  is  -1-7416504 
Log.  sin.  33°..  2'  ..  25"£  is  -1-7365801 
Log.  ar.  co.  cos.— l"  + Log.  ar.  co.  cos.  25'. .47"  0-0000122 


Divide  by  2 —1-4781427  Log.  sum 


Sin.  33°  ..  15' ..  18-19  Log.  —1*7390713  as  before. 


Note. — This  example  is  a partial  statement  of  the  angular 
distance,  altitude,  and  depression  of  Fiennes  and  Written,  as  ob- 
served at  Calais  in  the  Trigonometrical  Survey  of  1787,  made 
for  the  purpose  of  connecting  the  observations  of  Greenwich 
and  Paris:  and  here  we  cannot  help  expressing  our  unqualified 
opinion  that  the  answer  given  with  the  question  was  a mere 
guess. 


(Page  147.) 


Ex.  2.  Because  the  two  measured  distances  d and  d are  equal, 
putting  x for  the  height  of  the  tower,  and  taking  the  formula 
given  in  Cor.  to  Prob.  4,  page  129,  vol.  iii.  it  will  be,  x = 


r 

</- 


2 d* 

COLI 2.  A COt2.  C 


d 

— 2 C0L2.b“V COt2.  A -j~  -jCOt2.  c — cot2.  B 


I 

= 1 cot2. 36° ..50'  4-  icot2.  14°  - cot2.  21°. .24' 

Therefore  by  the  rule  page  129  as  above, 

2 x 
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2 log.  cot.  36°. 10324  of  which  the  nat.  nurn.  is  1-78251 
2 log.  cot.  14°..  0'  = l-2064578  160S635 

Sum  of  the  nat.  numbers  17-86886 

Half  sum  8-93443 

2 log.  cot.  21°  ,.24'=0-81 36590  of  which  the  nat.  num.  is  6-51117 

And  -3844000  = log.  of  the  remainder  2-42326 

Subtract  -1922000  = half  log.  of  the  remainder.  - 
From  1-9242793  log.  of  84' feet =d. 

log.  of  x — 1-7320793  log.  difference,  of  which  the  na- 
tural number  is  53-9609  feet.  Ans. 


INVESTIGATION  OF  GENERAL  ROY’S  RULE. 


Ex.  3.  Because  in  any  spherical  triangle  the  excess  of  its  three 
angles  above  two  right  angles,  is  the  measure  of  the  area  of 
the  triangle,  (Cor.  1.  Theor.  v.  Sp/ier.  Trig.  vol.  \\\.  p.  84),  and 
because  the  three  angles  of  a spherical  triangle— 180°,  are 
to  180°,  as  the  surface  or  area  of  the  triangle,  to  the  area 
of  a great  circle  of  the  sphere*  ; if  a,  b,  c,  be  severally  put 
for  the  three  angles,  a for  the  area  of  the  triangle,  and  q for 
the  area  of  a great  circle  of  the  sphere,  the  surface  of 


the  sphere,)  it  will  be. 


a x 1 80° 
9 


= a -J- b -j- c — 1 80° , therefore. 


since  the  square  of  the  radius  multiplying  3-141592653589 
793238462643383279502884 1 97 1 69399375 1 058209749445 
9230781 740629620S99S628034S253421 1706798214808651 
32723066470938446319  &c.  = the  area  of  a great  circle  of 
the  sphere the  superficies  of  the  sphere,  it  follows  that. 


a x 1S0° 

rad.2  x "31 4 1592  &c. 


a -f-  b -J-  c—  180°.  But  the  length 


of  the  earth’s  radius  in  feet,  (the  earth  considered  a perfect 
sphere,  and  the  length  of  a degree  on  its  surface  taken  at 

180°  x 365154-6  . 4 

365 154-6  feet,)  = — — feet ; whence  a +3+ c 


* Theorem  v.  page  83,  vol.  iii. 
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-180°=; 


a X 180° 


2x3*14159= 


314159  X a 


180°  X 365154*6 


2 


365154-6  2 X _L»°L 

3-I4X5 

feet=the  excess  of  a -{-  b + c above  two  right  angles.  This 

, . . . 3 14159  x 60  x 60  x a 

excess  expressed  in  seconds  is — = 

180°  x 365 154*6 


62-831853  x a __  . , ..  . ....  . 

— Now  in  logarithms  the  excess  will  be.  loir, 

365154 6 2 


«+log.  62-831853-2  log.  365154-6=log.  «+l*79S1799- 
ll’1249536=log.  a — 9-3267737.  Which  was  required. 


Ex.  4.  Half  the  sum  of  the  sides  being  22-5,  and  the  three  re- 
mainders (see  page  29,  vol.  ii.)  being  12*5,  5‘5,  and  4-5, 
half  the  sum  of  the  logarithms  of  these  4 numbers  is  the 
log.  of  the  area  of  the  triangle. 

But  the  Log.  of  22-5.  is  1-3521825 

12-5.  is  1 0969100 

5-5.  is  0-7403627 

4-5.  is  0-6532125 


Log.  sum  = 3-8426677 

Log.  half  sum  = 1*9213338  which  is  the 
Log.  of  83-432233  square  miles. 

Now  25S0'2  feet  = 1 square  mile, 

and  2 log.  of  5280  feet=7*4452678 

Log.  sum  9-3666016  = the  log.  of 
the  area  of  the  triangle  in  feet. 

Subtract  the  const,  log.  9*3267737 


The  log.  of  the  excess  of  the  7 .039897q_T  of  r.nor> 
3 angles  above  180°  is  j UdJ»,57J_L.  ot  I 0J6. 


mis.  mis. 

3x12= 

which  the  log.  is 


Ex.  5.  15  x 12=180  sq.  mis.  of  j _ _ _ 2 


And  1760yds.  x 3l2=5280^  2 7 - 

feet  of  which  the  log.  is  j 


4452678 


Log.  sum  9-7005403  the  log.  of  the 
area  of  the  triangle  in  feet. 

Subtract  the  const,  log.  9-3267737 

Difference  *3737 666  log.  of  2"*3646 
Wherefore  2" ..  2T" ..  52""-£.  Ans. 
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Otherwise. 

24  miles  in  ft.  =126720,  of  which  the  log.  is  5*1028452 
And  15  miles  in  fi.  = 79200,  of  which  the  log.  is  4,89S7252 


Sum  of  the  logs.  10  0015704 
Deduct  (see  Art.  4,  page  135,  vol.  iii.)  9*6278037 


The  com.  log.  of  the  spherical  excess  in  seconds  is  0 3737667  the 
log.  of  2" ..  21"'..  52'  "■§  exactly  as  before. 


Ex.  6. 

As  the  sum  of  the  sides  (41)  - - - - - Log.  ar.  co.  — 2*3872161 
: difference  of  the  sides  (5)  -------  Log.  0*6989700 

: : Cot.  29° ..  12' ..  18",  f|contd  z.) Log.  10*2527696 


: Tang.  12°..  1S'..42"|  {half  diff.  of  the  other  2 9*3389557 

And  the  complement  of  half  the  included  is  60°..47'..42". 

Hence  the  three  angles  of  the  plane  triangle  are  58°..24'..36", 
93°  ..  6' ..  24'%  and  48° ..  28' ..  59"*.  And  the  third  side  = 
26*172355  miles. 

Now  half  the  sum  of  the  sides  =33*586  miles;  and  the  three 
remainders  are  15*586,  10*586,  and  7*403  {page  29,  vol.  ii.) 
But  the 

Log.  of  33*586  is  1*5261583 
- - - - 15*586  is  1 1927347 

10*586  is  1*0247319 

7*403  is  0 8694077 


Log.  su?n  4*6130326 


Half  sum  2*3065163  log.  of  the  area  in  miles. 
And  twice  log.  of  5280  is  7-445267S 


Log.  sum  9*7517841  log.  of  the  area  in  feet. 
Subtract  the  const,  log.  9*3267737 


Difference  0*4250104  the  log.  of  2"*6607.* 


* The  same  result  will  obtain,  if  the  two  given  sides  be  converted  into 
minutes  and  seconds,  and  the  triangle  solved  spheiically.  (See  Tkeor.  5, 
ch.  iv.) 
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ft.  . , 

Ex.  7.  As  rad. +38  : rad.  : : given  base  : base  required. 

But  the  radius  of  the  earth,  at  a mean  calculation,  is  more 
than  21  millions  of  feet,  therefore,  as  in  Prob.  ix.  page  136, 
vol.  iii.  since  the  required  base  (by  multiplying  means  and  ex - 

rad.  X given  base  ^ , 

ir ernes)  = 7 — , or,  (by  further  comparison,  ana 

rad.  -f-  38  ft. 

the  division  of  the  given  base  X 38  ft.,  by  the  rad.  -{-  38  ft.,  ex- 

h li 2 h 3 

pressed  symbolically,)  B — b—B  X (—  — — + — — &c.)  Now 

neglecting  the  second  and  ail  the  succeeding  terms  of  the 

b h 

series  as  insignificant,  it  will  be  b — b— 

By  Logarithms. 

The  log.  of 34286  ft.  is  - - 4 535 11 68 
And  the  log.  of  38  ft. 1*5797836 

Log.  sum  6*11 49004 

Deduct  (!.  rad.  of  the  earth  in  ft.)  7*3223947 

\ T , 

Remainder  —2*7925057  the  log. of *062016267 
Consequently  342S6- *062016267=34285*937983732  ft.  Ans. 


Ex.  8.  If  the  altitude  be  corrected  by  subtracting  44"  the  re- 
fraction in  altitude,  and  then  by  adding  6"  for  the  parallax, 
the  true  altitude  of  the  sun  is  52°  ..  34' ..  22",  the  co.  altitude 
37°.. 25'.. 38",  the  co.  lat.  41°. .9',  the  co.  declination  71°. .30', 
and  the  proportional  hour  angle  27°  ..8' ..  30".  Wherefore, 

As  Sin.  co.  alt.  37°..25,..38"  Log.  ar.  co.- 10  2162728 
: Sin.  hour  Z.  27°..  8'. .30"  - - - - Log.  9*6591478 
::  Sin.  co. dec.  71  ..30'. .00"  - - - - Log.  9*9769566 


: Sin.  Z reqd.or  of  its  supplement  - Log.  9*8523772  the  log. 
sin.  of  45° ..  23' ..  2"-|.  Ans. 


Ex.  9.  The  part  of  the  ecliptic  between  the  beginning  of  Aries 
and  the  center  of  the  sun  being  considered  as  the  hypothe- 
nuse  of  a right  angled  spherical  triangle,  and  the  obliquity 
of  the  ecliptic  as  the  angle  adjacent  to  the  side  sought ; the 
Tang,  of  the  sun’s  right  ascension  = Tang  of  his  longitude 
Xd  by  the  cosine  of  the  obliquity  of  the  ecliptic.  But 
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Log.  tang.  29° ..  1 3' ..  43"  is  9747S2S5 
Log.  cosine  23° ..27'. .40"  is  9-9625259 


Their  sum  (abating  10  in  the  index)  is  9-7103544  which  is  the 
log.  tang,  ot  27° ..  10' ..  13" ..  50 = the  sun’s  right  ascen- 
sion. Q.  E.  i. 

Ex.  10.  By  Theorem  11  in  the  Scholium  to  Prob.  xii.  alluded 
to  in  the  question,  the  cosine  of  the  sun’s  longitude=co.  sin. 
of  his  right  ascension  X d by  the  cosine  of  his  declination. 
Now  the 

Log.  co.  sin.  32°  ..  46' ..  52'^  is  9-9246636 
Log.  co.  sin.  13°  ..  1 3' ..  27"  is  9-9883281 


Their  sum  (abating  10  in  the  index)  is  9 912991 7 which  is  the 
log.  cos.  of  35° ..  4' ..  12" ..  31'"=  the  sun’s  longitude,  q.e.i. 

Ex.  11.  The  Theorem  for  the  longitude  being  (see  Theorem  iii. 
page  142,  vol.  iii.)  “ that  its  tangent  = the  sine  of  the  obli- 
quity of  the  ecliptic  xd  by  the  tangent  of  the  declination 
X d by  the  secant  of  the  right  ascension  -|-the  tangent  of  the 
right  ascension  X cosin.  of  the  obliquity  of  the  ecliptic;”  it 
will  be  by  logarithms  as  follows,  to  radius  1 : 

Log.  sin.  23° ..27' ..40"  is  -1-6000212 
Log. tang.  62° .. 50' ..  0"  0-2897176 

Log.  sec.  162°. .50'.. 34"  0 0197698 


Log.  sum  —1-9095086  the  com.  log.  of ’81 191 13 


And, 

Log.  tang.  162°..50'..34"  is  - 1 -4895840 
Log. co.  sin.  23°..27'..40"  - 1-9625259 

o 


Log.  sum  — 1-4521099  the  com.  log.  of  -2832108 


The  sum  of  the  two  natural  numbers  is  1 0951221 

Which  is  the  natural  tangent  of  132°  ..24' ..  2" —longitude  of  a. 
Ur  see  Majoris. 

Again.  The  Theorem  for  the  latitude  (see  Theorem  iv . page 
142,  vol.  iii.)  being  “ that  its  sine=sin.  of  the  declination  X 
co.  sin.  of  the  obliquity  of  the  ecliptic, —sin.  of  the  right 
ascension  X co.  sin.  of  the  declination  X sin.  of  the  eliptic’s 
inclination  to  the  equator,”  the  solution  will  be  by  logarithms 
as  follows : 


OPERATIONS. 


343 


(Key  to  Vol.  III.  page  147.) 

Log.  sin.  62°. .50'  is  - 1 -9492349 

Log. co. sin.  23°. .27'. .40"  is  - 1 9625259 


Log.  sum  — L9117608  thecom.log. of  -816132S 


And, 

Log.  sin.  162°.. 50  . .34"  is  - 1-4698142 
Log. co. sin.  62°. .50..  0"  is  — 1 6595173 
Log.  sin.  23°. .27  . .40"  is  - 1 -6000212 


Log.  sum  —2-7293527  the  com.  log.  of -0536232 

The  difference  of  the  two  natural  numbers  is  *7625096 

Which  is  the  nat.  sin.  of  49°  ..  41'  ..  9"  = lut.  of  » Ursa: 
Mcijoris.  q.  e.  i. 

Ex.  12.  Putting  m for  60833,  m for  60494,  also  l for  49° ..  3' 
and  l for  12°  ..32',  the  Theorem  (page  114)  where  d=the 
greater,  and  c the  less  axis  of  the  earth,  is 

I I _I  I 

d f (mt  sin.  L-f-mT  sin.  1) . (MTsin.  l — rriJ  sin.  1) 

~ V T i ~ V ’ ~ 

(in2  co. sin.  /-}-m3  co. sin.  L).(m3  co.  sin.  I—  mt co.  sin.  l) 

which  maybe  more  simply  expressed.  As  d : c : : sq.  root  of 

I 

the  rectangle  of  the  sum  and  difference  of  mt  sin.  l and 

r_  I 

m1  sin.  1.  : sq.  root  of  the  rectangle  of  the  sum  and  differ- 

± i 

ence  of  m3  co.  sin.  l and  ni7  co.  sin.  1.  Now 

Log.  m7  is  1-5939041 
Log.  sin.  l is  — 1 -3364794 

o 


Log.  sum  -9303835  com.  log.  of  8-5189. 


Log.  mT  is  1-5947131 
Log.  sin.  I —L8781090 


Log.  sum  1-4728221  com.  log.  of  29-7046. 

The  sum  of  these  two  natural  numbers  is  38-2235 

Their  difference  is  21-1857 

The  log.  of  38-2235  is  1-5823300 
The  log.  of  21  1857  is  1-3260285 


Log.  sum  2-9083585 


Half  sum  1-4541792  com.  log.  of  28-456. 
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Again, 

Log.  wiT  is  1 ’5947131 

Log.  co.  sin.  1.  is  — 1-8165066 


Log.  sum  1-4112197  c.  log.  of  25*77 6. 


Log.  mt  is  1-5939041 
Log.  co.  sin.  l — 1-9895254 


Log.  sum  1 -5834295  c.  log.  of  38-320.  . 


The  sum  of  these  two  natural  numbers  is  64-096 

Their  difference  is  12-544 

The  log.  of  64  096  is  1-8068309 
The  log.  of  12-544  is  1-0984360 

The  half  sum  of  these  logs,  is  1 -4526334  com.  log.  of  28-355 
Therefore,  As  d : c ::  2S456  : 28355  v ratio  of  the  axes.  q.  e.  i. 

Ex.  13.  Let  k be  a degree  of  the  earth's  equator,  m and  m re- 
spectively the  first  and  last  degrees  of  latitude  ; then  r,  m, 
m,  are  severally  to  each  other  as  the  radii  of  their  oscula- 

• , • i co2,  , ac*  o 

torv  circles  : in  the  same  ratio  are  ac, and  — . oee 

J AC  ’ CD 

the  Jig.  to  Prob.  xiii.  page  143,  vol.  iii. 

AC"* 

Hence,  As  r2  : in*  : : ac2  : • And, 

CD* 

CD* 

As  r : m : : ac  : By  composition,  therefore,  ns  : 

AC 

mw2  ::  1 : 1.  Wherefore 

r=^/m»i2,  that  is,  r is  the  first  of  two  mean  proportionals 
between  m and  in.  Which  was  to  he  proved. 

\ 

Ex.  14.  Tbe  length  of  a degree  of  the  meridian  in  any  latitude 
being  to  the  length  of  a degree  of  the  meridian  in  any  other 
latitude,  in  the  direct  ratio  of  the  radii  of  the  respective 
oscillatory  circles  ; if  r be  put  for  the  radius  of  curvature  at 
any  point  of  the  terrestrial  meridian,  c,  d,  and  e being  as  in 
Proposition  xiii.  Trigonometrical  Surveying,  vol.  iii.  of  the 
Course,  it  will  be 
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d2 


Tl  — 


c(d2  — e2  sin2,  l) 


v(l 


-3 


3^2 


d2 


X sin2,  l)  ^ v 1 4 


d2 


X 


J-s  e4 


4e2 


sin2,  l + -I_  x sin'1,  l + &c.  vl  + — X sin2,  l very  nearly. 
d4  « 

Therefore  the  increase  of  a degree  of  the  terrestrial  meridian 

3e2 

in  receding  from  the  equator,  is  in  the  ratio  of  — 2 X sin2. 


l nearly,  that  is,  very  nearly  in  the  duplicate  ratio  of  the 
sine  of  the  latitude,  q.  e.  d. 


(Page  148.) 


Ex.  15.*  Because/)  and  m are  given,  the  radii  of  curvature  to 
p and  m are  determinable.  Let  these  be  r and  r-{-n  j the 


radius  of  curvature  to  cl  will 


be 


r (r  + n) 

(r4-w)  —n.  sin2,  a ’ 


Now  to 


compare  the  degrees  of  the  three  several  arcs  whereof  the 

ff  f -1  j2  ) 

radii  of  curvature  are  r,  r-\-n,  and — ' — - substi- 

(r+n)  — n.  sin2,  a’ 

tute  the  given  lengths  d,  m,  and  p (=»*+©)  for  the  radii, 
(since  the  degrees  are  in  the  direct  ratio  of  the  radii  of  curva- 


ture,) and  it  will  be,  d= j^C^4~ v) __  m x/>  _ 

[m-{-v)  — v.  sin2. a p — v.  sin2,  a 

pm 

j \ • o • Q*  E#  D* 

PmTVn~P)  sln  • a 


* At  page  45,  No.  98  of  the  Ladies’  Diary,  an  example  proposed  in 
1800  by  C ipt.  (now  Col.)  Mudge,  and  applicable  to  this  Theorem,  may  be 
seen  solved,  and  the  Theorem  investigated  at  more  length. 
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Ex.  6.  Because  twice  the  area  of  the  hexagon  = | ab.  bc.  sin.  b. 
4-  ab.  dc.  sin.  (b  4"  c)  4~  bc.  DC*  sin.  c 4-  de.  ef.  sin.  e 4*  de. 

2y 
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af.  sin.  (e+f)+ef.  AF.sin.  f.  | ^ 12S4  X 1782  Xsin.32°+ 

1284  X 2400  X sin.  80° + 1782  X 2400  x sin. 48°  +2700  X 2860 
X sin.  66°  +2700  X 4621*5  X sin.  25°  ..28'  ..22"  + 2860  X 

4621*5  X sin.  88° ..  31' ..  38".  j it  will  be  by  logarithms, 

1284  log.  3*1085650 

1782  log.  3*2509077 

32°  log.  sin.  -1*7242097 


Log.  sum  6 0836824  the  log.  of  1212501*95 


1284  log.  3*1085650 

9400  log.  3*3802112 

80°  log.  sip.  -1*9933515 


Log.  sum  6*4821277  the  log.  of  3034882*63 


1782  log.  3*2509077 

2400  log.  3* 3802112 

48°  log.  sin.  -1*8710735 


Log.  sum  6*5021924  the  log.  of  3178281*75 


2700  log.  3*4313638 

2860  log.  3*4563660 

66°  log.  sin.  -1*9607302 


Log.  sum  6*8484600  the  log.  of  7054400* 


2700  log.  3*4313638 

4621*5  log.  3*6647830 

25° ..  28' ..  22"  log.  sin.  —1*6335514 


Log.  sum  6*7296982  the  log.  of  5366587*65 
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2860  log.  3-4563660 

4621-5  log.  3-6647830 

88° ..  31' ..  38"  log.  sin.  - 1 -9998565 

Log.  sum  7 1210055  the  log.  of  13213124-61 
Sum  of  the  nat.  numbers  33059778  59 
Half  sum  and  Area  required  16529889-29 

Which  problem  solved  by  the  formula,  for  the  surface  or  area* 
in  page  155,  third  vol.  of  the  Course,  will  be  as  follows  : 


D 


Let  abcdef  be  the  hexagon  given  in  Ex.  1.  Then  by  plane 
trigonometry, 

Z.edf  = 34°  ..  4'  ..  14"  bf  = 5136-3 

Z.fae  = 31°  ..  20'  ..  23"  ce  = 4585-7 

abf  = 59°  ..  36' ..  24" 

zlecd  = 27° ..  38' ..  36" 

Z.CED  = 24°  ..  21'  ..  24" 

/_  afb  = 13°  ..  51'  ..  58" 

Z.BCF  = 72°  ..  IS'  ..  20" 

Z.bfc  = 19°  ..  18'  ..  4" 

Z.cfd  = 26°  ..  22'  ..  34" 

Z.fce=  32°..  3'..  4" 

EBC  = 56°  ..  41'  ..  31" 

Z_  bec  = 18°  ..  57'  ..  5" 

Z.AFE  = 91°  ..  28'  ..  22"  = a 

zLbfe  = 77°  ..  36' ..  24"  = b’ 

Z.cfe  = 58°..  18' ..20"  =c' 

Z.BFE  = 31°  ..  55' ..  46"  = d' 

Z.AEF  = 57°  ..  ir  ..  15"  = a" 

Z.  BEF  = 70°  ..  41' ..  31"  = b” 

Z.CEF  = 89°  ..  38' ..  36"  = c" 

Z.DEF  =114°  ..  — — = d" 
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Wherefore,  by  Prob.  1,  Polygonometry,  the  area  abcdef  = 
! __2  w f Sin.  Sin./;".  Sin.  (a ' — b') 

A < -I  , 

L Sin.  fa'+a").  Sin.  (//+/>")  ^ 


Sin.  b'.  Sin.  c".  Sin .{b'-cj  , Sin.  c".  Sin.  d".  Sin.  [c-d') 

+ -prr 


Sin.  (// +5").  Sin.  (c'+c") 
Sii 


Sin.  [d -}-c").  Sin.  (d'-\-d") 


, Sin.  d'.  Sin.  d" 

H — Sm  ( d'-\-d"Y  * 3 w'“c“  ac*mits  °f  lhe  following  solution 

by  logarithms. 


ft"=  57°..  IP..  15" log.  sin. 
b"-  70°  ..41'..  31"  log.  sin. 
(a'-bj  = 13°  ..51' ..58"  log.  sin. 
(<*'+«")  = 1 4S° ..  39' ..  37"  log.  sin. 
(b'+bj  =148° ..  17' ..  55"  log.  sin. 


9 9245111 
9-9748590 
9-3795850 
10-2839042  ar.  co. 
10-2794337  ar.  co. 


Log.  sum  rejecting  10  in  the  index  — 1-8422930  which  is  the 


logarithm  of  69549. 


b"  = 70°  ..41'..  31"  log.  sin. 
c — 89°  ..38' ..36"  log.  sin. 
(b'-cj  = 19°..  18'..  4"  log.  sin. 
(5'+5")  = 14S° ..  17' ..  55"  log.  sin. 
(c'+c")  =147° ..  56' ..  56"  log.  sin. 


9 9748590 
9-9999916 
9-5192144 
10  2794337  ar.  co. 
10-2951710  ar.  co. 


Log.  sum  rejecting  10  in  the  index  0-04S6697  which  is  the 


logarithm  of  1*1191. 


c"  = 89° ..  38' ..  36"  log.  sin. 
d"  = 114°  log.  sin. 

(c'-dj  = 26° ..  22' ..  34"  log.  sin. 
(c'+c")  = 1 47° ..  56' ..  56"  log.  sin. 
(d'+d'j  =145°..  55' ..  46"  log.  sin. 


9-9999916 
9-9607302 
9-6476388 
10-2951710  ar.  co. 
10*2516465  ar.  co. 


Log.  sum  rejecting  10  in  the  index  0-1351781  which  is  the 


logarithm  of  1*3651. 


d’  = 31°. .55'  ..46"  log.  sin. 
c/"  = 114°  log.  sin. 

(d'+d")  = 14 5° ..  55' ..  46"  log.  sin. 


9- 7233527 
9-9607302 
— 10  25 16465  ar.  co. 


Log.  sum  rejecting  10  in  the  index  — 1*9357294  which  is  the 


logarithm  of  *86244. 
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The  sum  of  these  4 natural  numbers  is  4*04213,  of 

which  the  log1.  is  0*6066103 

4fe2=4089800  ; its  log.  is  6*6117021 


Log.  sum  7*2183124  which  is  the 
logarithm  of  16531505*7,  the  Area  required. 

We  could  have  solved  this  question  in  various  other  ways, 
and  with  much  less  trouble,  but  we  thought  it  proper  to  find 
the  area  by  Lhuilliers  theorem  as  well  as  by  reducing  the  expres- 
sion for  the  surface  given  in  Problem  I.  Although  the  results 
do  not  exactly  agree,  (which  indeed  may  be  owing  to  some 
trifling  error  which  we  are  not  at  present  aware  of,)  yet  the  dif- 
ference is  not  comparatively  great. 


Ex.  7.  Tang,  ad  = 


bc.  sin.  c -P  ab.  sin.  (b  + c) 


DC  CB.  COS.  C + AB.  COS.  (B  + c) 

30  X sin.  82° ..  37'  + 24  x sin.  170° ..  19' 

34  + 30  x cos.  82°  ..  37'  + 24  X cos.  170°  ..  19~ 
30  x sin.  82° ..  37'  -f  24  X sin.  9° ..  41' 

34  + 30  x cos.  82^.37' -24  x cos.  9°..  41'  ‘ 


Now  the 


Log.  of  30  is  1*4771213 
Log.  sin.  of  82° ..  37'  is  - 1 *9963841 


Sum  1*4735054  log.  of  29*751 


Log.  of  24  is  1*3802112 
Log.  sin.  of  9° ..  41'  is  — 1*2258328 


Sum  0*6060440  log.  of  4*0369 


33*7879  Numerator. 


Log.  of  30  is  1*4771213 
Log.  cos.  of  82° ..  37'  is  -1*1089272 


Sum  0*5860485  log.  of  3*8552 


Log.  of  24  is  1*3802112 
Log. cos.  of  9°. .41'  is  -1*9937679 


Sum  1 *3739791  log.  of  23*658 
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But  34-j-3*8552  — 23*658=14*1972  Denominator. 

Again,  the  log.  of  33*7879  is  1*5287611 
log.  of  14*1972  is  1*1512027 


Log.  difference  0*3775584 
Add  10  to  the  index  10 


Sum  10  3775584  the  log.  tan- 
gent of  67°  ..  14'  = Z.  adc.  Wherefore  [ Eucl . B.  i.  Prop. 
xxxii.  Cor.  i.]  z.dab  = 103°..  5'. 

Now  the  side  ad=ab.  cos.  103°..  5'+bc.  cos.  9°..  41'4-cd.  cos. 
6?°..14'=  -24  X cos.  76°.. 55'  + 30  X cos.  9° ..  41'+34 X cos. 
67* ..  14'. 

In  Logarithms. 

The  log.  of -24  is  1*3802112 
Log.  cos.  76°  ..55'  is  -1*3548150 


Log.  sum  *7350262  the  log.  of  —5*4328 


The  log.  of  30  is  1*4771213 
Log.  cos.  9° ..  41'  is  - 1 *9937679 


Log.  sum  *4708892  the  log.  of  29*572 


The  log.  of  34  is  1*5314789 
Log.  cos.  67°  ..  14'  is  - 1*5876876 


Log.  su?n  1*1191665  the  log.  of  13*157 


Sum = ad =37*2962 


Now  conceiving  a line  to  be  drawn  from  a to  c,  dividing  the 
trapezium  into  two  triangles,  the  double  area  will  be 

ab.  bc.  sin.  b.  + cd.  da.  sin.  d.=24  x30  X sin.  87° ..  42' 4* 34 
X 37*2962  X sin.  112°..  46'. 

In  Logarithms. 

The  log.  of  24  is  1-3S02112 

log.  of  30  is  1*4771213 

Log.  sin.  87° ..  42'  is  — 1*9996500 


Log.  sum  2*8569825  the  log.  of  719.42 
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The  log.  of  34  is  15314789 
log.  of  37-2962  is  1 57 1 6646 
Log.  sin.  1 12° ..  46'  is  -1-9647726 


Log.  sum  3-0679161  the  log.  of  1169-27 


Sum  of  the  nat.  numbers  1888-69 


Half  sum  and  Area  944-34 


Otherwise  without  a diagonal. 

The  double  area  is  ab,  bc.  sin.  b.+ab.  dc.  sin.  (b  +c)  + BC.  DC. 
sin.  c = 24x30 x sin.  87°. .42' +24x34 X sin.  170°  ..19'+ 
30  X 34  X sin.  82°..  37'. 

In  Logarithms. 

The  log.  of  24  is  1-3802112 

log.  of  30  is  1-4771213 

Log.  sin.  87°.. 42'  is  -1  9996500 


Log.  su?n  2 8569825  log.  of  719-42 


The  log.  of  24  is  1-3802112 
log.  of  34  is  1-5314789 
Log.  sin.  170°. .19'  is  -1-2258328 


Log.  sum  2-1375229  log.  of  137*253 


The  log.  of  30  is  1-4771213 

log.  of  34  is  L53147S9 

Log.  sin.  82°  ..37'  is  -1-9963841 


Log.  sum  3-0049843  log.  of  1011-54 


Sum  of  the  nat.  numbers  1S68-213 


Half  sum  and  Area  934- 106 


Or,  by  drawing  a diagonal  from  b to  d. 

Twice  the  area  will  be  bc.  cd.  sin.  c +DA.  ab.  sin.  a=(30x34) 
X sin.  82° ..  37'+ (37-2962  X 24)  X sin.  76° ..  55'. 
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Ia  Logarithms. 

The  log.  of  30  is  1 -477 121 3 

log.  of  34  is  1-5314789 

Log.  sin.  82°. .37'  is  -1  9963841 


Log.  sum  3 0049843  log.  of  1011*5 


The  log.  of  37-2962  is  1 -5716646 
log.  of  24  is  1-3802112 
Log.  sin.  76° ..  55'  is  - 1 -9885776 

D 


Log.  sum  2-9404534  log.  of  871-87 

o o 


Sum  of  the  nat.  numbers  1883-37 


Half  sum  and  Area  941  68* 


* The  result  by  these  methods  is  by  no  means  coincident,  and  proves  the  neces- 
sity of  ascertaining  the  sides  and  ungles  more  minutely  accurate  than  in  common 
cases  is  usual. 

Ex.  8.  Here  a=  89°..  14' 
b’=  68°..  1L 
c'  = 36°..  24' 
d'  = 19°..  57' 
a"=  25°..  18' 
b"=  69°. .24' 
c"=  94°..  6' 

(T=121°..  18' 

(a'~b')  = 21°..  3' 

(a'+a")=  114°..32' 

(5'+5")=1370..35' 

( b'-c')=  31°..  47' 

(c'+c")  = l 30°..  30' 

(c'-d')=  16°.. 27' 

(d'+d")z=Ul°..l5' 

Wherefore  it  is, 

-}-  log.  sin.  25°..  18' 

-}- log.  sin.  69°. .24' --1-9713035 

-{- log.  sin.  21°..  3' 1*5549868 

— log.  sin.  114°.. 32'  ar.  co.  0 0410923 

- log.  sin.  137°. .35'  ar.  co.  0-1710070 


B 


\D 


1 .camoi ' 


Log.  sum  - 1-3691813  log.  of  -23398 
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-f-  log.  sin.  69  ..24' 

-|-  log. sin.  94°..  6' 

+ log. sin.  31°.. 47' 

— log.  sin.  137°. .35'  ar.  co. 

— log. sin.  130°. .30'  ar.  co. 

Log.  sum 


-1-9713035 
- 1 -998387 1 
-1*7215704 
0 1710070 
0 1189545 


-1*9817225  log.  of  -95879 


-J-  log. sin.  94°..  6'  - - - - 

-f-  log.  sin.  121..  18' 

-f-  log. sin.  16°. .27' 

— log.  sin.  130°. .30'  ar.  co. 

— log:,  sin.  141°..  15'  ar.  co. 

Log.  sion 


-1*9988871 
— 1 931 691 1 
-1*4520603 
0 1189545 
0*2034788 


-1-7050718  log.  of  *50707 


+ log.  sin.  1 9° ..  57' 1 *5330090 

+ log.  sin.  121°..  18' 1-9316911 

- log.  sin.  141°..  15'  ar.  co.  0-2034788 


Log.  sum  - 1*6681789  log.  of  *46578 
Sum  of  the  nat.  numbers  2*16562 


Now  | pcfc 3220722,  its  log.  6*507 9533 
The  logarithm  of  2 16562  is  0-3355822 


Log.  sum  6-8435355  which  is  the  loga- 
rithm of  6974859*677  the  area  in  square  links,  which  di- 
vided by  100000,  the  number  of  square  links  in  an  acre, 
the  quotient  is  69-74859677  acres.  Ans. 
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the  three  remainders. 


Also  ,y/27  x 7 x i)  X 11  = 1 36-8  nearly.  Therefore  fhe  proposed 
triangular  field  contains  13-68  acres  nearly. 

Consequently  968  ac.  and  4 ac.  are  the  two  intended  divisions. 

Let  the  side  20,  be  ab  ; 18,  bc,  and  16,  ac.  Likewise  let  the 
4 acres  be  contiguous  to  ac;  and  let  d be  the  termination 
of  the  fence  in  the  side  ab.  Then 


Acres  Acres  Chains  Chains 

As  13  68  : 4 : : 20  : 5-848= ad  1 the  two  distances  of  the  di- 
Hence  14*152=BDj  viding  line. 


Again, 

on.  , eoo  ir,,'  400  -j- 256  — 324 

The  angle  a = 58  ..45  because  - 2x16x20 

= nat.  co.  sin.  58°  ..  45'.  And 


= -51875 


As  21-848  (ac+ad)  - --  --  --  --  Log.  ar.  co.  — 2-6605883 

: 11-848  (ac -ad) - Log.  L0736450 

::  Cot.  29°  ..22 ' ^ {half  the  contained  Z.z«)  - - Log.  10-2495716 


: Tang.  43°.  .56'  {half  the  diff.  of  the  Z_ZesADC,  acd)  Log.  9-9838049 

Whence  the  angle  adc=104°  ..  33'i.  But 

As  Sin.  104°  ..  33'a Log.  ar.  co.  - 10  0141730 

: Sin.  58°  ..45' ^ Log.  9-9319213 

::  16  chains  - --  --  --  --  --  Log.  1 -204 1200 


: 14*132  chains  = cd Log.  1T502143 

Therefore  the  length  of  the  dividing  line  is  14-132  chains,  and 
its  distance  from  the  angle  which  is  neither  most  nor  least 
acute,  5-848  chains. 


Ex.  2. 


5 + 12  -j-  13 

2 


15.  And 


( ^ = 
15-  { 12  = 

{13  = 


^ the  three  remainders  of  the  half 

, i and  sides. 


sum 


Also  v/15x  10x  3x  2 =30  the  area  of  the  triangle. 
Therefore  m =20,  and  n=  10  adjacent  to  the  longest  side,  ab. 
Now  let  the  side  12  bc  uc,  and  f the  point  in  it  to  be  de- 
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vi  , .20  .2  /c 

termined.  cf  = cb  — — = 12  sf  — = 12-/  -=4/6_ 

m-\-n  oU  o 

9-7979598. 


Again.  Let  the  other  extremity  of  the  dividing  line  be  c, 
and  it  will  be.  As  of  : fg  : : cb  : ab.  Hence 


9-7979588  x 13 
12_ 


10-61445536  = fg. 


f • 

Wherefore  the  length  of  the  dividing  line  is  10*61445536,  and 
the  distance  of  its  extremity  in  bc  from  the  longest  side  is 
2-2020412  ; and  of  its  other  extremity  Ty  (2-2020412),  or 

•91751716,  which  were  to  be  determined.* 


* This  and  the  last  example  admit,  each,  of  two  answers. 


Ex.  3.  Construct  a tri- 
angle having  its  three  sides 
respectively  equal  to  the 
three  given  lines,  namely, 
ab=24,  ac— 25,  and  bc=7. 

Bisect  ab  in  d,  and  join  cd, 
the  triangle  abc  is  bisected  by  cd  [Eucl.  i.  3S.]. 

Also  \/ ad  x ac  = <y/ 12  x 2 5 = sj 300=  1 7-3205081  = the  dis- 
tance of  the  required  line  (to  be  taken  in  ac  and  ab)  from  the 
point  a the  angular  point  of  the  acutest  angle  of  the  given 
triangle.  [EucL  i.  19.]  If  therefore  in  ac,  af  be  taken  equal 
^/3 00,  and  from  ab  there  be  cut  a part  ae  equal  to  af,  the 
straight  line  joining  the  points  e and  f will  be  the  shortest  line 
possible  that  can  divide  the  triangle  abc  into  two  equal  parts. 
(For  the  demonstration,  seepage  163,  vol.  iii.  of  the  Course.) 


To  ascertain  the  length  of  this  line,  ef,  the  angle  a = 16°.. 15' 
252  _j_  242  - 72 

because  — — r-: — — — — =-96=nat.co.  sin.  16°.. 15'  nearly.  There- 
2(24x25)  J 

fore  the  angle  aef=f  the  supplement  of  16° ..  15',  or  81°..  52'%. 


And 

As  Sin.  81° ..  52'a  - - - Log.  ar.  co.  — 10-0043S15 

: Sin.  16°..  15' - - - Log.  9-4468927 

::  17-3205081  = af Log.  1 -2385607 


: 4-89592 =ef Log.  -689S349 
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Consequently  the  position  and  length  of  the  proposed  shortest- 
possible  line  are  determined,  q.  e.  f. 


Ex.  4.  Construct  a tri-  A 

angle  abc  right-angled  at 
c,  and  having  the  side  ac 
= 6 and  the  side  bc  = 8, 
the  hypothenuse  ab  will 
necessarily  be  10;  which 
three  numbers  are  the  three 
sides  given.  But  the  area 

, . . , 8X6 

or  the  triangle  = — — — = 

° 2 

24=16(1-5).  Therefore  7 B 
X 15,  and  9x1-5  are  the 
two  divisions  proposed.  Let  m=the  former,  n=the  latter  ; and 
assume  in  bc  any  point  g through  which  a line  parallel  to  ac  shall 
give  the  trapezium  adgc  to  the  triangle  bdg,  as  m is  to  n.  bg= 

BC\/'^T7  [Cuse  2.  Prob.  1.  chap.  vii.  vol.  iii.]  = 8^/^.=^=  6. 
Consequently  gc=2.  Parallel,  therefore,  to  ac,  draw  dg,  so  that 
gc  may  be  equal  to  2,  the  line  dg  is  the  line  required.  For, 


As  10  : 8 : : sin.  90  : sin.  53°..  7' ..  48"^-  = the  angle  bac,  of 
which  the  half  is  26°..  33'  ..54'^  ; and  the  half  of  the  angle  acb 
is  45°. 


Now  let  af  and  cf  be  two  lines  bisecting  the  angles  a and  c, 
f is  the  center  of  the  inscribed  circle  to  the  triangle  abc.  But 


As  Sin.  108°. .26' ..5'-|  (=  Z.  afc)  Log. ar.co.—  10-0228788 

: Sin.  26° ..  33' ..  54  £ (=Zfac) Log.  9-6505149 

: : 6 (=side  ac)  - --  --  --  --  --  - Log.  0-7781513 


: 2-8284271  =.s/S=.v/2':!+22=fc Log.  0-4515450 

That  is,  the  point  f is  in  the  line  gd,  which  was  to  be  proved. 
Hence  the  length  of  the  dividing  line  is  4-*. 


It  is  evident  that  a line  drawn  through  the  point  e parallel  to  bc 
tv  on  Id  not  divide  the  triangle  abc  in  the  ratio  required,  but  the  posi- 
tion of  a line  parallel  to  bc  to  effect  this  is  determinable  bp  Case  2. 
Prob.  i.  See  lm  in  the  following  diagram. 
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Otherwise. 

B 


Construct  the  given  triangle  right-angled  at  b and  parallel  to 
ab  the  side  which  is  greater  than  bc  draw  m l dividing  the  given 
triangle  in  the  ratio  of  m to  n the  triangle  ml c being  represented 
by  m{=. 9)and  the  trapezium  ab Im  by  n(= 7.)  [Case  2.  Theor.  1. 
Chap.  vii.  vol.  iii.]. 

Bisect  Ic  in  r and  complete  tbe  rhomboid  rsm  c.  Find  the 
center  p of  the  inscribed  circle  to  abc,  [ Eucl . iv.  4.]  and  draw  ve 
parallel  to  bc.  Make  c a equal  to  ce,  and  take  erf  to  cm  as  cr  to 
ca;  also  complete  the  rhomboid  c ahd,  which  will  be  equal  to  the 
former  rhomboid,  and  of  which  the  side  ab  will  pass  through  p. 
[Eucl.  vi.  23.]  Upon  de  as  a diameter  describe  the  semi-circle 
dfe,  and  apply  in  it  ef  equal  to  ec  equal  to  ca.  Join  df,  and 
make  rf m equal  to  df;  lastly  through  the  points  p and  m draw 
ml;  ml  divides  the  triangle  abc  in  the  proposed  ratio;  and 
might  also  be  proved  to  be  the  least  possible  line  that  can  par- 
tition the  given  triangle  in  that  ratio.  ( For  demonstration  see 
page  162,  vol.  iii.) 

» v 

Ex.  5.  As  31  (sum  of  the  given  sides)  - - Log.  ar.  co.  — 2,5086383 
: 3 {difference  of  the  given  sides)  - - Log.  ‘4771213 
::  Cot.  35°  {half  the  contained  Zrfe)  - - Log.  10-1547732 

: Tang.  7°. .52'  ..8" Log.  9-1405328 

Consequently  the  two  angles  at  the  base  of  the  triangle  are, 
47°..  7'..  52"  and  62° ..  52' ..  8". 
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Again.  As  Sin.  62° ..  52' ..  8"  - - Log.  ar.  co.  — 10  0506269 

: Sin.  70° - - - - Log.  9-9729853 

: : 17  [sidesubt.  62°..  52' ..  8")  Log.  1-2304489 

: 17-95  base  and  longest  side  of  the  A.  Log.  1-2540616 

Constructing,  then,  a triangle 
of  which  the  three  sides  are  re- 
spectively equal  to  14,  17,  and 
17-95,  (which  let  be  abc,)  it  is 
required  to  divide  it  into  three 
equal  parts  by  lines  parallel  to 
ac.  Assume  d and  e in  ab,  as 
the  extremities  of  the  lines 
sought.  A / AC 

BD=BA,/f=14,v/j.=  vV3=  8 0829037  7 
BE=BAv/f=14y/f=^V6  = ll-4309519  ) 

Take,  therefore,  bd=  8-0S29037,  and 

be  =11 -43095 19,  and  parallel  to  ac  draw  df 
and  eg.  It  will  be, 

As  ba  : ac  : : be  : eg,  and 
As  ba  : ac  : : bd  : df,  that  is, 

As  14  : 17-95  : : 11-4309519  : 14-6561133=eg  7 . 

As  14  : 17-95  : : 8 0829037  : 10-3634374  = df  j Ans’ 

Ex.  6.  Suppose  56°  one  of  the  angles  of  the  triangle,  then 
66°  ..  3'  is  the  3d  angle.  Also  suppose  58°  to  be  one  of  the 
angles,  in  which  case  the  3d  angle  is  64° ..  3'.  It  will  be. 


As  Sin.  57°  ..  57'  - - Log.  ar.  co.  —10  0718166 

: Sin.  56° Log.  9-9185742 

::  112-65 Log.  2 0517312 


: 110-19 Log.  2 0421220 

And 

As  Sin.  57° ..  57'  - - Log.  ar.  co.  —10  0718166 

: Sin.  66° ..  3' Log.  9-9608987 

: : 112-65 Log.  2 0517312 


: 121*46  - --  --  --  --  Log.  2-0S44465 


Now  121-46—  1 10*19=1 1*27,  but  should  be  8.  Again, 
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As  Sin.  57° ..  57'  - - Log.  ar.  co.  —10-0718166 
: Sin.  58°  - --  --  --  --  Log.  9-9284205 
::  112-65 Log.  20517312 


: 112-71 Log.  2 0519683 

And 

As  Sin.  57°.. 57'  - - Log.  ar.  co.  -10  0718166 

: Sin.  64°..  3' Log.  9-9538448 

: : 112-65 Log.  2 0517312 


: 119-51 Log.  2-0773926 


And  119  51  — 1 12-71  =6-8,  but  should  be  8. 

In  the  first  instance  the  error  is  3-27  too  much,  in  the  2d  it  is 
1*2  too  little.  The  sum  of  the  errors  is  4-47.  But, 


As  4-47  : 2°  : : 1-2  : 0°.. 32  -22  the  excess  of  58°,  Therefore 
the  three  angles  are  57° ..  57',  57°  ..28',  and  64°..  35'.  Hence  the 
three  sides  of  the  triangle  are  112  65,  112-05,  and  120  05, 
nearly. 


Construct,  then,  a triangle,  as 
abc,  having  its  three  sides  equal 
to  those  three  numbers,  and  let  p 
be  the  determinate  point  within 
the  triangle. 

Then  because  three  equal  divi- 
sions are  proposed,  make  ad 
equal  to  one  third  of  ac,  and  draw 
de  parallel  to  ab.  Likewise  make 
bf  equal  to  one  third  of  ba,  and 

parallel  to  bc  draw  fg,  the  point  4 tkk — 

of  intersection  p of  these  paral-  ^ 

lels  is  the  determinate  point.  To  this  point,  therefore,  from  the 
three  angles  let  cp,  ap  and  bp  be  drawn  ; these  will  be  the  lines 
required.  ( For  deinonstration  see  page  167,  vol.  iii.) 

Remark.  Had  ab  been  bisected,  a line  from  c to  the  point  of 
bisection  would  have  passed  through  p,  and  a line  from  a or  b to 
the  middle  of  the  opposite  side,  by  intersecting  the  line  from  c, 
would  have  determined  p.  It  is  therefore  evident  that  pe  is  equal 
to  pd,  and  each  equal  to  of  ab,  that  is,  equal  one  third  of 
112-65=37-55.  Consequently  co  = f (120-05)  = 80-03,  and  ce 
= -j- ( 112-05)  = 74-7.  Likewise  the  angle  cde  (=  Acab)  = 
57  ..28',  and  the  angle  ced  (=  Z.cba)=64°  ..35'.  ‘ Moreover  ep 
=37’55,  eb=37-35,  and  the  angle  BEP=the  supplement  of  the 


C 
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angle  abc  = 115°  ..25'.  Also  ad  = 40  015  and  the  angle  adp= 
122°..  32'  the  supplement  of  57°  ..  28'  the  angle  bac  or  edc. 
Here,  then,  are  three  separate  triangles,  in  each  of  which  are 
given  two  sides  and  the  included  angle  to  find  the  third  side. 
Hence  cp  = 67  693,  bp  = 63-065,  and  ap  = 68-021.  Which  were 
to  he  determined. 


Ex.  7.  ^/282  + 452= 

^2809=  53  = the  hypo- 
thenuse.  Construct,  there- 
fore, a triangle  of  which 
the  three  sides  are  28,  45, 
and  53,  which  let  be  def. 

Bisect  df  in  g,  de  in  h,  I F 

and  ef  in  t.  Join  gh,  ge,  G 

gi,  the  lines  gh,  ge,  and  gt,  are  the  lines  required.  For  c.  is  the 
middle  of  the  hypothenuse,  and  the  four  triangles  are  evidently 
equal.  [ Eucl . i.  37.]  It  is  likewise  manifest  that  gi  is  parallel  to 
de,  and  that  gh  is  parallel  to  ef.  Consequently  gh  = 14,  and 
ci=22-i.  Lastly,  ge  = ^/ gh2-]-gi2  = y/142-|-22-52  = ^702-25 
=26-5.  Wherefore  14,  26-5,  and  22  5 arc  the  three  lines  re- 


quired. 


Universally. 


Bisect  df  in  g,  dg  in  l, 
and  gf  in  k.  Draw  eg  ; 
and  parallel  to  eg,  through 
the  points  k and  l,  draw 
ki  and  lh.  Join  gi  and 
gh,  then  dhg,  hge,  egi 
and  igf,  are  the  four  tri- 
angles required,  and  in  all 
respects  as  before. 


F 


(Page  173.) 


Construct  the  given  rectangle,  abcd,  and  let  p be  the  point  in 
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the  longest  side  ^ of  ab  from  a.  Join  pc  and  pd,  and  through 
the  point  b draw  bf  parallel  to  pc,  and  through  the  point  a draw 
ae  parallel  to  pd  : also  produce  cd  both  ways  to  e and  f.  Take 
eg  equal  to  one  fifth  part  of  ef,  and  connect  pg  ; gp  is  the  line 
required.  (See  Demonstration,  page  168,  vol.  iii.)  Because  ef  is 
double  of  dc,  eg  = 6,  and  gd=2.  Through  p,  therefore,  draw 
p r parallel  to  ad  or  to  bc,  re— 2.  Consequently  pg  = /y/pp-prG^ 
=^9*+22 -^85 .-9-2195445.  a.  e.  i. 

Ex.  9.  B C 

Let  abcdef  be 
the  given  hexagon,  I 

and  o the  center 
of  the  circumscrib- 
ing circle.  Draw 
any  two  lines  as 
gh,  ik,  to  represent 
the  lines  sought ; A 
also  join  of,  oe,  od, 
and  oa.  It  is  evi- 
dent (since  by  the 
hypothesis  og  and 
ok  are  equal)  that, 
fg  and  ek  must  be  G 

equal. 

If,  therefore,  a 

be  substituted  for  af=fe=ed  = 12  by  the  question,  x for  fg  = ek, 
and  am  for  the  area  of  the  equilateral  triangle  foe,  the  area  of 
the  triangle  gof  will  be  truly  expressed  by  xm,  and  the  area  of 
the  triangle  aog  by  («-*)  m.  [Eucl.  B.  vi.  Prop.  1.] 

But  the  two  triangles  gof,  koe  are  in  all  respects  equal,  and 
the  triangles  aog,  hod,  dok,  are  likewise  equal  and  similar  ; 
consequently  the  whole  area  gokef  .=  am-\-2xm,  and  the  whole 
area  koud  = 2(a  — x)m=2am  — 2vm.  Now  by  the  question  these 
two  whole  areas  are  equal ; wherefore  am  -f-  2 xm  = 2am  — 2xm, 
that  is,  a-\-2x=2a  — 2x.  Hence  x — i-a  = 3,  and  the  angle  gof 
= 13  ..  53' ..  52"-8.  • * 

Also  by  analogy. 

As  Sin.  13°..53'..52"-8(z.gof)  Log.ar.co.  -10-6194376 

: Sin.  60°  (/Lofg) Log.  9-9375306 

: : 3,  (side  fg) Log.  0-4771213 

: 10-81656  (side  og) Log.  1-0340895 
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But  2 X 10  81 656  = 21  -63312  = gh  = ik,  which  being  the  only 
equal  lines  that  can  possibly  divide  the  hexagon  into  four  equal 
parts,  are  necessarily  the  shortest  possible,  q.  e.  i. 

% 

Ex.  10.  Let  adc  be  the  pro- 
posed triangle,  ab=5,  ac=6, 
and  bc=7. 

Draw  mn  at  right  apgles  to 
bc,  and  dividing  the  triangle 
abc  into  two  equal  parts,  by 
Problem  i.  Case  3;  page  161, 
vol.  iii. ; and  draw  og  parallel 
to  bc,  dividing  the  triangle  abc 
into  two  equal  parts,  by  Prob.  i. 
as  above,  Case  2.  So  shall  m n,  A 
og  be  the  two  lines  required. 

The  demonstration  is  obvious. 

***  This  example  admits  of  three  answers,  since  it  is  immaterial 
whether  mn  be  drawn  at  right  angles  to  bc,  to  ab,  or  to  ac. 
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Ex.  4.  Because  the  1st  term  of  an  equation  is  the  unknown 
quantity  raised  to  the  power  denoted  by  the  number  of 
roots,  the  Is*  term  of  the  equation  to  be  produced  must 

be  x1. 

And  because  the  2nd  term  will  contain  the  unknown  quantity 
raised  to  a power  less  than  the  former  by  unity,  with  a co- 
efficient equal  to  the  sum  of  the  roots  taken  with  contrary 
signs,  it  follows  that  ( — i — -|.)x=  — 44'r  *s  ^ie  second  term 
of  the  equation  sought.  Also,  because  the  unknown  quan- 
tity raised  to  a power  less  by  2 than  that  of  the  1st  term, 
with  a co-efficient  equal  to  the  sum  of  all  the  products  that 
can  arise  by  multiplying  all  the  roots  of  the  equation  two 
and  two,  will  constitute  the  third  term  of  the  equation, 
(|  X-|-)=44— 4 must  be  the  third  and  lust  term  of  the  equa- 
tion required. 

Therefore  x2  — 44*  + ■§•  = 0.  Ans. 
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Ex.  5.  It  is  evident  by  the  last  example  that  the  leading  term 
will  be  x3. 

Now  the  sum  of  2,  5,  and  -3  taken  with  contrary  signs  is  - 4 ; 
consequently  the  2nd  term  must  be  — 4x2. 

Likewise  the  sum  of  (2  X 5),  (2  X —3),  and  (5  X —3)  is  10  — 6 — 
15  = — 11  j therefore  — 1 lx  is  the  Svd  term  of  the  equation. 

And  since  the  4th  term  will  consist  of  the  unknown  quantity 
raised  to  a power  less  by  3 than  that  of  the  1st  term,  with  a 
co-efficient  equal  to  the  sum  of  all  the  possible  trinary  pro- 
ducts of  the  roots  taken  with  contrary  signs,  it  follows  that 
( — 2 X — 5 X -j-3)x°  = 30  is  the  4th  and  last  term  of  the 
equation  proposed. 

Hence,  when  connected,  x3  — 4x2  — 1 lx-f-30=0.  Ans. 

Ex.  6.  It  is  manifest  by  examples  4th  and  5th,  [ and  Theor.  i. 
page  176]  that  the  powers  of  the  unknown  quantity  in  the 
several  terms  will  be  X • • • • w E • • • • JC  2 ....  x1  . . . . x°,  and 
that  the  sign  and  co-efficient  of  the  leading  term  will 
be  +1. 

Now  for  the  co-efficient  of  the  second  term  (equal  to  the  sum  of 
all  the  roots  taken  with  contrary  signs ) it  will  be,  — 1 —4  + 5 
— 6=  — 6 the  co-efficient  of  the  2nd  term. 

And  for  the  co-efficient  of  the  3d  term,  ( equal  to  the  sum  of  all 
the  binaiy  products  of  the  roots,)  it  will  be 

(1  x 4)+(l  x - 5)+(l  X 6)+  (4  x - 5)  + (4  X 6)  + ( - 5 X 6)  = 

4 — 5-j-6  — 20+24—30=:  — 21  the  co-efficient  of  the  3d  term. 

Next  for  the  co-efficient  of  the  4th  term  ( equal  to  the  sum  of 
all  the  trinary  products  of  the  roots  taken  with  contrary  signs) 
it  will  be  (-1  X-4X+5)  -f  (— 1 X -4x  -6)+(-l  x + 

5 X — 6)+(  — 4 x + 5 X —6)  =20  — 24  +30  -j-  120  = + 146 
the  co-efficient  of  the  4 tli  term. 

Lastly,  since  the  co-efficient  of  the  5th  term  will  be  the  conti- 
nued product  of  all  the  roots  taken  with  contrary  signs,  it 
will  evidently  be,  — lx  — 4x  -j-5x  - 6=  — 120  the  co-effi- 
cient of  that  term. 

Hence  by  uniting  the  co-efficients  with  the  powers  of  the  un- 
known quantity,  and  connecting  the  terms,  there  arises 
x4  — 6x3  — 21x2-|-146x  — 120=0  the  equation  required. 

Ex.  7.  Here  p = 347,  q = 22110  and  the  equation  agrees  with 
the  Is/  Form. 

2 

Now  taking  the  tang.  a=  -\/q,  the  two  roots  of  the  proposed 
equation  are  x = + tang.  % a */q,  and  x=  ~ cot.  a *f  q. 
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In  Logarithms. 

£log.  of22H0  is  2*1722943=logV?. 

log.  of  2 is  0-3010300 

Arith.  com.  log.  347 is  -3  4596705 


The  sum  of  these  3 logarithms  is  — l-9329948=log.  tang. 
40°  ..  35  ..  50//,94  to  radius  1. 

Hence 

4a=20°..  17'..55"-47,  of  which  the  log.  tang,  is  — 1-56S06S2 
Also  log.  \/  <j  (as  already  found)  - - - - is  2-1722943 


The  log.  sum  - - - is  1 7403625  the 
logarithm  of  55  one  of  the  values  of  x as  a root  of  the 
equation. 

Again, 

Log.  cot.  20°  ..  17' ..  55"-47  is  0 4319318 
Log.  q - --  --  --  --  is  2-1722943 


The  log.  sum  - - - is  2-6042261  the  log.  of 
402,  therefore  —402  is  the  value  of  x in  the  other  root  of  the 
given  equation.  Consequently  55  or  —402.  Ans. 

Ex.  8.  Here  p=\ q—~ and  the  equation  agrees  with  the 
2nd  Form.  Wherefore 
2 

If  tang,  a = - a/ q,  the  two  values  of  x in  the  roots  of  the  given 
P 

equation,  are  — tang.  | a */ q,  and  -j-  cot.  \ a q. 

In  Logarithms. 

Log.  of  325  - - - is  2-5118834 
Log.  of  6 - - - is  0-7751513 


\ the  log.  diff.  - - is  0 8668660  the  log.  q. 
Log.  of  24  - - - is  1-3502112 
Ar.  co.  log.  of  55  is  — 2 2596373 


Thl™m  °f  tke  3 lafg  | 0-5067145  the  log.  tang.  72°..42'..17"=a. 

Or  \ A=36°..21'..8"i  of  which  the  log.  tang,  is  — 1-8668660 
But  the  log.  */q  (already  found)  - - - - is  -8668660 

The  sum  of  these  two  logarithms  is  0*7337320  the 
logarithm  of  5*416666 

Therefore  — 41  in  one  of  the  roots  of  the  equation. 
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Again, 

Log.  cot.  36° ..  21' ..  8%  (*  a)  - is  0 1931340 
Also  log.  ^/q  (as  above)  - - - is  0-8668660 

The  log.  sum  - --  --  --  -is  1 -0000000 =log.  of  10. 

Consequently  10,  and  — are  the  two  values  of  x in  the 
proposed  equation,  q.  e.  i. 

Ex.  9.  In  this  example  q=6-^ , and  the  equation  is  of 

the  4 tli  Form.  Hence, 

2 - 

If  sin.  a — — y ' q—^-g^  i/q,  a:  in  one  root  is  equal  to  tang.  \ a 
P 

\/ q,  and  in  the  other  root  equal  to  the  cot.  £a  */q. 

In  Logarithms. 

Log.  of  695  - - is  2 8419848 

Log.  of  25  - - is  1-3979400 


4 the  log.  dtff.  - is  0-7220224  = log.  y'  q . 
Log.  of  50-  - - is  L6989700 
Ar.  co.  log.  264  is  —3  5783961 


Swn  of  the  3 last  logs,  is  — 1-9993885  = log.  sin.  860..57'..36"=a. 

Wherefore 

4- a =43°. .28'. .48",  of  which  the  log.  tang,  is  —1-9769470 
But  log.  sf  a (already  found) is  0-7220224 


The  log.  sum  is  0 6989694  = the 
log.  of  5=x  in  one  of  the  roots  of  the  equation. 

Again, 

Log.  cot.  of  43° ..  28' ..  48"  is  0 0230530 
And  log.  ^q  (as  above)  0-7220224 

The  log.  sum  is  0-7450754  the  log.  of  5-56 
= W*  Therefore  5 and  5-56  are  the  two  values  of  x in 
the  given  equation,  q.  e.  i. 

Ex.  10.  The  proposed  equation  is  of  the  4 th  Form,  wherein  v— 
24113,  and  <7=481860.  r 

2 

Taking,  therefore,  sin.  a = - q the  two  values  of  x are  the 
tangent  and  cotangent  of  a */q. 
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In  Logarithms. 

\ log.  481860  = 2*84 14604= log.  \/q  ' 

Log.  of  2 = 2-3010300 

Ar.  co.  log.  241 13  = —5-6177488 


The  log.  sum  = — 2-7602392  the  log.  sin.  36..  18'..  2"..24'"=  a. 


• 2-4595690 


Consequently  a a = 1°  ..  39'..  1"..  12"  of) 
which  the  log.  tang,  is  -----  j 

The  log.  q (already  found)  is  2-8414604 


logarithm  of  20. 


The  log.  sum  is  1-3010294  the 


Again, 

Log.  cot.  of  1° ..  39' ..  1"  ..  12'"  is  + 1-5404310 
And  log.  q (as  above)  is  2 8414604 


24093. 


quired. 


The  log.  sum  is  4 38 189 1 4 the  log.  of 
Wherefore  20  and  24093  are  the  two  values  re- 


Ex.  11.  Herep=3,  q = 1,  and  the  equation  agrees  with  the  2 nd 
Form  for  Cubic  equations  ; consequently. 


If  sin.  b = zt-2\/-jP>  tang.  a=^/  tan.  £b. 

<5q 

Then  r = ^ co.  sec.  2a  X 2\/ \p. 


But  — X 2v/4 p = t X 2a/ 1=2=  sin.  b and  evidently  greater 

q 1 

1 p 

than  Unity:  wherefore  taking  co.  sec.  of  3a  = — x %\/\p 
=2=co.  sec.  30°,  it  will  be,  a=10°.  And 

jr=±sin.  Ax2v/|;;  =±sin.  10°x2. 

ar  = ±sin.  (60°  — A)2y'4P=i  sin.  (60  ±10°)  X 2=±2x  ^ ,-qo  ^ 

And 

f 70°  7 

x=±sin.  (60 A) 2 y'4p=±  sin. (60  ±10  ) X2  = ±2  X ^q0  j 


Again,  [77ieor.2.  page  178.  vol.  iii.}  it  is  evident  by  the 
variation  and  permanency  of  the  signs  of  the  proposed 
equation  that  one  of  the  roots,  only , is  positive  and  two 
negative,  and  that  the  double  sine  of  70°  is  the  positive 
root.  Consequently 
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ar= 


(4-1-8793852=  sin.  70°  1 
) - 1 53208S8  = - sin.  50°  > 
(-  -3472964  = - sin.  10°) 


to  Radius  2. 


i p 

Ex.  12.  Here/>=1,  and  ry =6;  wherefore  i-L  and  2 ViP  = 

^^=4^/3.  Hence  ^ X 2v/|y5=1£r7y'3. 

In  Logarithms. 

* log.  of  3=  0 2385606 

log.  of  1=  0-0 

Ar.  co.  log.  of  27=  — 2-5686362 


f 3°  40'  41"  1 

The  log.sum=—  2S07196S  the  log.  sin. -J  I760”i9/’'i9'/  t =1 

n t C 1°..  50'  ..20"!  \ 

ur,  ^b— ^ 9'<>39"|| 

But  log.  tang.  A=log.  IJ  tang.  88°..  9'..39"-|  = 0 4977964  the 
log.  tang,  of  72°.. 22'.. 4",  which  doubled=2A=144°..44'..8". 

And  co.  sec.  144° ..  44' ..  8"  = co.  sec.  35°  ..  15' ..  52"  = sec. 
54° ..  44' ..  8". 

Hence  (co.  sec.  2a  X 2y^ ±p=)x= 

(co.  sec.  144°  ..  44'  ..  8") 

V3x  4 co.  sec.  35°  ..  15'  ..  52"  V Ans.* 

(sec.  54°..  44'..  8") 

* In  this  Example  the  Answer  given  in  the  Course  differs  12  seconds 
from  the  Answer  in  the  Key. 


Ex.  13.  Given  25xs  4~  75x— 46=0  : that  is,  divided  by  25, 

x3  4-3*  — — — 0. 

25 

46 

Here  p = 3,  q = — , and  the  equation  is  of  the  Is#  Cubm 
Form.  Wherefore 

Tang.  b.  = — x 2\/jp  = — X 2 = — 
q v 46  46  ‘ 

In  Logarithms. 

Log.  of  50  is  1-6989700 

Ar.  co.  log.  46  is  -2-3372422 


The  log.  sum  is  0-0362122  = log.  tan.  5. 
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That  is,  b = 


47° ..  23' 
132° ..  36' 


9"f,  or  I 
50'j.  $ 


Taking  the  latter  value, 

.|b=66c>..18'..25",3  of  which  the  log.  tang,  is  03576517 

But  log.  tang.  A=log.  y tang,  = OT  192172  the 
log.  tang,  of  52°  ..46'..  1"|.  nearly.  Consequently 

2a  = 105°  ..  32' ..  3"4  nearly,  or  (the  supplement  of  that  arc=) 
74°  ..27' ..56  "4. 

Hence  x(=cot.  2a  X2y/|i5)=2  cot.  | ^ j Ans* 


* Differing  8*5  seconds  from  the  Answer  given  with  the  Question. 


Ex.  14.  Because  x4  — 8x3  — 12x2-f-S4x  — 63=0,  it  follows  that 
x4  — Sx3=  1 2x2-84x-|- 68.  Hence,  by  adding  1 6x2  to  both 
sides  of  the  equation, 

c4  — 8x3-f-16x2=28x2  — 84x-f-63=7(4x2  — 12x-{-9),  Or 

(x2  — 4x)2  = 7(2x  — 3)2  ; that  is,  x2  — 4x  = ±\/7  x(2.r  — 3). 
Consequently  x2  — (4  ± 2y/7)x  = ^3^/7  a quadratic  equa- 
tion; which  solved  gives  x = 2 -f-y/ 7 ±y\ 1 -f-  \/7.  Ans. 

Ex.  15.  If  54Sx2  be  added  to  both  sides  of  the  given  equation, 
it  becomes, 

x4+36x3+148x2  — 3168x+ 7744  = 548x2. 

And  extracting  the  square  root  on  both  sides, 
x2  + lSx—  88  = i x-y/548.  That  is, 

.t2+(18^F-v/54:8)x=88 ; and  solving  this  quadratic  equa- 
tion, x=12,46766  very  nearly.  Ans.* 

'*  We  cannot  help  remarking  the  great  disparity  betiveen  our  Answer  and  that 
»f  Dr.  Hutton,  in  the  present  Example. 

Ex.  16.  Here,  as  in  Ex.15,  the  co-efficient  of  the  4th  term  divided 
by  that  of  the  second  gives  the  square  root  of  the  last  term 
for  the  quotient ; therefore,  adding  256x2  to  both  sides  of 
the  biquadratic,  there  arises 

x4-f-24x3-f- 1 42x2  — 24x-j- 1 =256x2. 

And  by  extracting  the  square  root  on  both  sides, 
x2-f-12x—  1 ==  i 16x.  Hence 
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say 


**+{-[-28}  X-1' 
x 2+^/5  7 


Wherefore 


Ans. 


Ex.  17.  Adapting  the  given  equation  to  Euler’s  Rule,  it  will  be 
x4  — Ox2— 12x  — 5=0.  Hence  the  roots  are  l±\/2  and 

-\±2x/=T 

Ex.  18.  Adding  x2  to  both  sides  of  the  given  equation,  there 
arises  x4—  12x3-|-48x2  — 72x-f-36  = x2,  two  perfect  squares. 
And,  by  extraction  of  tlie  square  root,  x2  — 6x-{-6  = x,  or  x2  — 
7x  = — 6. 

But  the  two  roots  of  this  quadratic  ( and  consequently  two  roots 
of  the  biquadratic  j are  3 5 i 2‘5,  that  is,  6 and  1. 

Now  the  other  two  roots  of  the  proposed  equation  admit  of 
being  found  in  a variety  of  ways  ; for  it  is  evident,  by  the 
alternation  of  the  signs,  that  they  are  positive,  and  by  the 
co-efficient  (— 12)  of  the  second  term,  that  their  sum  is  6. 

Let  them  be  found,  however,  in  the  following  manner  : 

Divide  the  given  equation  by  x — 6,  and  it  is  depressed  to  the 
cubic  equation  x3  — 6x2-f-l lx  — 6=0. 

In  like  manner  divide  the  given  equation  by  x— l,  and  it  is 
depressed  to  the  cubic  equation  x3—  1 lx2-j-36x  — 36=0. 

Putting  these  two  cubic  equations  equal,  and  reducing,  the 
result  is  x2  — 5x=  — 6. 

Now  the  two  roots  of  this  quadratic,  ( and  consequently  the  other 
two  roots  of  the  biquadratic) , are  25  4; '5,  that  is,  3 and  2. 

By  which  it  is  plain,  that  the  four  roots  required  are  1,  2,  3, 
and  6.  q.  e.  i. 


Ex.  19.  If  the  given  equation  be  divided  x-fa,  it  will  be  de- 
pressed to  x4  — 6ax3  — 74a2 x2  6a3x  -f-  a4  =0,  a biquadratic 
equation.  Whence  it  follows  that  — a is  one  of  the  roots  of 
the  sursolid  equation. 

Let  81a2  be  now  added  to  both  sides  of  the  new  equation,  and 
there  will  arise  x*  — 6 ax3  -f  7a2x2  -f  6a3x  -|-  a4  = 81a2,  two 
perfect  squares  ; and  by  extraction  of  the  square  root,  x2  — 
3ax  — a2  = 9a,  or  x2  — 3ax=a2-j-9a. 

But  the  two  roots  of  this  quadratic  ( and  consequently  two  roots 
of  the  biquadratic,  and  also  of  the  proposed  equation,)  are 

ia  V V"2  + 9a,  and  \a—  U-3a2-j-9a,  by  which  the  re- 

maining two  roots  are  known.  Or  the  biquadratic  may  be 
transformed  into  an  equation  that  shall  want  the  2nd  term, 
(and  to  which  Euler’s  rule  will  be  applicable),  by  assuming 

3 B 
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and  substituting  z—vi  (that  is,  z + \a)  for  x.  Or, 
by  the  rule  for  the  solution  of  biquadratic  equations,  page 
183,  vol.  iii.  of  the  Course,  the  biquadratic  above  found 
being  of  the  form  x4-\-'2px3=qxi  -{-rx  +5,  where  p=  — 3a, 
g=74a‘2,  r—  — 6a3,  and  s — — a4,  the  four  roots  are  obtained 
from  two  quadratic  equations.  These  roots,  by  whatever 
method  determined,  are  surd  quantities,  more  or  less  com- 
plicated, and  in  the  simplest  form  are  — 3a -j- ay/ 10,  —3a 
— ay/ 10,  6a-fay/S7 , and  6a  — ay/ 37. 


EQUATIONS  TO  CURVES. 

(Page  205.) 

Ex.  2.  If  in  the  right  line  bc  ^ 
there  be  taken  a point  a,  and  if  the 
points  b,  c,  d,  c,  f,  g,  be  assumed 
such  that  ab,  ac,  ad,  ae,  af,  and  ag, 
be  in  arithmetical  progression,  then 
if  ah,  bi,ck,  dl,  &c.  be  in  geome- 
trical progression,  and  perpendicular 
ordinates  at  those  points,  the  curve 
d on  m l k i h e passing  through  the 
extremities  of  the  ordinates,  is  the  j 
logarithmic  curve,  bc  an  asymptote 
to  the  curve,  and  ab  (being  parallel  to,  and  greater  by  the  least 
ass'gnable  magnitude  than,  the  greatest  ordinate,)  is  the  other 
asymptote.*  Because  the  abscisscae  de,  df,  and  dg,  are  in  arith- 
metical progression,  and  their  ordinates  em,  fn,  and  go,  in 
geometrical  progression,  it  follows  that,  when  dl—  1,  and  ew 
■=«,  then  fn  — a2,  go  = a/,  & c. 

Wherefore,  if  x represent  any  part  whatever  of  the  arithme- 
tical series  ascending,  measured  from  d,  the  corresponding 
ordinate  is  a*;  that  is,  yt=i&x,  a being  the  nutnbcr  of  which 
the  logarithm  is  1 in  the  system  of  logarithms  represented  by  the 
curve. 

* For  the  square  of  any  term  of  a geometrical  series  is  equal  to  the  rect- 
angle of  any  two  terms  equidistant  from  it;  consequently  the  square  of 
d I is  equal  to  ogxah:  hut  og  increases  as  uli  decreases;  yet,  it  is  plain, 
a li  can  never  he  equal  to  0,  nor  o g infinite.  Therefore  bc  continually  ap- 
proaclms  the  curve,  and  when  og  is  inconceivably  near  infinite  by  ah  being 
inconceivably  near  nothing,  the  distance  of  og  from  ab  is  less  than  the 
least  assignable  magnitude,  and  ab  is  an  asymptote  to  the  curve. 
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Ex.  3.  Let  the  curve  be  mb, 
and  the  generating  semicircle  adb  ; 
also  let  ap  be  any  absciss  whatever, 
end  pm  the  corresponding  ordi- 
nate; then  by  the  properties  of 
the  curve.  As  ap  : pd  : : ab  : pm. 

But  the  angle  adb  is  a right 
angle,  [Eucl.  iii.  31.]  and  it  is 
As  ap  : pd  : : pd  : pb.  [ Eucl . vi.  8.] 

If,  therefore,  d be  put  for  ab, 
the  value  of  pd  is  y'dx  — x'2,  and 

As  a: : \/dx  — x2  : : d :y.  That  is 


xy  — d \/  dx  — x1,  and  y — 

d a/ dx  — x2  , idx  — : 

= ay  


= <v 


x 


a.  e.  i. 


X 
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Ex.  4.  First  let  n be  some  odd 
number,  and  x positive,  so  shall  y = 
an+l 


Next  let  n be  some  odd  number 

a"+I 

and  x negative,  so  shall  y = 

xn  * 

By  which  it  is  evident  that  the  loci 
of  the  curve  will  be  in  the  vertical 


angles  abc,  a be,  which  situation  corresponds  to  the  common  hy- 
perbola, ac,  and  a c being  asymptotes  to  the  curve. 


Again  let  n be  any  even  num- 
ber whatever  ; it  is  plain,  since 
xn  must  be  positive,  that  y must 
also  be  positive  ; and  in  this  case 
the  curve  will  fall  in  the  adja- 
cent angles  abc  and  abd,  having 
ab,  ec,  and  ab,  bd  for  asymp- 
totes. 
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Whereby  the  principal  properties  of  the  curve  are  apparent. 

Q.  E.  D. 


Ex.  5.  Here  y — 


be  -f-  bx 


, by  which  it  appears  that  the  ordi- 


a + c -J-  x 

nate  can  meet  the  curve  in  one  point  only,  there  being  a 
single  corresponding  value  of  y for  each  value  of  x.  Now 

when  x — 0,  y = — q— , consequently  the  curve  does  not 

pass  through  the  point  from  which  the  values  of  x are 
measured. 


Again  it  is  manifest,  that  the  quantity  rt-f-c-j-x  is  greater  than 
the  quantity  c-f-x,  therefore,  although  y must  increase  when 
x increases,  yet  y can  never  be  equal  to  b,  except  when  x 
becomes  infinite ; in  which  case  since  a and  c (finite  quanti- 
ties,) bear  no  comparison  with  x (an  infinite  quantity,)  y 

x 

may  be  truly  expressed  by  b X -,  that  is,  by  b.  The  a- 
symptote,  therefore,  will  touch  the  curve  at  an  infinite  dis- 


tance. But  if  x be  supposed  negative,  then  y—b  X 
and  when  x = c,  y — b x 


■x 


c — e 0 

— =-  = 0. 

a-\-c—c  a 


a-\-c  — x 
Wherefore  u is 


a point  in  the  curve  as  often  as  ar  = c. 


On  the  other  hand,  if  c be  less  than  x,  it  is  plain  that  c—x  is 
negative,  for  which  reason  the  ordinate  to  the  curve  will  be 
negative  until  x become  equal  to  a -}-c;  at  which  situation 

y = b X * that  is  infinity;  and,  therefore,  x infinite. 

Consequently  if  any  point  m be  assumed  in  the  straight  line 
on  which  x is  measured,  so  that  a -|-c=am,  and  if  through 
m there  be  drawn  a right  line  parallel  to  an  ordinate,  that 
right  line  shall  be  an  asymptote  to  the  curve. 

Lastly,  if  a and  c together  b'e  less  than  x,  (x  being  still  nega- 
tive), then  c — x and  a-\-c—x  are  both  negative;  but  ^po- 
sitive, because  b multiplying  a negative  quantity  divided 
by  a negative  quantity  is  positive:  and  since,  in  this  case, 
x—c  must  be  always  greater  than  x — a — c,  it  follows  that y 
will  always  exceed  b.  Hence  the  several  loci  of  the  curve 
are  confined  to  the  angular  space  vertical  to  that  in  which 
they  fall  in  the  first  supposition.  The  ratio,  however,  of 
x—c  to  x—a—c,  approaches  more  and  more  to  the  ratio  of 
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1 to  1 as  x increases,  and  is  the  ratio  of  1 to  1 when  x is 
infinite.  This  signifies  that  the  curve  continually  approaches 
to  its  asymptote  in  this  angular  space  likewise,  and  must 
therefore  be  the  common  hyperbola.  To  prove  which,  let 
ab  be  added  to  both  sides  of  the  given  equation,  then 
y(a-\-c-\-x) ab=zb{a-\-c-\-x),  and  abz=(b—y)  x(a-fc-\-x). 
Whereby  the  truth  of  the  inference  is  manifest.  Q.  e.  d. 

Ex.  6.  If  o o be  assumed 
equal  to  a the  line  of  the  ab- 
scisscae,  and  if  sl  be  an  ordinate 
at  right  angles  to  this  line,  it  is 
manifest,  by  the  equation  of  the 
curve,  that  x=.a,  when  ,y=0; 
therefore,  the  curve  must  pass 
through  the  point  o,  and  have 
tot  a line  parallel  to  sl,  for  a 
tangent  at  that  point. 

It  likewise  appears  by  the 
equation  of  the  curve,  that  when 
x vanishes,  y = ^a  ; wherefore, 
if  of  be  drawn  from  the  extremity  o of  the  line  oo,  equal  to  \a, 
and  parallel  to  tt,  f will  be  a point  of  the  curve  on  either  side 
of  the  line  of  the  abcisscae. 

Finding  in  like  manner  other  values  of y,  the  several  points  l, 
l,  l,  l,  are  determined  to  be  loci  of  the  equation,  such  that,  if 
a circle  be  described  on  the  half  of  a,  n l is  always  equal  to  the 
radius  of  that  circle.  For,  putting  ol  = 2 = s/x^-^y2,  and  the 
angle  o o\.  = v,  it  will  be.  As  2 : rad.  : : x : cos.  v,  that  is,  taking 
Unity  for  radius,  x = cos.  v.  Consequently  a2 z2  = 4(z2  — \azx 
cos.  v)2  ; or  by  extracting  the  square  root  on  both  sides,  dividing 
by  2,  and  transposing,  2 = cos. v.) 

Now  because  o r=.\a,  if  rn  be  drawn  at  right  angles  to  ol,  the 
proportion  is. 

As  or  ( = |c)  : rad.  (1)  ::  on  : cos.  v,  that  is,  o n-=.\a.  cos.  v. 

But  2 =4-(a+a.  cos . on  =ol= (because  or=±a,)  or-j- 

o l — nh. 

Hence  or  (=ro)=nL ; and  «l  is  every  where  equal  to  or; 
ff,  or  ll,  is  equal  to2or;  OL=or±on;  and  n always  bisects 

LL. 

***  Many  other  properties  of  the  Cardwide  may  be  seen  in  the 
Philos.  Trans,  for  1741. 
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Ex.  7.  Here  y — — - ^ ( ‘ j~-_ , which  is  infinite  when 

x 

;r=0.  And  when  x is 
infinite  y is  also  infinite, 
because  equal  to  infinity 
plus  a finite  quantity  plus 
nothing.  Again,  when 
x— unity  the  value  of  y 
isa  + b + c + d ; or  if  x 
be  any  arbitrary  quan- 
tity, and  either  one  or 
more  of  the  co-efiicients 
= 0,  then  the  corres- 
ponding term  or  terms 
of  the  equation  must  va- 
nish or  become  wanting. 

By  which  it  appears,that 
the  figure  has  four  infinite  branches  or  legs  ; and  that  since  in 
two  of  them  the  tangent  to  the  curve  coincides  with  the  asymp- 
tote when  the  point  of  contact  is  at  an  infinite  distance,  but  in 
the  other  two  recedes  in  infinitum  and  is  no  where  found,  neces- 
sarily the  former  are  diverging  hyperbolic  legs  in  contrary  direc- 
tions, as  cd  and  ef  about  the  asymptote  ab,  and  the  latter  con- 
verging parabolic  legs  as  gd  and  he  meeting  the  hyperbolic 
branches  in  d and  e.  It  is  likewise  evident  that  the  simplest 
equation  to  the  curve  is  when  the  rectangle  under  the  absciss 
and  ordinate  is  equal  to  x3-f -a3,  for  the  loci  of  the  curve  are  in 
this  case  easily  determinable  by  a common  parabola  whose  ab- 
sciss is  ax2-\-bx-\-c,  and  an  hyperbola  having  its  absciss=  d — x, 
for  y will  be  at  all  times  equal  to  the  sum  or  difference  of  the 
correspondent  ordinates  of  those  two  conic  sections. 

Ex.  8.  First  for  the  Cissoid.  Because  the  equation  of  the 
curve  is  x3=y<1  X (d—x),  and  because  it  is  plain  that  d—x 
decreases  as  x increases,  it  follows  that  y,  and  consequently 
y2,  must  continually  increase;  otherwise  ( d—x)y2  could  not 
be  equal  to  x3. 

Again,  it  is  manifest  that  x can  never  equal  d,  for  in  that 
event  x3  would  equal  0,  which  is  absurd  ; wherefore  y or  pm 
may  approach  within  less  than  the  least  assignable  magni- 
tude of  bx,  but  can  never  coincide  with  it.  That  is,  bx  is 
an  asymptote * to  the  curve  amq. 

Next  for  the  Witch.  It  is  evident  by  the  equation  of  the 
curve  that  the  value  of  d — x,  and  consequently  that  of 

* The  curve  amq  bisects  the  curve  atb,  and  the  cissoidal  space  under 
the  diameter  ab,  the  asymptote  bx  and  the  curve  amq  infinitely  pro- 
duced, is  six  times  the  area  of  the  generating  semicircle. 
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must  decrease  by  the  increase  of  x.  Now  when 

x=.d,  y vanishes;  but  whenx=0,  y is  infinite,  since 

^ is  infinite.  If,  therefore,  a tangent  be  drawn  to 

the  generating  semicircle  at  the  point  a,  that  tangent  will  he 
an  asymptote  to  the  curve  mb,  inasmuch  as  pm  may  approach 
within  less  than  the  least  assignable  magnitude  of  the  tangent, 
but  can  never  coincide  with  it.  • 


FLUXIONS  AND  FLUENTS. 

(Page  229.) 

Ex.  5.  A ns.  — -|x2  X (a2  — x2) 2 — -jSy-a2. 

Ex.  6.  Ans.  — 2x4  x («2  — x2)  2 . 

v 3 


Ex.  7.  Ans. 


a — x,r| 


— \ anx1 


iux'  + 7«Ti ” 

r.  !+~ 


a* 


a-fxnl~  X 30 a2  -j-24tf x”  -j- 1 6x 2 ” I 


105?za3x2" 


LATERAL  PRESSURE  OF  FLUIDS. 


(Page  262.) 


Ex.  3.  Let  acdb  be  a perpendi- 
♦ular  section  of  the  canal,  and  let  the 
sides  ac  and  ijd  of  the  trapezium  ad, 
meet,  when  produced,  in  e;  also  let 
eh  be  perpendicular  to  ab,  and  pa- 
rallel to  eh  draw  cf  and  dg.  It 
w ill  be.  As  af  : fc  : : ah  : he  v 
3ft.  : 8ft.  : : 10ft.  : 265.ft.=EH. 

Now  if  o be  assumed  as  the  center 
of  gravity  of  the  trapezium,  m as  the 
center  of  gravity  of  the  triangle  abe, 
and  n that  of  the  triangle  cde,  then 
h m [ Statics , art.  229.  vol.  ii.]  = 8|-  ft. 
and  e n = 12^  ft.  But,  As  trapez. 
ad  : Acde  : : nm  : mo  v (26J-)2  — 
(lSf)2  : (18 1)2  ; : 51  ft.  : 5|ft,=mo. 
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Hence  the  depth  of  o below  the  surface  of  the  water  is  ft„ 
which  drawn  into  136,  the  area  of  the  dam-gate,  the  result 
is  511 ‘9  very  nearly. 

But  511*9  cubic  feet  of  water  weigh  511900  oz.  avoirdupois  = 
the  pre$surer=31993j.  lb.  = 14*28292  tons.  Ans. 

Otherwise  and  more  elegantly  by  Mr.  Dowling’s  Rule,  as  prac- 
tised at  the  Academic  Institution,  Highgate. 

To  the  difference  of  the  breadth  at  the  surface  and  bottom  in  feet 
add  the  less  breadth,  and  multiply  the  sum  by  half  the  square  of 
the  depth  for  the  number  of  Cubic  feet  of  ivater  whereof  the  abso- 
lute weight  shall  be  equal  to  the  pressure  required. 

•j  the  diff.  of  the  breadths  is  2 feet. 

Add  the  less  breadth  - - - - 14  feet. 


Sum  16  feet. 

Multiply  by  \ the  square  of  the  depth  = 32  square  feet. 

Product  512  cubic  feet. 


But  the  absolute  weight  of  512  cubic  feet  of  water  is 
14*28571  &c.  tons  the  true  pressure  required. 


FINIS. 
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J.  M'Crecry,  Printer, 
Black-Horsc-Court  , London. 


prospectus 

OF  THE 

ADVANTAGES  ENJOYED  BY  THE  PUPILS 

AT  THE 

ACADEMIC  INSTITUTION, 

MANSION-HOUSE,  HIGHGATE, 

CONDUCTED  BY 

DANIEL  DOWLING, 

PROFESSOR  OF  THE  MATHEMATICS  ; LECTURER  IN  NATURAL 
PHILOSOPHY  AND  ASTRONOMY;  AND  AUTHOR  OF 
THE  KEY  TO  HUTTON’S  COURSE  OF 
MATHEMATICS. 


Situation. 

The  Mansion-House  stands  on  Highgate  Hill,  on  a spot  the 
most  healthy  and  picturesque  in  Middlesex,  commanding  a 
beautiful  view  of  London  and  the  Thames,  with  the  hills  of 
Surrey  and  Kent  beyond  them,  the  groves  of  Essex  and 
Epping  Forest  on  the  left,  and  the  village  of  Hampstead, 
almost  contiguous,  on  the  right ; whilst  a delightful  assem- 
blage of  verdant  fields,  neat  cottages,  and  shady  lawns,  con- 
stitute the  fore  ground  of  an  enchanting  prospect  of  more 
than  200  square  miles. 

Annexed  to  the  Mansion-House  (formerly  the  residence  of 
Lady  Cave)  are  eighteen  acres  of  good  garden,  arable,  and 
meadow  land,  affording  Mr.  Dowling  a constant  supply  of 
milk,  fruit,  and  every  useful  vegetable  in  season. 


2 


Stages  and  Post. 

There  are  stage-coaches  to  and  from  Highgate  every  hour 
of  the  day,  with  three  deliveries  of  letters  and  two  departures 
of  post. 

Age , Accommodation , and  Treatment. 

Young  Gentlemen,  of  all  ages,  are  received  and  educated 
according  to  their  future  destination  in  life.  The  school-room 
and  play-ground  are  dry,  comfortable,  and  extensive,  with 
arbours  to  retire  to  when  it  rains. 

Mr.  Dowling  treats  his  scholars  with  the  utmost  mildness, 
endeavours  to  form  in  them  the  habits  and  disposition  of  gen- 
tlemen, and  cares  for  their  health,  comfort,  and  religious  con- 
cerns with  parental  solicitude. 

Each  pupil  has  a separate  bed,  and  the  whole  family  break- 
fast and  dine  together. 


Instruction. 

The  English  Language,  Elegance  in  Composi- 
tion, History,  Plain  an d Orn amental  Writing, 
and  Arithmetic,  are  taught  indiscriminately  to  all  the 
pupils,  and  on  a plan  which  insures  incredible  success,  in 
comparatively  a short  time. 

The  Latin  and  Greek  languages,  essential  embellish- 
ments to  a good  education,  are  likewise  indefatigably  pur- 
sued, unless  the  age  and  views  of  the  student  determine  other- 
wise. 

The  Study  of  the  Mathematics,  not  so  much,  in- 
deed, for  the  exquisite  pleasure  wherewith  it  fills  the  mind 
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in  tracing  the  beautiful  relations  of  quantity  and  figure,  as  for 
its  communication  of  an  invaluable  habit  of  patient  research, 
a love  of  truth,  and  a system  of  accurate  reasoning,  forms  a 
grand  feature  in  the  plan  of  education. 

And  whether  the  youth  be  intended  for  the  civil  or  mili- 
tary department  of  government,  the  land  or  sea  service  of  his 
country,  the  Honourable  East  India  Company’s  service,  or 
the  useful  walks  of  private  life,  he  is  shortly  made  master  of 
the  branches  more  immediately  requisite,  by  proper  books, 
a well  directed  attention,  and  the  use  of  the  best  Instruments. 

The  French  Language  is  also  unremittingly  followed 
up,  and  soon  acquired  in  perfection,  because,  a considerable 
part  of  the  family  being  French,  that  language  is  spoken  in  its 
purity  in  the  House. 

The  Pupils  have  likewise  an  excellent  opportunity  of  learn- 
ing Spanish  and  the  other  mercantile  tongues. 

Book-Keeping,  with  all  the  routine  of  the  Counting- 
House,  and  the  forms  of  actual  business,  engages  a reasonable 
portion  of  the  time  of  the  future  Merchant ; and  it  has  been 
often  found,  that  the  information  obtained  in  this  department, 
under  Mr.  Dowling,  has  been  superior  to  that  received  by 
the  generality  of  articled  clerks. 

9 

Lectures. 

To  Mr.  Dowling’s  Lectures  in  Natural  Philosophy  and 
Astronomy,  illustrated  by  the  most  complete  set  of  apparatus 
possible,  and  one  of  the  largest  telescopes  in  England,  the 
pupils  have  free  access,  and  are  assisted  in  their  experiments 
and  observations.  Or,  if  the  study  of  Chemistry  be  deemed 
expedient,  there  is  a laboratory  fitted  up  with  all  the  necessary 
utensils,  tests,  and  re-agents. 
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Dancing,  Draining,  Music,  and  Fencing . 

Approved  Masters  in  each  of  these  polite  branches  of 
Education,  attend  two  or  three  times  a week,  at  suitable 
hours,  appropriated  expressly  for  that  purpose,  without  en- 
croaching too  much  either  on  Business  or  Recreation. 


Terms. 

Pupils,  under  10  years  of  age,  pay  40  guineas  per  annum, 
from  10  to  15  years,  ....  50  guineas  per  annum, 
from  15  to  20  years,  ....  60  guineas  per  annum. 

Subject  to  an  extra  charge  for  ivashing,  and  every  branch  of  education  not 

generally  considered  plain. 


Vacations. 

The  usual  vacations  are,  a month  at  Christmas,  and  at 
Midsummer  ; for  either  of  which,  if  a pupil  continues  in  the 
House,  the  charge  is  5 guineas. 


Mansion-House,  Highgate, 
\th  Nov.  1817. 


J.  M'Creery,  Printer, 
Black  Horse-Court,  London. 
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